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CONVEX TRANSITIVE NORMS ON SPACES
OF CONTINUOUS FUNCTIONS

FELIX CABELLO SANCHEZ

ABSTRACT

A norm on a Banach space X is called maximal when no equivalent norm has a larger group of
isometries. If, besides this, there is no equivalent norm with the same isometries (apart from its
scalar multiples), the norm is said to be uniquely maximal, which is equivalent to the convex-
transitivity of X: the convex hull of the orbits under the action of the isometry group on the unit
sphere is dense in the unit ball of X. The main result of the paper is that the complex Cy(2) is
convex-transitive in its natural supremum norm if Q is a connected manifold (without boundary).
As a complement, it is shown that if Q is a connected manifold of dimension at least two, then
the diameter norm is convex transitive on the corresponding space of real functions.

Introduction

We deal in this paper with maximal symmetric norms on Banach spaces of con-
tinuous functions. Recall that a norm on a Banach space X is called maximal when
no equivalent norm has a larger group of (linear, surjective) isometries. Since each
bounded group of automorphisms of X can be regarded as a subgroup of the
isometry group of some renorming of X, it is clear that a norm is maximal if and only
if its isometry group is maximal among the bounded groups of automorphisms of X.

We are primarily concerned with uniquely maximal norms. These are maximal
norms with the additional property that there is no equivalent norm with the same
isometry group, apart from its scalar multiples.

While proofs of maximality are often rather indirect and delicate, things become
simpler for uniquely maximal norms. This is so because the latter property is known
[10] to be equivalent to the convex-transitivity of X: the convex hull of the orbits
under the action of the isometry group on the unit sphere is dense in the unit ball of
X. If the orbits themselves are dense (in the unit sphere) then X is termed almost
isotropic, but this is a different tale [4, 6].

Although the maximality of (the usual supremum norm on) the spaces Cp(2)
spurred a considerable interest in the past [15-17, 21, 22], not much is known
about the convex-transitivity of these spaces [2].

The plan of the paper is as follows. Section 1 contains preliminaries. Section 2
deals with complex spaces: our main result in this line is that the complex Cy(£2)
is convex-transitive if € is a connected manifold (without boundary). Note that by
previous results of Kalton and Wood, one has maximality when () is a manifold
with boundary [15, Theorem 8.2].

In Section 3 we consider spaces of real-valued functions. First, we give a simple
proof of the convex-transitivity of s /co, Loo(0, 1) and C(A), where A is the Cantor
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set. The remainder of the section studies the ‘diameter’ norm. This is an unusual
norm introduced by Gy6ry and Molndr in [13] (see also [7, 11, 19]). Among other
things, we show that the diameter norm is convex-transitive on Cy(R™) for all
n > 2. This is probably the most surprising result of the paper, since it suggests
that the usual supremum norm is not the ‘right’ norm of Cy(R™) with regard to
the isometries.

1. Preliminaries

Throughout the paper, 2 denotes a locally compact (Hausdorff) space and Cy(2)
or CX(€) the space of all continuous functions f:{— K vanishing at infinity,
where K is either C or R. The usual supremum norm on Cy(€2) is given by

[flloe = sup[f(£)]-
teQ

By the Banach—Stone theorem, every isometry of Cy(£2) has the form
T(f)=u-(fow),

where u : 2 — K is a continuous unimodular function and ¢ is a homeomorphism
of . The group of homeomorphisms of €2 is denoted in this paper by I'().

The Riesz representation theorem identifies the conjugate space Cy(Q2)* with the
space M (2) of all regular Borel measures on € with values in the ground field. The
duality is given by

(. f) = j F()dut).

Moreover, the norm of a measure acting as a linear functional equals its total

variation:
def

sup [(u, /)l = [lully = [ul(2),
lflle<1
where |p| is the semi-variation of p. Also, it is well known that the extreme points
of the unit ball of M(§2) are the functionals 7 - d;, where 7 is a scalar of modulus
one and ¢; is the unit mass at the point ¢t € Q.

As we mentioned in the introduction, the main advantage of unique maximality
is that it can be characterized by the ‘size’ of the orbits of the isometry group.
The following lemma puts together results by Cowie [10] and Becerra Guerrero
and Rodriguez Palacios [4, Proposition 2.28]. A proof is sketched for the sake of
simplicity. We write § or Gx for the isometry group of X.

LEMMA 1. For a Banach space X, the following statements are equivalent.
(a) The norm of X is uniquely maximal: each equivalent norm whose isometry
group contains G is a multiple of the original norm.
(b) Each continuous semi-norm invariant under G is a multiple of the original
norm of X.
(¢) X is convex-transitive: for every unit norm x € X the convex hull of the orbit
G(z)={T(z) : T €G} is strongly dense in the unit ball of X.
(d) For every unit norm x* € X* the convex hull of §*(x*)={T*(z*) : T€SGx}
is weakly* dense in the unit ball of X*.
(e) For every unit norm x* € X* the weak™ closure of §*(x*) contains all extreme
points of the unit ball of X*.
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Sketch of the proof. Fach statement is clearly equivalent to the adjacent ones:
(a) implies (b) because if g is a continuous semi-norm on X, then || - ||x + o(-) is an
equivalent norm on X; (b) and (c) are equivalent because continuous G-invariant
semi-norms are in exact correspondence (by polarity) with G-invariant closed convex
balanced neighbourhoods of the origin; the equivalence between (c¢) and (d) is a
simple application of the Hahn—Banach theorem; finally, that (e) implies (d) follows
from the Krein-Milman theorem. |

2. Complex functions

After these preliminaries we are ready for the proof of our main result on
complex spaces. By a manifold, we mean a topological manifold without boundary;
that is, a Hausdorff topological space 2 where every point has a neighbourhood
homeomorphic to R™ for some fixed n > 1, which is called the dimension of (2.

THEOREM 1. Let Q be a connected manifold. The usual supremum norm is
convex transitive on C§ ().

The following result asserts that complex measures (which clearly allow ‘polar
decompositions’ [12] with measurable argument) always allow ‘nearly polar
decompositions’ [8] with continuous arguments. Note that if g is a Borel bounded
function on Q and p is a Borel measure, the product ¢ - u should be interpreted as
the measure A — [, gdp.

LEMMA 2. Let Q be a locally compact space. For each pe M(Q) and >0,
there exists a continuous function u : ) — T such that

|l —u-|ul <e.

Proof. Since each Borel measure is absolutely continuous with respect to its
semi-variation, the Radon—Nikodym theorem yields a measurable o : 2 — C such
that pu(A)= [, od|pl; that is, p=0 - |p|. Since

1l (4) = L o] dlul

for every Borel A C ) we see that |o(f)|=1 almost |u|-everywhere. Therefore we
may assume that o is a Borel unimodular function. Write

o(t) = e,

where 0:Q — (—m,n] is another Borel function. By Luzin’s theorem [14,
Theorem 11.36] there is a continuous ¥ : 2 — (—m, 7] such that

Il ({t € Q:0(t) £ 6(1))) < =.

¥ is clearly continuous and one has

The function u= ¢’

-l = ol = - |ul ||1<LIU*U\dIuI<2€,

as desired. O
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Now, to prove the convex-transitivity of C§(Q) one has only to verify that
satisfies a certain shrinking property: the precise statement is given by condition
(¢) in Lemma 3 below. Note that if T is an endomorphism of the form

T(f)=g-(fop)  (f€Co(Q),
the adjoint map T* acts on M () by the rule

T*(n) = (g-p)op .

LEMMA 3. For a locally compact space €2, the following are equivalent.

(f) The supremum norm is convex-transitive on C§ (£2).

(g) Given a regular Borel probability p € M(S2), a non-empty open U C Q2 and
€>0, there exist a (compact) K CQ with u(Q\K)<e and ¢ €TI'(Q) such that
p(K)CU.

(h) For all probabilities u € M (), the weak* closure of the set {pop : ¢ €T'(Q)}
contains all evaluation functionals 6, with t € Q.

Proof. That (h) implies the convex transitivity of Cy(€2) follows from Lemmas 1
and 2, taking into account the fact that the set of those z* for which condition (e)
—or (c) — of Lemma 1 holds is norm closed in the unit sphere of X*.

Let us show the implication (f) = (g). Fix u, U and ¢ as in (g). Pick pe U and
let V. C U be a compact neighbourhood of p. Choose a continuous f:€ — [0, 1] so
that f(p)=1 and f = 0 outside V. By convex transitivity, there is an isometry T
of Cp(f2) such that

(T (1), £) = (Op, )] <&

that is,
- Lu(t)f(so(t))du(t)’ <

where u € Cy(Q2) is unimodular and ¢ € I'(€2). Therefore,

l—e<

Ju(t)f(w(t))du(t)‘é j IU(t)f(w(t))ldu(t)=J fopdu< g (V).
Q Q e~ H(V)

Hence (g) holds, taking K = ¢~ (V).

We end the proof by showing that (g) implies (h).

Fix a probability x on © and p € Q. Take f € Cy(2) and € > 0. We see that there
is a ¢ € () such that

|<5P7N0(p71af>| <E.

There is no loss of generality in assuming that f is non-negative, with || flco < 1.
Let U be a neighbourhood of p such that

Ifp) = fO)l <e  (tel),

and let K be a compact set such that p(K) >1—e and p(K) C U for some ¢ € T'(€2).
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One has
[(6p —poe ™ f)] = ‘f(p)JQfd(uogal)

_ ‘f(p) - f(w(t))du(t)‘
<o+ ‘M(Q\K)f(p) K10 - | f(sa(t))du(t)‘

PV UK(f(p) - f(w(t))du(t)‘
< 3e.

This completes the proof. O

It is now clear that, for instance, Cg(R") has convex-transitive norm. Actually,
R™ has a shrinking property stronger than (g); namely, that if U # & is open and
K is compact, then there is a ¢ € I'(R™) mapping K into U.

As for other ‘non-flat’ manifolds such as T™ or S™, a moment’s reflection shows
that they satisfy condition (g) of Lemma 3 — although not the stronger form just
mentioned.

Our immediate aim is to show that every connected manifold has property (g).
The crucial steps are the following two lemmas. We write B™ for the open unit ball
of R™, centred at the origin; that is, the set {z € R" : [|z[| <1}; B" and S"! will
denote its closure and its boundary (in R™), respectively.

LEMMA 4. (i) For every peB™ there is a p€T'(B") such that ¢(0)=p and
o(z)=z for all z € S"~ 1.

(ii) For every 0<e,r<1 there is a pe'(B") such that o(rB")=cB" and
o(z)=x for all z € S"~ 1.

Proof. (i) For the first part, it suffices to consider the map ¢(x) =z+(1 — ||z||)p.

(ii) As for the second one, let g:[0,1] — [0, 1] be the only function that is affine
on [0,7] and [r, 1] and takes the values 0, € and 1 at 0, r and 1, respectively. Then
the desired selfmap can be defined as

() = g(|lz]) - Hj—” (0 < ]l < 1)
and ¢(0)=0. O

Let us say that an open subset V of an n-dimensional manifold € is a cube if
there exists a homeomorphism between V' (the closure of V') and B" mapping V
onto B™. One immediate consequence of Lemma 4 is that if U CV is open and
K CV is compact, then there is a ¢ € T'(Q2) such that ¢(K)CU and ¢(z) =z for
xgV.

LEMMA 5. Let C be a compact set in an n-dimensional manifold ). There is a
finite system (V;,p;)7 such that:
(i) EachV; is a cube containing p; and p; & V; if i # j.
(J) cCcWViu...uV,,.
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Proof. It is clear that each point of 2 belongs to some cube. By compactness,
we may cover C' by a finite number of cubes, which we label V..., V% Removing
some sets if necessary, we may assume that no proper subclass of {V?,... V2}
covers C. Thus, for each 1 < i <m, we can pick

pe (Vne)\ Uy
J#i
and neighbourhoods U; of p; in such a way that p; ¢ U; for i # j.
Finally, define sets

k . .
VE (1< j<m; 0<k<m)

inductively (on k) starting with V) (1<j<m) as follows. Assuming that ij has
been defined for some 0 <k <m and all 1 <j <m, let us define k1 according to
the position of pyy1 relative to Vj’“: if ppv1 ¢ 8ij7 then ijH = ij; if pry1 € 8ij,
then

VI = Vi)V,

where V' CUj is a cube containing pr11 chosen in such a way that ij"'l is still a
cube.
The mth ‘output’ system (V;™, p;)i™, fulfils the conditions of the lemma. L

Proof of Theorem 1. 'We show that each connected manifold € satisfies condition
(g) of Lemma 3. Fix a probability u€ M(2), a non-empty open U C Q and € > 0.
By regularity, there is a compact C' C Q such that u(C)>1—e.

Let (Vi,p;)™, be a system as in Lemma 5. Choose ¢ € I'(2) such that ¢(p;) € U
for all 7. At this point, connectedness is necessary! For each i, let U; be an open
neighbourhood of p; in V; such that

e(U;))cU and U;NV, =0 (i # 7).
Now, take compact K; C V; such that
€
VAK;) < —.
pVAK) < =

Clearly,

u(@K) >1— 2.
=1

To finish, for each 1< i< m, let us take p; €T'(2) so that
wi(K;) CU; and @i(z) == (z ¢ V;);

such a ¢; does exist, by the remark after Lemma 4. Put =, 0¢0,,_10...0¢p30¢1.
Clearly,

\I/(Kl) C Ul, )\ (Kg\‘/l) C Ug, \I/(Kg\ (‘/1 U‘/Q)) C Ug,

v (Kj\ (U v)) cup  (<j<m).

and, in general,
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Consider the disjoint union

K=K & (K\V1)® (K3\(ViuW)d...® <Km\ (nU V)) :
=1

This is clearly a compact set with u(K)>1— 2¢. Moreover, the composition ® =
oW sends K into U, which completes the proof. O

3. Real functions

In this section we study the isometry group of certain norms on the real space
Co(€2). First of all, let us remark that Wood proved in [22] that C(£2) is convex-
transitive in its usual (supremum) norm if and only if Q is basically disconnected
and satisfies condition (h) of Lemma 3. However, both (g) and (h) involve only real
functions (or measures), and actually it is easily seen that they are equivalent, so
we have the following extension of [22, Theorem 3.4].

THEOREM 2. The supremum norm is convex-transitive on Cy () if and only if
Q is basically disconnected and satisfies condition (g) of Lemma 3.

In particular, C§ () is convex-transitive if C5(€2) is. As for concrete examples,
Pelczynski and Rolewicz proved that both C®(A) and L [0,1] are convex-
transitive, where A ={0,1}" is the Cantor set. Although announced in 1962 (at
the Stockholm International Congress of Mathematics), these results were not
published until Rolewicz’s [20] appeared. Unfortunately, all the results in [21] (the
second edition of [20]) concerning the convex-transitivity of spaces of continuous
functions are wrong, and so no proof of the convex-transitivity of the above spaces
is easily available. (Actually, ¢ is clearly a counterexample for [21, Theorem 9.7.3,
Corollary 9.7.4 and Theorem 9.7.7]; a less trivial example is the space co = Cy(N):
by the results in [1, 3] this space cannot be renormed with a convex-transitive
norm. See [4] for further explanations.) A simple proof based on the ‘divisibility’ of
the underlying compact spaces follows. The symbol ‘~’ indicates homeomorphism.

COROLLARY 1. Let Q be a locally compact space whose topology has a base S
of clopen sets such that C = Q\C =~ Q for all C € S. Then the supremum norm is
convex-transitive on C& (). In particular, the real spaces C(A), Lo [0, 1] and £o /co
all have convex-transitive norm.

Proof. Clearly, Q is basically disconnected. Let us verify condition (g) of
Lemma 3. Let 1 be a probability on €2, U an open set and € > 0. We show there is
a subset K of  with u(K)>1—¢ and ¢ €T'(2) such that p(K)CU.

We may assume that U € S, so U = Q\U ~ Q. Since Q ~ Q @ (), it is clear that

a~Po  mw=12...).
i=1
Take n so that 1/n < e. Then 2 can be decomposed as @ =C1®---BC,,, with C; € S

and p(Cp)<e.Put K=C1®---®Cy_q; clearly u(K)>1—¢. Since Q= U = Q\U
it is obvious that there is a ¢ € I'(Q) such that ¢(K) CU. O
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We now study the space Ch(€2) for connected 2. In this case it is clear that the
usual norm cannot be convex-transitive unless Q is a singleton. In [5] we proved
(among other things) that there is an ‘unusual’ norm (the diameter norm) on
Co(R™) whose isometry group is strictly larger than that of the sup norm. The
main results of [5] were about the maximality of the diameter norm. In this section
we study the convex-transitivity of that norm, thus obtaining simpler proofs of
some results that are stronger than those of [5].

Given f € Cy(Q), put

p(f) = sup{|f(s) = ()] : s, €Q};

that is, p(f) is the diameter of the range of f. Clearly, p is a semi-norm on Cp(Q2)
whose kernel consists of the constant functions that belong to Co(£2). Thus, p is a
norm if (and only if) Q is locally compact but not compact. If so, then

[flleo < p(f) <20 flle (f € Co(2)).

In any case, we can define a norm on Cy(2)/ ker p taking

plf1 = p(f),

where [f] stands for the class of f in Cy(2)/ ker p.
Actually, there is no loss of (isometric types of) diameter norms in restricting our
considerations to the compact case: it was noted in [7, Section 3] that

(Co(2),p(-)) = (C(af2)/ ker p, p]),

up to an (obvious) isometric isomorphism — here, af) stands for the one-point
compactification of 2. Thus, the behaviour of the diameter norm on C(2) depends
only on af). Since af2 often has more symmetry than  (the group I'(af2) always
contains I'(Q2) and the inclusion may be proper), this explains the possible gain of
symmetry when passing from the usual norm to the diameter norm.

LEMMA 6. For a compact space (), the following are equivalent.
(1) The diameter norm is convex-transitive on C®(§)/ ker p.

(m) Given a real measure p € M(Q) with |p|(Q2)=2 and pu(2) =0, two disjoint
non-empty open sets UT, U~ CQ and €>0, there are disjoint (compact)
sets Kt K~ CQ, with pf(Kt)>1—¢, p(K~)<e—1, and p€T'(Q) such that
e(KT)cUT and p(K~)CU™.

Before going into the proof, let us note some further properties of the Banach
space C,(2) = (C(2)/ ker p, p[-]).

First of all, it is clear that if ¢ is a homeomorphism of 2 and 7 is a number of
modulus one, then the map

Tifl=lrfeyl  (feC())

is a surjective isometry of C,(£2). Actually, every isometry of C,(€2) has the above
form. See [7, Theorem 2].

Secondly, it will be convenient to have a concrete representation of the conjugate
space of C,,(€2). Note that when K=, one has

p(f) = Q;Iéﬁfgllf — Mal|oo-
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(This is not true when K=C!) Therefore C3(Q) is isometric, up to a constant
factor 2, to the quotient of (supremum norm) space C®(Q) by the subspace of
constant functions. Hence the conjugate space C}f(ﬂ)* is (up to a constant factor
1/2) isometric to a subspace of M®(£2). More precisely,

Cp ()" = {n € M¥(Q) : n() =0},
isometrically.
Finally, a measure p represents an extreme point of the unit ball of C,(2)* if
and only if (see [7] again)
w="T(0s — ) (7l =1; s,t € Q; s #1).
Proof of Lemma 6. We prove the implication (m) = (1). In view of Lemma 1
and the preceding remarks, it suffices to see that, given u € M®(Q), with |u|(Q) =2

and u(Q) =0, two points p,q€Q, f€C®(Q) and >0, there is a ¢ € () such
that

[(p — 0q — o, fl] <e.
We may assume that f is non-negative, with || f||oc < 1.
Let U™ be a neighbourhood of p such that |f(p) — f(t)] <& for t € U*. Similarly,

let U~ be a neighbourhood of ¢ such that |f(q) — f(s)|<e for s€U~. Now, if
K*, K~ and ¢ are as in Lemma 6(m), then

[(0p =0y —pow™ )l = ‘f(p) — f(q) —Lfosodu'

< ‘f(p)—Llfosodu*

+’f(Q)—JQfO¢dM_‘7

where p = p — p~ is the Hahn—Jordan decomposition of . Since |p| = ||+ |p~],
from u(2) =0 and |u|(2) =2, we infer that both ™ and p~ are probabilities, with
pt(K*) and pu~ (K ) greater than 1 —e. Reasoning as in the proof of Lemma 3, we
find that each summand in the right-hand side of the above inequality is at most
3e, which proves the first implication.

As for the converse, let us fix € M®(Q) such that |p|(Q) =2 and p(Q) =0. Fix
also disjoint (non-empty) open sets UT, U~ C Q and € > 0.

Take pe UT and q€ U~ and construct a continuous f : Q — [—1,1] so that

flp)=1, fl@)=-1, fur 20, fu-<0 and f=0 outside Ut @ U ™.
By convex-transitivity, there is an isometry T' of C?(Q) for which

(T (1) = (6p = 0q), D] <e.

Hence (u, T[f]) > 2 — e. By the form of the isometries of the diameter norm we have
T[fl=[rf o], where T=+1 and ¢ € '(Q2). Assuming that 7=1 (the case 7=—1
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is similar), we obtain

2—€<J fopdu
Q

= fwdu*—J fopdu™
e~ N (UTeUT) e L(UteU~)

= fowdu“rJ fosod/ﬁ—J fwdu‘—J fopdu~
Jo=(UT) oY U~) =N (UT) (U~

< f°<PdM+—J fopdu™
Jo-1wt) -1(U-)

SuF @ U) +um (1 (U7)).
Bearing in mind that pu?(Q)=1 for 0 =4, we see that u(¢~1(U%))>1—¢ and,
a fortiori,
max{p* (¢ (U)),n” (¢ ({UN))} <e.
Therefore,
pe ' (U) >1-2e and p(p '(U7)) <2 - L.

The proof is now complete. ]

THEOREM 3. Let € be a connected, compact manifold of dimension at least 2.
Then CF(S2) is convex-transitive.

Proof.  We will verify condition (m) of Lemma 6. Suppose that p, U, U~ and
€ are as in Lemma 6.
First, there are Borel sets Q7 (0 ==) such that

pt (@) =p (Q7)=1 with QTNQ =a.

By regularity, there exist compact sets C?7 C Q7 such that u?(C?)>1—¢e. By
compactness of 2, we can find disjoint open sets O such that K7 C O?. Since the

Mo

07 are manifolds, we can apply Lemma 5 to obtain two finite systems (V,7, p7 )"
such that: o
(i) each V7 is a cube containing p; and p? ¢ V;-T if i £ j;
(i) CocVPuU...uVy foro==.
Let us take ¢ € T'(Q) so that ¢(p?)€U? for all i and each o. This is the only
point where the hypothesis on the dimension enters!
Also, for each (o,14), let U7 C V7 be a neighbourhood of p¢ such that
p(U7)CcU? with U7NVy =92 (i # 7).
Finally, take compact sets K such that
K7 V7 and |u| (VO\KY) <e/meg
and homeomorphisms ¢¢ such that
@7 (K7)c U7 and ¢f(z)=z  (z¢V).
Putting U7 = ¢9, o...0pJ and ¥ =UT o U~ we have

My

j—1
v (K;\ (U V;’)) cUl  (o=+1<j<my,).
i=1
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() (0)

j=1

Finally, set

Then pu(KT)=p"(KT)>1-2¢ and p(K~)=—p" (K ~) <2 —1 and the compos-
ition ®=¢ o ¥ maps each K7 into the corresponding U?. This completes the
proof. O

COROLLARY 2. Let Q be a non-compact, connected manifold of dimension at
least 2. Then the diameter norm is convex-transitive on Cg () if and only if af) is
also a manifold.

Proof. The ‘if’ part follows from Theorem 3 — when applied to af2. As for the
converse, if af) were not a manifold, then the infinity would be fixed by I'(a£2) and
Lemma 6(m) would fail. O

In particular, the diameter norm is convex-transitive on C5(Q) if Q =R" with
n > 2, or if Q is, for instance, the Mdbius strip, but not if Q=T x R is a cylinder.

In the setting of Corollary 2, we see that the diameter norm is convex-transitive
on CX(Q) precisely when the sup norm is not maximal. It is a little ironic that the
failure of maximality for the sup norm on spaces of real functions turns out to be
a ubiquitous phenomenon.

PROPOSITION 1. IfQ is a locally compact, non-compact, connected space (not
necessarily a manifold), then the sup norm fails to be maximal at least on one of
the spaces C5(Q) or C®(af2).

Proof. If T'(af2) #T'(£2), then the diameter norm has more symmetry than the
sup norm on CE(£2). Otherwise, each homeomorphism of af) fixes the infinity and
we can obtain a larger bounded group of automorphisms in C®(af) adding the
‘reflexion’ given by

Io(f) = f = 2f(00)1aq.

The idea originates with Partington [17]: if T'(K) leaves invariant some non-zero
measure in M(K), then C®(K) is not maximal under the sup norm. O

We close with two remarks. First, the hypothesis on the dimension is necessary
in Theorem 3: the space CK(T)=(C§(R), p(-)) is not convex transitive; indeed,
condition (m) fails for all € <1/2 taking

01 —0;+0_1 —6_4
p= 5

with Ut ={2€T:Rz>0} and U~ ={z€T: Rz <0}. As far as I know, the problem
about the maximality of C¥(T) and C*(T) is still open.

Recently, F. Rambla [18] has shown that there exists a (metrizable) locally
compact space (2 such that CF(€2) is almost isotropic, thus solving a long-standing
problem posed by Wood in [22]. Tt is worth noting that if C§(Q2) is almost isotropic
and I'(a€2) does not fix the infinity (which is the case in Rambla’s example), then
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CX(9) is almost isotropic under the diameter norm. Note that (in view of [9]) the

Sp

10.

11.

12.

13.

14.

15.

16.
17.

18.

20.

21.

22.

ace () has dimension one in the (very weak) sense of covering.
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