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For two elements a and b of a ring A, we understand by M, ; the two-sided
multiplication induced by a and b. In the case where A is a prime C*-algebra,
the question of how to determine the lower bound of the norm of M, ;,+ M, , is
stated in [4] as an open problem: Does the inequality ||Mqp+ My | > |lal||]|
holds for any two elements a and b in a prime C*-algebra A?.

As a continuation to [4], M. Mathieu [5] proved that |[M,p + M| >
(2/3)]lal|||b]| for prime C*-algebras. Cabrera and Rodriguez [1] proved that
for prime J B*-algebras we have the lower estimate || Mg+ My o > (1/20412)-
||la]|]|b]|. Stacho and Zalar [6] proved that for standard operator algebras on a
Hilbert space we have || M, + M, 4| > 2(v/2—1)]|al|||b]|, and recently [7] they
proved that || Mgy + Myl > |la||||b]| for the algebra of symmetric operators
acting on a Hilbert space.

Note that || M| = ||al|||b]| if and only if A is a prime C*-algebra [3] and
that the upper estimate | My, + M q| < 2||al|||b]] is trivial.

In this paper, we consider the case where A = L(H ) the algebra of bounded
linear operators on a complex Hilbert space H. We shall prove that for two
operators A and B such that infcc || B—AA|| = || B|| or infyec [|[A—AB|| = || A]|
we have || Ma s + Mp || > ]| B.

Our proof is based on the concept of the numerical range of A*B relative
to B introduced by B. Magajna in [2]:

Wp(A*B) ={A € C: e, € H, |le,] =1,
lim(A*Bey, e,) = A, lim||Be,|| = ||B]}

In the case A = I this reduces to the Stampfli maximal numerical range
of B see [8]. The most interesting properties of W (A*B) are [2]:
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(i) WB(A*B) is a closed convex subset of the complex plane C for each
A,Be L(H).

(ii) The relation ||B|| = infyec || B — AA|| holds if and only if 0 € Wg(A*B).

For any x,y € H, define the rank-one operator z @ y € L(H) by the
equation
(c@u)(2) = (zy)r, Ve H.

Our main result is the following:

THEOREM 1. Let A, B € L(H) with B # 0. Then

|Ma,g+ Mp,al >  sup
)\GWB A*

N
]||BHA+ H

1Bl
Proof. Let A € Wg(A*B). Then there exists a sequence {e,},>1 of unit

vectors in H such that lim,,(A*Be,,, e,) = X and lim,, || Be, || = || B||. Consider
a unit vector y € H. For each n > 1, we have

H(MA,B + MB,A)(y ® Ben)(en)” = HHBG’HH2Ay + (en, A*Ben>ByH

Hence )
|Ma,p + Mp all > WH | Ben||* Ay + (en, A*Bey,)By||.

Letting n — oo, we obtain

A
Va5 -+ Ml > 1514y + ]

Since A and y are arbitrary in Wg(A*B) and H respectively, we get

Mas+ Mpal > sup <sup (HHB||Ay+HB”ByH))

AEW5(A*B) \|lyl=1
A
= sup |BJ|A + ——
AEW(A*B) ‘ HBH

which completes the proof. |1

An immediate consequence of Theorem 1 is the following corollary:



THE NORM OF THE OPERATOR X — AXB+ BXA 225

COROLLARY 2. If 0 € Wg(A*B) UW4(B*A), then
IMa,p + Mpall = [|A][|B|
Remark. (i) Corollary 2 answers partially the problem mentioned above.

(ii) The estimate in Corollary 2 is, in general the best possible.

(iii) The condition in Corollary 2 is not necessary: take A = B # 0. Then
IMa,p + Mp all = 2[|AlI* > [ A]]?, but 0 ¢ Wa(A"A) = {||A]*}.

The following result is a generalization of theorems 1 and 2 of [§].

THEOREM 3. Let A, B € L(H). Then the following conditions are equiv-
alent:

(i) 0 € Wp(A*B),
(i) [[Bl < [IB+AA], AeC,
(iii) || B||? + |A[?m2(A) < ||B + A2, X\ € C, where
m(A) = inf{||Az|| : x € H, ||z| = 1}.
Proof. The implication (iii) = (ii) is clear and the equivalence (i) < (ii) is
contained in ([2], p. 519). Next we show that (i) = (iii). Since 0 € Wp(A*B),

there must be a sequence of unit vectors {e, }n>1 such that lim, (A*Be,, e,) =
0 and lim,, || Be,|| = || B]|- Let A € C. For each n > 1, we have

I(B + AA)enl* = Bel* + X[ Aen|® + 2 Re(MA* Ben, en))
2[|Ben | + [A[*m*(A) + 2Re(A(A* Bey, n)),
where “Re” denotes the real part. Letting n — oo, we get
1B + AA|? > || BII* + [APm*(A)
and this proves the theorem. |

The next corollary is proved in [8] in the case A = I, but the same reasoning
applies to the general situation considered here.

COROLLARY 4. Let A, B € L(H) such that m(A) # 0. Then there exists
a unique zg € C such that

1B = zoA[* + [A*m?(A) < (B — 204) + AA]*
for all A € C. Moreover, 0 € Wp_ a(A*(B — AA)) if and only if A = z.
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Proof. The function A — ||B — AA[| is continuous with lim)y_ [|B —
M| = oo. So by a compactness argument, there exists zp € C such that
|B — 20A|1> < ||(B — 20A) + AA||? for all A € C. The rest of the proof follows
easily from Theorem 2. |1

PRrROPOSITION 5. If |A||||B]| € Wa(B*A) N Wa«(BA*), then
[Ma,p + Mp,all = |Magl + | Mg al = 2|[Al[|| Bl

Proof. Suppose || Al|||B]| € Wa(B*A) N Wa«(BA*). Then we can find two
unit sequences {zy }n>1 and {y,}n>1 of vectors in H such that

lim(B* Azn, 20) = [ A B, lim | Az ]| = [ A],
lim(BA o, yn) = [A|[B], lim A%y = | A].

Since |(B* Azn, 2)| < || Azl Beall and [(BA*yn, ga)| < 1|4yl B*yall, then
lim, || Bz, || = ||B| and lim, || B*y,|| = ||B]|. For each n > 1, we have

[(Ma,B + Mp 4) (@0 ® yn) (B*ya)|®
= | Byl Azn||* + [(AB*yn, yn)|* | Bxn |
+ QHB*ynHQRe((yn,AB*yn><B*Axn,$n>.

Letting n — oo, we obtain
[Ma,B + Mpal = 2||All[| B|.

Whence
|Ma,p + Mp_ al| = 2||All|| B]|.
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