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Introduction

An homogeneous polynomial of degree d,

F (x, y) ∈ R[x0, x1, x2]

de�nes a real algebraic curve C ⊂ CP2.

Denote by RC ⊂ RP2 its real part

16th Hilbert problem: Determine the topo-
logical type of the pairs (RC,RP2), in terms
of d, for smooth C.

The number of connected components of C

is ≤ 1
2(d− 1)(d− 2) + 1 (Harnack bound)

C is an M-curve if RC has the maximal
number of components.



Maximal position with respect to lines

A real algebraic curve C ∈ P2 is in maximal
position with respect to a line L if there
exists an arc a ⊂ RC such that

a ∩ L = C ∩ L transversally.

- In particular, C has good oscillation with
respect to L if in addition the points in a ∩L

appear in the same order on the arc a and on
the line L.

The curve C is in maximal position with
respect to lines L1, L2, . . . , Lr if there exists
disjoint arcs a1, . . . , ar contained in the same
component of RC such that

ai ∩ L = C ∩ Li transversally, for i = 1, . . . , r.



Algebraic curves in toric surfaces

Momment map in toric geometry

Let Θ ⊂ R2≥0 be a convex polytope with in-
tegral vertices.

Associated to Θ there is a di�eomorphism,
called moment map,

φΘ : R2≥0 −→
◦
Θ

Let S be the group of symmetries

S := {ρ/(x, y)
ρ7→ (±x,±y)},

and set Θ̃ :=
⋃

ρ∈S ρ(Θ).

De�nition. The Θ-chart of A ⊂ (R∗)2 is

ChΘ(A) := φΘ̃(A),

where φΘ̃ : (R∗)2 −→
◦
Θ̃ is a di�eomorphism.



Real algebraic projective surfaces

Associated to an integral polygon Θ ⊂ R2 we
have a real projective surface Z(Θ) with real
part RZ(Θ).

A toric surface has some distinguished coor-
dinate lines (P1) and points.

Distinguished lines 1:1⇐⇒ Edges of Θ

Distinguished points 1:1⇐⇒ Vertices of Θ

in such a way that:

1. A distinguished point is intersection of two
coordinate lines.

2. The singular points of Z(Θ) are distin-
guished.

3. RZ(Θ) is homeomorphic to Θ̃/ ∼.

(∼ : = certain identi�cations of pairs of edges).

Example. RP2



Non degenerate curves in toric surfaces

Let P =
∑

aijx
iyj ∈ R[x, y], with Newton

polygon Θ.

P = 0 de�nes an algebraic curve C ⊂ Z(Θ).

De�nition. (reformulating classical de�nition)

P is non degenerated with respect to Θ if
C is smooth and has normal crossings with
the union of toric coordinate lines.

P is real non degenerated with respect to
Θ if RC is smooth and has normal crossings
with the union of toric coordinate lines.

Example. If C is in maximal position with
respect to the toric axes of Z(Θ) then P is
real non degenerated with respect to Θ.



M-curves in toric surfaces

Harnack bound: The number of connected
components of RC ⊂ RZ(Θ) is

≤ 1 + #(
◦
Θ ∩Z2)

C is a M-curve if it has the maximal number
of components.

Theorem. (Mikhalkin) There is a unique topo-
logical type of triples (RZ(Θ),RC, (R∗)2), for
C ⊂ Z(Θ) any M-curve in maximal position
with respect to the toric axes of Z(Θ).

The proof passes through a topological study
of the amoeba of C.



Local version of 16th Hilbert problem

Let (C,0) ⊂ (C2,0) be a real algebraic plane
curve singularity.

Denote by B a Milnor ball for (C,0).

A smoothing of C is a real analytic fami-
ly Ct with C0 = C and Ct ∩ B smooth and
transversal to ∂B, for 0 < t ¿ ε.

Problem: Determine the possible topological
types of smoothings (RCt,RB).



A germ (C,0) of real plane curve singularity
is a real plane branch if it has a Newton
Puiseux parametrization:

{
x(t) = tn,

y(t) =
∑

i≥n ηit
i, with ηi ∈ R.



Aim. To provide new methods for construct-
ing M-smoothings of real plane branches,
using M-curves on real projective toric sur-
faces.

M-smoothings : RCt has the maximal num-
ber µ(C)/2 of connected components in B,
where

µ(C) = dimC C[[x, y]]/(
∂F

∂x
,
∂F

∂y
)

µ(C) = Milnor number of (C,0)



Remark.

1.- If the singularity is a plane branch M-
smoothings always exists (Risler)

2.- If the singularity is not a plane branch
there exists bounds for the maximal number
of components which are not sharp in gen-
eral (Kharlamov, Orevkov, Shustin).



3.- The notion of maximal position with re-
spect to lines generalize for smoothings.

Example. A smoothing of the cusp y2−x3 =

0 in maximal position (good oscillation) with
respect to the coordinate lines.

}
0

(x,f) }(y,f)
0

x=0

y=0

C’



Singularities and Newton polygons

Let F =
∑

aijx
iyj ∈ R[x, y] de�ne a germ of

singularity at the origin.

We denote by Λ the Newton polytope of F .

We suppose that the local Newton polygon
has only one edge

Γ = [(m,0), (0, n)]

Set e := gcd(m, n), integral length of Γ and

PΓ :=
∑

(i,j)∈Γ aijx
iyj,

then

PΓ := θ
∏e

k=1(y
n/e − ζkxm/e),

where {ζk} := peripheral roots of F .

We denote by ∆ the triangle with vertices
(0,0), (m,0) and (0, n).



Smoothings by Viro patchworking

Let Pt =
∑

aijkxiyjtk ∈ R[x, y, t] with P0 = F

and Pt(0,0) 6= 0.

Pt = 0 de�nes a deformation Ct of C0 = C,

The lower part Θ̂ of the Newton polyhedron
of Pt in R3 de�nes a convex subdivision of
∆. A face Ψ̂ of Θ̂ projects to Ψ.

∆
Γ

Λ



Hypothesis. For all face Ψ in the subdivision
of ∆ the polynomial Pt,Ψ̂ is non degenerated
with respect to its Newton polytope.

Theorem. (Viro) The pair (RB̄,RCt) is home-
omorphic to (∆̃, C̃), where C̃ is the smooth
curve obtained by gluing the charts ChΨ(PΨ̂,t=1).

Simplest case

Combinatorial patchworking: all vertices be-
long to the subdivision.

The charts are determined by a combinato-
rial rule depending on the signs of the terms
in the polynomial Pt,∆̂.



Example. The blue line in this picture de-
notes a M-smoothing of y6−x7 = 0 obtained
by combinatorial patchworking.

The circles denotes the + signs.

It is a Harnack smoothing: good oscillation
with respect to the coordinate lines.



Example. General patchworking. A M-smoothing
of y7 − x6 = 0 is homeomorphic to the com-
plement of a small tubular neighborhood of
the line L. Notice the good oscillation with
respect to the line L′.

C 7

L’

L

 

L’’

Set L′ : y = 0, L′′ : x = 0 and L = P1∞.



We prove the following:

Theorem. 1 Let F =∈ R[x, y] with local
Newton polyhedron with only one compact
edge Γ = [(m,0), (0, n)] such that all periph-
eral roots of FΓ are distinct and of the same
sign.

Then for any Harnack smoothing Ct of C0 :

F = 0 there is a unique topological type of
triples

(RB̄,RCt, B ∩ (R∗)2),

which is determined by the integers n and m.

Proof. Is based on Viro Patchworking and
the result of Mikhalkin.



Question. Does this result generalize to real
plane branches?

Example. Let F = (y2 − x3)3 − x10 de�ne a
real plane branch (C,0).

We cannot apply Viro method since F is de-
generated.



Improve the singularity with a toric map

p

q

Σ1

1

1

For each two dimensional cone in Σ1 we have
a map C2 → C2. For intance for σ = 〈~p1, ~q1〉�
the map πσ, is:

x = u1
1x2

1,

y = u1
1x3

1.

These maps glue up in a proper modi�cation
ΠΣ1

which is a composition of point blow ups.



We have that:

F ◦ π1 = u6
1x18

1

(
(1− u1)

3 − u10
1 x20

1

)
.

Fact. Only x1 = 0 meets the strict transform
at exactly one point. Let (x1, y1) be local co-
ordinates at this point.

The strict transform has equation

F (1) = y3
1 − (1− y1)

4x2
1 = 0.

It is non degenerated

Idea. Apply Viro method and blow down
to get a deformation Ct1 of C.

Remark. This involves some technical di�-
culties.



Geometrical assumption: The deformation
of the strict transform is inmaximal position
with respect to the exceptional divisor x1 = 0.

Remark. The assumption implies Ct1 is non
degenerated.



Apply Viro method with a new parameter t0:

Theorem B (case of two Puiseux pairs)

If Ct0,t1 is a Γ-maximal M-smoothing of Ct1

then Ct0,t1 de�nes a M-smoothing of (C,0),
for 0 < t0 ¿ t1 ¿ ε.



De�nition. A M-smoothing Ct of C is Har-
nack if the coordinate axes are in maximal
position with Ct

We say that Ct0,t1 is amulti-Harnack smooth-
ing of C if at each level the deformation is
Harnack.

Theorem 3 If Ct is a multi-Harnack smooth-
ing then the topological type of the triples

(RB̄,RCt, B ∩ (R∗)2),

is determined by the embedded topological
type of the branch (C,0) ⊂ (C2,0).



Remark.

1. In particular, there are no nested ovals in
multi-Harnack smoothings.

2. There are Harnack smoothings with nest-
ed ovals hence not all Harnack smoothing is
multi-Harnack.

3. Both Theorems 2 and 3 have general ver-
sions for smoothings of real plane branches
with g ≥ 2 Puiseux pairs.



Some technical di�culties:

Associate to the monomials in xi
1y

j
1 holomor-

phic functions in M1(i, j) ∈ R[x, y], in such a
way that if

Pt1 = F +
∑

Ars(t1)M1(r, s) then

both Pt and F have the same local Newton
polygon and

Pt1 ◦ π1 = E1P
(1)
t1

where

- P
(1)
t1

de�nes a Viro patchworking for F (1).

- E1 is the exceptional function of F

In the previous example. Set z = y2 − x3.

(r, s) (0,0) (0,1) (0,2) (1,1) (1,0)
M1(r, s) x9 x6z x3z2 x5yz x8y


