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Abstract. We prove that no ultrapower via a countably incomplete ultrafilter can
contain c0 complemented. This shows that a result widely used in Banach space
theory and known as Stern’s lemma is wrong. We then show: i) All C(K)-spaces
have ultrapowers isomorphic to ultrapowers of c0, as well as all their complemented
subspaces isomorphic to their square; ii) No ultrapower of the Gurarĭı space can be
complemented in any C(K)-space; iii) There exist Banach spaces not complemented
in any C(K)-spaces having ultrapowers isomorphic to some C(K)-space.

1. Introduction

The following statement appears, without proof, as Lemma 4.2 (ii) in Stern’s paper
[29]:

(ª) If U is a countably incomplete ultrafilter then c0((c0)U) is isometric to a com-
plemented subspace of (c0)U.

This, however, turns out to be false (see below). Unfortunately, “Stern’s Lemma”
has infected the proofs of a number of results in the nonstandard and ultraproduct
theory of Banach spaces. We can mention the following. To avoid verbosity, let us call
C-spaces to those Banach spaces of the form C(K) for some compact space K.

(♥) If E is isomorphic to a complemented subspace of a C-space, then E has an
ultrapower isomorphic to a C-space. (Stern [29, Theorem 4.5(ii)]) and also
Henson – Moore [19, Theorem 6.6 (c)]

(♣) The same as before, but assuming E is isomorphic to a complemented subspace
of an M-space. (Heinrich–Henson [16, Theorem 12(c)])).

(♦) If E is an abstract M -space then E has an ultrapower isomorphic to an ultra-
power of `∞ (Henson and Moore [19, Theorem 6.7])

(♠) Ultrapowers of the Gurarĭı space with respect to countably incomplete ultra-
filters are not complemented in any C(K)-space. (Henson and Moore [19,
Theorem 6.8])
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We will show that Stern’s lemma is wrong by showing –Proposition 3.3– that c0 is
never complemented in ultraproducts via countably incomplete ultrafilters. In particu-
lar, this yields that for every C(K)-space and every countably incomplete ultrafilter U

the ultraproduct C(K)U = C(KU) is actually a Grothendieck space (separable range
operators defined on it are weakly compact) because, as it is well known, C(K)-spaces
are Grothendieck if and only if they contain no complemented copies of c0. Interesting
sideways can be taken to arrive to this last result: In [2] it is shown that ultrapowers
of L∞-spaces are “universally separably injective”– E is universally separably injective
if for every Banach space X and each subspace Y ⊂ X, every operator t : Y → E
with separable range extends to an operator T : X → E)– and that universally sepa-
rably injective spaces are always Grothendieck. We complete those results by showing
that infinite dimensional ultraproducts via countably incomplete ultrafilters are never
injective spaces, a result essentially due to Henson and Moore [18, Theorem 2.6].

Returning to results (i1,i2,i3) we will show:

• (i1) is true under the additional hypothesis that E is isomorphic to its square.
• (i2) is true.
• (i3) is true.

2. Background

Let us briefly recall the definition and some basic properties of ultraproducts of
Banach spaces. For a detailed study of this construction at the elementary level needed
here we refer the reader to Heinrich’s survey paper [14] or Sims’ notes [28]. Let I be
a set, U be an ultrafilter on I, and (Xi)i∈I a family of Banach spaces. Then `∞(Xi)
endowed with the supremum norm, is a Banach space, and cU

0 (Xi) = {(xi) ∈ `∞(Xi) :
limU(i) ‖xi‖ = 0} is a closed subspace of `∞(Xi). The ultraproduct of the spaces (Xi)i∈I

following U is defined as the quotient

[Xi]U = `∞(Xi)/c
U
0 (Xi).

We denote by [(xi)] the element of [Xi]U which has the family (xi) as a representative.
It is not difficult to show that ‖[(xi)]‖ = limU(i) ‖xi‖. In the case Xi = X for all i, we
denote the ultraproduct by XU, and call it the ultrapower of X following U. If Ti :
Xi → Yi is a uniformly bounded family of operators, the ultraproduct operator [Ti]U :
[Xi]U → [Yi]U is given by [Ti]U[(xi)] = [Ti(xi)]. Quite clearly, ‖[Ti]U‖ = limU(i) ‖Ti‖.

An ultraproduct of C(K)-space is a C(K)-space. More precisely, if (Xi)i∈I is a
family of Banach algebras, then `∞(Xi) is also a Banach algebra, with the coordinate-
wise product. Thus, if U is an ultrafilter on I, cU

0 (Xi) is an ideal in `∞(Xi) and [Xi]U
becomes a Banach algebra with product

[(xi)] · [(yi)] = [(xi · yi)].

Thus, if (Ki)i∈I is a family of compact spaces, the ultraproduct [C(Ki)]U is canon-
ically isomorphic to a C(K) space, for some compact space K. This compact is called
the (topological) ultracoproduct of (Ki)i∈I , and it is denoted (Ki)

U; actually (Ki)
U
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is the maximal ideal space of ([C(Ki)]U equipped with the relative weak* topology.
Recall that an M-space is a Banach lattice where ‖x + y‖ = max{‖x‖, ‖y‖} provided
x and y are disjoint, that is, |x| ∧ |y| = 0. Each (abstract) M-space is representable as
a (concrete) sublattice in some C(K). Ultraproducts of M-spaces are M-spaces.

Definition 2.1. An ultrafilter U on a set I is countably incomplete if there is a
decreasing sequence (In) of subsets of I such that In ∈ U for all n, and

⋂∞
n=1 In = ∅.

Throughout this paper all ultrafilters will be assumed to be countably incomplete.
Notice that U is countably incomplete if and only if there is a function n : I → N such
that n(i) →∞ along U (equivalently, there is a family ε(i) of strictly positive numbers
converging to zero along U). It is obvious that any countably incomplete ultrafilter is
non-principal and also that every non-principal (or free) ultrafilter on N is countably
incomplete. Assuming all free ultrafilters countably incomplete is consistent with ZFC,
since the cardinal of a set supporting a free countably complete ultrafilter should be
measurable, hence strongly inaccessible.

A Banach space X is said to be a L∞,λ-space (with λ ≥ 1) if every finite dimensional
subspace of X is contained in another finite dimensional subspace of X whose Banach-
Mazur distance to the corresponding `n

∞ is at most λ. A space X is said to be a
L∞-space if it is a L∞,λ-space for some λ ≥ 1; we will say that it is a L∞,λ+-space when
it is a Lp,λ′-space for all λ′ > λ. The L∞,1+-spaces are usually called Lindenstrauss
spaces. The classes of L∞,λ+ spaces are stable under ultraproducts [8, Proposition 1.22].
In the opposite direction, a Banach space is an L∞,λ+ space if and only if some (or
every) ultrapower is. In particular, a Banach space is a L∞ space or a Lindenstrauss
space if and only if so are its ultrapowers; see, e.g., [15]. It is possible however to
produce a Lindenstrauss space out of non-even-L∞-spaces: indeed, if p(i) →∞ along
U, then the ultraproduct [Lp(i)]U is a Lindenstrauss space (and, in fact, an abstract
M-space; see [10, Lemma 3.2]).

3. Around Stern’s lemma

We will need the following result about the structure of separable subspaces of
ultraproducts of type L∞.

Lemma 3.1. Supppose [Xi]U is an L∞,λ+-space. Then each separable subspace of
[Xi]U is contained in a subspace of the form [Fi]U, where Fi ⊂ Xi is finite dimensional

and limU(i) d(Fi, `
k(i)
∞ ) ≤ λ, where k(i) = dim Fi.

Proof. Let us assume S is an infinite-dimensional separable subspace of [Xi]U.
Let (sn) be a linearly independent sequence spanning a dense subspace in S and, for
each n, let (sn

i ) be a fixed representative of sn in `∞(Xi). Let Sn = span{s1, . . . , sn}.
Since [Xi]U is an L∞,λ+-space there is, for each n, a finite dimensional F n ⊂ [Xi]U
containing Sn with d(F n, `dim F n

∞ ) ≤ λ + 1/n.
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For fixed n, let (fm) be a basis for F n containing s1, . . . , sn. Choose representatives
(fm

i ) such that fm
i = s`

i if fm = s`. Moreover, let F n
i be the subspace of Xi spanned

by fm
i for 1 ≤ m ≤ dim F n.

Let (In) be a decreasing sequence of subsets In ∈ U such that
⋂∞

n=1 In = ∅. For
each integer n put

J ′n = {i ∈ I : d(F n
i , `dim F n

∞ ) ≤ λ + 2/n} ∩ In

and Jm =
⋂

n≤m J ′n. All these sets are in U. We define a function k : I → N as

k(i) = sup{n : i ∈ Jn}.
For each i ∈ I, take Fi = F

k(i)
i . This is a finite-dimensional subspace of Xi whose

Banach-Mazur distance to the corresponding `k
∞ is at most λ + 2/k(i). It is clear that

[Fi]U contains S and also that k(i) →∞ along U, which completes the proof. ¤

Recall that a Banach space X is said to be a Grothendieck space if every operator
X → c0 is weakly compact; equivalently, if weak* and weak convergence for sequences
in the dual space coincide.The space `∞(Γ) is a Grothendieck space for every set Γ.
One has:

Proposition 3.2. Let (Xi)i∈I be a family of Banach spaces such that [Xi]U is a
L∞-space. Then [Xi]U is a Grothendieck space.

Proof. It is fairly obvious that a Banach space X in which every separable sub-
space is contained in a Grothendieck subspace of X must be a Grothendieck space.

Thus, everything one needs is to show that all spaces [`
n(i)
∞ ]U are Grothendieck spaces.

But this follows from the definition of the ultraproduct space as [`
n(i)
∞ ]U as a quotient

of `∞(`
n(i)
∞ ) = `∞(Γ) and the simple fact that quotients of Grothendieck spaces are

Grothendieck spaces. ¤

Therefore, ultraproducts of L∞,λ-spaces cannot contain complemented separable
subspaces, in particular, c0. This shows that Stern’s assertion that c0((c0)U) is iso-
metric to a complemented subspace of (c0)U cannot be true since c0((c0)U) contains
complemented copies of c0. The question of when, given a family (Ei)i∈I Banach
spaces containing no complemented copy of c0, the space `∞(I, Ei) does not contain
a complemented copy of c0 has been considered by Leung and Räbiger in [21]. They
show that the answer is negative when I has non-realvalued-measurable cardinal. This
implies that when I has non-realvalued-measurable cardinal, the ultraproduct (Ei)U of
a family (Ei)i∈I of Lindenstrauss Grothendieck spaces is a Grothendieck space.

If we focus our attention on uncomplemented copies of c0, we can present a much
more general result, which improves Corollary 3.14 of Henson and Moore in [19].

Proposition 3.3. No ultraproduct of Banach spaces over a countably incomplete
ultrafilter contains a complemented subspace isomorphic to c0.



ON ULTRAPOWERS OF BANACH SPACES OF TYPE L∞ 5

Proof. Let (Xi)i∈I be a family of Banach spaces. Assume [Xi]U has a subspace
isomorphic to c0, complemented or not, and let ı : c0 → [Xi]U be the corresponding
embedding.

Let fn = ı(en), where (en) denotes the traditional basis of c0, and let (fn
i ) be a

representative of fn in `∞(Xi), with ‖(fn
i )‖∞ = ‖fn‖. Then we have

‖ı−1‖−1‖(tn)‖∞ ≤ ‖
∑

n

tnfn‖ ≤ ‖ı‖‖(tn)‖∞,

for all (tn) in c0. Fix 0 < c < ‖ı−1‖−1 and ‖ı‖ < C and, for k ∈ N define

Jk =

{
i ∈ I : c‖(tn)‖∞ ≤ ‖

k∑
n=1

tnfn
i ‖Xi

≤ C‖(tn)‖∞ for all (tn) ∈ `k
∞

}
.

It is easily seen that Jk belongs to U for all k. Moreover, J1 = I and Jk+1 ⊂ Jk for
all k ∈ N . Now, for each i ∈ I, define k : I → N ∪ {∞} taking k(i) = sup{n : i ∈ Jn}.

Let us consider the ultraproduct [c
k(i)
0 ]U, where ck

0 = `k
∞ when k is finite and ck

0 = c0

for k = ∞. We define operators i : c
k(i)
0 → Xi taking i(en) = fn

i for 1 ≤ n ≤ k(i) for
finite k(i) and for all n if k(i) = ∞. These are uniformly bounded and so they define an

operator  : [c
k(i)
0 ]U → [Xi]U. Also, we define κ : c0 → [c

k(i)
0 ]U taking κ(x) = [(κi(x))],

where κi is the obvious projection of c0 onto c
k(i)
0 . We claim that κ = ı. Indeed,

for n ∈ N, we have κi(en) = en (at least) for all i ∈ Jn and since Jn ∈ U we have
 ◦ κ(en) = ı(en) for all n ∈ N. Now, if p : [Xi]U → c0 is a projection for ı, that is,

pı = 1c0 , then p is a projection for κ : c0 → [c
k(i)
0 ]U, which cannot be since the latter

is a Grothendieck space. ¤

4. Positive results

In [29, p. 248] Stern introduced the equivalence relation between Banach spaces of
having isometric ultrapowers and considered the classification of Lindenstrauss spaces
with respect to this relation in [30]. We will rather consider the isomorphic variation
introduced by Henson and Moore [19, p.106]. We will write X ' Y to mean that X
and Y are isomorphic.

Definition 4.1. We will say that the Banach spaces X and Y are Henson-Moore

equivalent, and write X
u' Y , if there is an ultrafilter U for which XU ' YU.

When X,Y are Henson-Moorre equivalent, we will sometimes say that they have
the same ultratype. Having the same ultratype can be equivalently formulated as: there
exist ultrafilters U,V such that XU ' YV: Indeed, as it is well-known, the iteration of
ultrapowers produces new ultrapowers: indeed, given two sets I, J admitting ultrafilters
U, V then there is an ultrafilter P on I × J such that (XU)V is isomorphic to XP. This
ultrafilter is usually called U×V. A so called Banach space version of the Keisler-Shelah
isomorphism theorem [28] due to Stern[29, Prop. 2.1] establishes that given two sets
I, J admitting ultrafilters U,V then there is an index set K admitting an ultrafilter W
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such that XU×W is (isometric) to XV×W. From this it follows that if XU ' YV, choosing
W so that YU×W = YV×W then

XU×W = (XU)W ' (YV)W = YV×W = YU×W.

It is clear that if X
u' C(K) then X must be an L∞-space. The question of the

classification of L∞-spaces appears posed in [19, p.106].

Henson-Moore classification problem. How many ultratypes of L∞-spaces are
there?

We will support Henson-Moore assertion [19, p.106] that there are at least two
different ultratypes: one is that of C(K)-spaces and the other is that of Gurarĭı space.
To this end, we show first that all C(K)-spaces provide the same ultratype. To simplify
the exposition let us write X C Z to mean that X is isomorphic to a complemented
subspace of Z and X J Z to mean XU C ZU for certain ultrafilter U.

Proposition 4.2. For every compact space K one has C(K)
u' c0.

Proof. The key of the reasoning is the following nice result of Stern [29, Thm 2.2]:
Let E be a Banach space and F a separable subspace of E. There exists a separable
subspace L of E containing F such that L and E have isometric ultrapowers. If E is
a Banach lattice then L can be chosen a Banach sublattice of E. In particular, this
means that every C(K)-space has some ultrapower isometric to an ultrapower of some
separable C(S). It is therefore enough to prove the assertion for separable C(S). Since
any separable C(S) must contain c0 complemented, by Sobczyk’s theorem, it follows
that c0 J C(S). On the other hand, some ultrapower C(S)U is a subspace of (`n

∞)U,
which is complemented in (c0)U. Thus, C(S) ⊂ (c0)U. By Stern’s previous assertion,

there are separable C(S ′) containing C(S) so that C(S ′)
u' (c0)U. A classical result of

PeÃlczyński [25] yields a complemented copy of C(S) inside C(S ′); therefore C(S) J c0.
Now, all separable infinite dimensional C(K)-spaces are isomorphic to their square:

either K is countable or uncountable. If it is uncountable, Milutin’s theorem yields
C(K) ' C[0, 1]; if it is countable, then C(K) ' C(α) for some ordinal ω ≤ α < ω1.
Since C(α)2 ' C(2α), using [7, Lemma 1] it follows that C(2α) ' C(α). Since both
spaces C(S) and c0 are isomorphic to their square, PeÃlczyński’s decomposition method

(see [24]) yields C(S)
u' c0. ¤

Thus, in what follows C will denote an infinite dimensional unspecified C(K)-space

and we will write X
u' C to mean that X has the same ultratype of any C. Immediate

corollaries are:

Theorem 4.3. Let X be either:

• An M-space
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• A complemented subspace of an M-space that is moreover isomorphic to its
square.

Then there is an ultrafilter U such that XU is isomorphic to CU. In other words, X
u' C.

Proof. The proof for M-spaces is as before using Benyamini’s proof [5] that every
separable M-space is isomorphic to some C(K)-space. The proof for their comple-
mented subspaces isomorphic to the square is clear.

¤
The first part amends (i2) – Henson and Moore [19, Theorem 6.7]– since one ob-

viously has c0
u' `∞. The second part provides amends –and partially improves– (i1)

–Stern [29, Theorem 4.5(ii)], Henson and Moore [19, Theorem 6.6 (c)] and Heinrich
and Henson [16, Theorem 12(c)] –under the additional hypothesis of being isomorphic
to the square.

We show now that Gurarĭı space has a different
u'-type. Let us recall a few basic

facts about Gurarĭı space: Gurarĭı’s [13] introduces the notions of space of (almost)
universal disposition. A Banach space U is said to be of (almost) universal disposition
if, given (finite dimensional) separable A,B, given ( ε > 0 and (1 + ε)-isometric)
isometric embeddings u : A → U and ı : A → B , there is a ((1 + ε)-isometric)
isometric embedding u′ : B −→ U such that u = u′ı.

Gurarĭı shows that there exists a separable Banach space of almost-universal dis-
position [13, Theorem 2]. This space was shown by Lusky [23] to be unique, up to
isometries. We will thus call it the Gurarĭı space and denote it by G. Gurarĭı also
conjectured the existence of spaces of universal disposition, something that was shown
in [3]. A space of universal disposition can also be obtained as follows: Henson and
Moore [18, Theorem 6.5]) show that a Banach space is of almost universal disposition
if and only if some (or every) ultrapower is of almost universal disposition. In [3] we
can find an improvement of this result:

Proposition 4.4. A Banach space is of almost universal disposition if and only if
some ultrapower obtained with a countably incomplete ultrafilter on N is of universal
disposition.

Other properties of G required for the next result are:

• G is not a complemented subspace of any C(K)-space (Benyamini and Lin-
denstrauss [6]).

• Every separable Lindenstrauss space is isometric to a complemented subspace
of G whose complement is isomorphic to G itself (PeÃlczyński and Wojtaszczyk[26]).

• Consequently, G is isomorphic to its square.

With all these prolegomena one has.

Proposition 4.5. Ultrapowers of Gurarĭı space are not isomorphic to comple-
mented subspaces of a C(K)-space.
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Proof. Assume that G J C. By Theorem 4.3 this yields G u' C. By the downward
Löwenheim-Skolem Theorem ([17, 9.13 Proposition]) we get two isomorphic separable
spaces one of which is of almost universal disposition for finite dimensional spaces and
the other is a C(K)-space. And this is impossible by the uniqueness of Gurarĭı space
and the above mentioned result of Benyamini and Lindenstrauss. ¤

This amends (i3) (Henson and Moore [19, Thm. 6.8]). A more direct proof for this
fact appears in [3].

It would be however a mistake to think that the reason for such behaviour is that
G is not complemented in any C(K)-space.

Proposition 4.6. Under CH, there is a separable space Ω that is not even a quo-

tient of a Lindenstrauss space and such that Ω
u' C.

Proof. Let us recall that Bankston shows [4] that if ∆ denotes the Cantor set,
N∗ denotes the growth βN \ N of N in the Stone-Cech compactification βN and U is
a nontrivial ultrafilter on the integers then, under CH, ∆U = N∗. Therefore C(∆)U =
C(∆U) = C(N∗) = `∞/c0. On the other hand, it has been shown in [11] that there is
an exact sequence

0 −−−→ C(∆) −−−→ Ω −−−→ C(∆) −−−→ 0

in which Ω is not even isomorphic to a quotient of a Lindenstrauss space. The ultra-
power sequence 0 −→ C(∆)U −→ ΩU −→ C(∆)U −→ 0 is, under CH, the same as the
sequence

0 −−−→ `∞/c0 −−−→ ΩU −−−→ `∞/c0 −−−→ 0.

In [2] it has been shown that every exact sequence

0 −−−→ `∞/c0 −−−→ Z −−−→ `∞/c0 −−−→ 0.

splits. Therefore ΩU ' (`∞/c0)
2 ' `∞/c0. Consequently, Ω

u' C. ¤

5. Further remarks and open problems.

The simple fact that whenever X
u' C implies X ⊕ G u' G immediately yields that

G ⊕ Ω
u' G even if G ⊕ Ω is not even isomorphic to a quotient of a Lindenstrauss

space. This also shows that one cannot replace “isometric” by “isomorphic” in Propo-
sition 4.4: the space ΩU is isomorphic to a space of almost universal disposition while
Ω is not. Summing all up, we have obtained so far only two different ultratypes of
L∞-spaces: that of C and that of G. It would be interesting to add some new classes
here. Reasonable candidates could be some of the recently constructed Hereditarily
indecomposable L∞ spaces [1, 31]; or some Bourgain-Pisier spaces [9]. Since both
G and C are Lindenstrauss spaces, one may wonder whether every L∞ space has an
ultrapower isomorphic to some Lindenstrauss space.
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It is not hard to check that if 0 → Y → X → Z → 0 is an exact sequence and U an
ultrafilter then 0 → YU → XU → ZU → 0 is also exact (see [12]). No criteria however
are known to determine when the ultrapower sequence of a nontrivial exact sequence

splits. Let us say that an exact sequence
u'-splits if some of its ultrapower sequences

split. Applications of the previous results yield:

Proposition 5.1. Let 0 → Y → X → Z → 0 be an exact sequence.

(1) If Z is a separable C(K)-space and Y an L∞ space, the sequence
u'-splits.

(2) If X is a C(K)-space and either Y or Z is the Gurarĭı space, the sequence

does not
u'-split.

An interesting case occurs when one puts G as the quotient space. Recall that John-
son and Zippin proved in [20] that every separable Lindenstrauss space is a quotient
of C(∆); therefore, there exists a nontrivial sequence

0 −−−→ ker q −−−→ C(∆)
q−−−→ G −−−→ 0

which cannot
u'-split. PeÃlczyński posed on the blackboard to us the question of whether

it is possible to identify the kernel(s) of the preceding sequence(s). Precisely: Can ker q
be a C(K)-space? It is not hard to check that it is an L∞-space when q is an “isomet-
ric” quotient.

6. Appendix: Henson–Moore theorem about the non-injectivity of
ultraproducts

As we mentioned in the introduction, it has been shown in [2] that ultrapowers
E of L∞-spaces are universally separably injective in the following sense: for every
Banach space X and each separable subspace Y ⊂ X, every operator t : Y → E
extends to an operator T : X → E. In spite of this fact, let us show that infinite
dimensional ultraproducts via a countably incomplete ultrafilters are never injective (a
Banach space X is said to be injective when X-valued operators can be extended to any
superspace). We give the proof here because Henson-Moore proof in [18, Theorem 2.6]
is written in the language of nonstandard analysis and Sims’ version for ultraproducts
along Section 8 of [28] is not very accessible.

Theorem 6.1. Ultraproducts via countably incomplete ultrafilters are never injec-
tive, unless they are finite dimensional.

Proof. Let U be an ultrafilter on the set I and let (Xi)i∈I be a family of Banach
spaces such that [Xi]U is an L∞-space. According to Lemma 3.1, if [Xi]U is infinite
dimensional, it contains some infinite dimensional complemented subspace isomorphic

to [`
k(i)
∞ ]U.
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Let (Si)i∈I be a family of sets and U an ultrafilter on I. The set-theoretic ultra-
product 〈Si〉U is the product set

∏
i Si modulus the equivalence relation

(si) = (ti) ⇐⇒ {i ∈ I : si = ti} ∈ U.

The class of (si) in 〈Si〉U is denoted 〈(si)〉. Let thus 〈{1, . . . , k(i)}〉U denote the set
theoretic ultraproduct of the sets {1, . . . , k(i)}. We have

(1) c0(〈{1, . . . , k(i)}〉U) ⊂ [`k(i)
∞ ]U ⊂ `∞(〈{1, . . . , k(i)}〉U).

This should be understood as follows: each [(fi)] defines a function on 〈{1, . . . , k(i)}〉U
by the formula f〈(xi)〉U = limU(i) fi(xi). In this way, [`

k(i)
∞ ]U embeds isometrically as a

subspace of `∞(〈{1, . . . , k(i)}〉U) containing c0(〈{1, . . . , k(i)}〉U).

Write Γ = 〈{1, . . . , k(i)}〉U and U = [`
k(i)
∞ ]U, so that (1) becomes c0(Γ) ⊂ U ⊂

`∞(Γ). We will prove that the inclusion of c0(Γ) into U cannot be extended to `c
∞(Γ).

Recall that an internal subset of Γ is one of the form 〈Ai〉U, where Ai ⊂ {1, . . . , k(i)}
for each i ∈ I. Infinite internal sets must have cardinality at least c —just use an
almost disjoint family. This is the basis of the ensuing argument: as U is spanned by
the characteristic functions of the internal sets, if f ∈ U is not in c0(Γ), then there
is δ > 0 and an infinite internal A ⊂ Γ such that |f | ≥ δ on A. Let `c

∞(Γ) denote
the space of countably supported bounded families on Γ. Suppose I : `c

∞(Γ) → U
is an operator extending the inclusion of c0(Γ) into U . Given a countable S ⊂ Γ,
let us consider `∞(S) as the subspace of `c

∞(Γ) consisting of all functions vanishing
outside S and let us write IS for the endomorphism of `∞(S) given by IS(f) = 1SI(f).
Notice that IS cannot map `∞(S) to c0(S) since c0 is not complemented in `∞. Thus,
given an infinite countable S ⊂ Γ, there is a norm one f ∈ `∞(S) (the characteristic
function of a countable subset of S, if you prefer), a number δ > 0 and an infinite
internal A ⊂ Γ such that |I(f)| ≥ δ on A, with |A ∩ S| = ℵ0. Let β(S) denote the
supremum of the numbers δ arising in this way. Also, if T is any subset of Γ, put
β[T ] = sup{β(S) : S ⊂ T, |S| = ℵ0}.

Let S1 be a countable set such that β(S1) > 1
2
β[Γ] and let f1 ∈ `∞(S1) such that

|I(f1)| > 1
2
β(S1) on an infinite internal set A1 with |A1 ∩ S1| = ℵ0.

Let S2 be a countable subset of A1\S1 (notice |A1\S1| ≥ c) such that β(S2) >
1
2
β[A1\S1] and take a norm one f2 ∈ `∞(S2) such that |I(f2)| ≥ 1

2
β(S2) on an infinite

internal set A2 ⊂ A1 with |A2 ∩ S2| = ℵ0.
Let S3 be an infinite countable subset of A2\(S1∪S2) such that β(S3) > 1

2
β[A2\(S1∪

S2)] and take a normalized f3 ∈ `∞(S3) such that |If3| > 1
2
β(S3) on certain internal

A3 ⊂ A2 such that |A3 ∩ S3| = ℵ0 and so on.
Continuing in this way we get sequences (Sn), (fn) and (An), where

• Each An is an infinite internal subset of Γ.
• A0 = Γ and An+1 ⊂ An for all n.
• Sn+1 is a countable subset of An\⋃n

m=1 Sm, and β(Sn+1) > 1
2
β[An\⋃n

m=1 Sm].
• fn is a normalized function in `∞(Sn)
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• |Ifn| > 1
2
β(Sn) on An.

• For each n one has |An ∩ Sn| = ℵ0.

Our immediate aim is to see that β(Sn) converges to zero. Fix n and consider any
a ∈ An+1 to define

hn =
n∑

m=1

sign(Ifm(a))fm.

Clearly, ‖hn‖ = 1 since the fm’s have disjoint supports. On the other hand,

‖I‖ ≥ ‖Ihn‖ ≥ Ihn(a) =
n∑

m=1

|Ifm(a)| ≥ 1

2

n∑
m=1

β(Sm),

so (β(Sn)) is even summable.
For each n ∈ N, choose a point an ∈ Sn and consider the set S = {an : n ∈ N}. We

achieve the final contradiction by showing that IS maps `∞(S) to c0(S), thus completing
the proof. Indeed, pick f ∈ `∞(S) and let us compute dist(1SI(f), c0(S)). For each
n ∈ N, set Rn = {am : m ≥ n}. We have f = 1Rnf + (1S − 1Rn)f and since S\Rn is
finite, If = I1Rnf + I((1S − 1Rn)f) = I1Rnf + (1S − 1Rn)f . Moreover, the function
1Rnf has countable support contained in An\⋃n

m=1 Sm. So,

dist(1SIf, c0(S)) = dist(1SI1Rnf, c0(S))

≤ dist(1RnI1Rnf, c0(Rn)) + dist(1S\RnI1Rnf, c0(S\Rn))

= dist(1RnI1Rnf, c0(Rn))

≤ ‖1Rnf‖β(Rn)

≤ ‖f‖β
[
An\

n⋃
m=1

Sm

]

≤ 2‖f‖β(Sn+1).

And since β(Sn+1) → 0 we are done. ¤
Remark. A simplified proof for countable ultraproducts can be presented. The ensu-
ing argument relies on Rosenthal’s result [27] asserting that an injective Banach space

containing c0(Γ) contains `∞(Γ) as well. Suppose I countable. Then [`
k(i)
∞ ]U is a quo-

tient of `∞, and so its density character is (at most) the continuum. On the other hand,

if [`
k(i)
∞ ]U is infinite dimensional, then limU(i) k(i) = ∞, and using an almost disjoint

family we see that the cardinality of 〈{1, . . . , k(i)}〉U equals the continuum. Thus, if

[`
k(i)
∞ ]U were injective, it should contain a copy of `∞(〈{1, . . . , k(i)}〉U), which is not

possible, because the later space has density character 2c.
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[12] J.M.F. Castillo and M. González. Three-space problems in Banach space theory. Lecture

Notes in Math. 1667. Springer-Verlag, 1997.
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