
E extracta mathematicae Vol. 19, Núm. 1, 127 – 130 (2004)
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We study Kalton’s theorem [10] on the unconditional convergence of series
of compact operators and we use some matrix techniques to obtain sufficient
conditions, weaker than the previous one, on the convergence and uncondi-
tional convergence of series of compact operators.

Let X and Y be two Banach spaces. We denote by CL(X,Y ) (resp.
K(X,Y )) the Banach spaces of bounded (resp. compact) linear maps from X
to Y . Kalton [10] proved that if

∑
i Ti is subseries convergent in K(X,Y ) with

respect to the weak operator topology (WOT) and X∗ contains no subspace
isomorphic to l∞, then

∑
i Ti is subseries convergent with respect to the norm

topology. The two main ideas of the proof are the following: (a) if X∗ does
not have a copy of l∞, then a series

∑
i x
∗
i in X∗ is unconditionally convergent

(uco) with respect to the ∗-w topology if and only if
∑

i x
∗
i is uco with repect

to the norm; (b) if T ∈ K(X, Y ) and WOT-limi T
∗
i = T ∗ in K(X∗, Y ∗), then

w-limi Ti = T .
We are interested in matrix techniques, and so we refer the reader to [5],

where Antosik and Swartz proved Kalton’s theorem by means of a matrix ar-
gument. It is obtained a k-matrix (i.e., a matrix which verifies the hypothesis
of Basic Matrix theorem [5]) which allow us to conclude that limi ‖Ti‖ = 0.

In 1997 Qingying Bu and Congxin Wu [6] proved a similar result to
Kalton’s one. Their argument is based on interesting characterizations of
relatively compact subsets of BMC(X) (i.e., the Banach space of the bounded
multiplier convergent series in X). The converse result, which is also proved,
characterizes the property “X∗ does not have a copy of c0” in terms of the
unconditionally convergence of series of operators.
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We first introduce the property S1, which is based on the Seever property
[14] and on the concept of FQ-σ family [12]. This concept was introduced
by Samaratunga and Sember and it has been studied by other authors like
Swartz [16] or Wu Junde and Lu Shijie [8] obtaining interesting matrix results.
Let F be a natural family (i.e., a subfamily of P (N) which contains the family
φ0(N) of the finite subsets of N). We will say that F has the property S1 if
for any pair [(Ai), (Bi)] of mutually disjoint sequences of disjoint subsets of
φ0(N) there exist B ∈ F and an infinite set M ⊂ N such that Ai ⊂ B and
Bi ⊂ Bc.

It can be proved the following result.

Theorem 1. Let (xij)i,j be a matrix in a normed space X such that (xij)i

is a Cauchy sequence for j ∈ N and, for i ∈ N, the series
∑

j xij is subseries
convergent. Then the following conditions are equivalent:

(1) There exists a natural family F with the property S1 such that(∑
j∈B xij

)
i
is Cauchy, for B ∈ F .

(2) The sequence
(∑

j∈An
xij

)
i

is Cauchy uniformly on n ∈ N, for every

disjoint sequence (An)n of φ0(N).

As a corollary we obtain the following result which generalizes the Orlicz-
Pettis theorem: each F-weak convergent series

∑
i xi in a Banach space X

(i.e.,
∑

i∈A xi is convergent for each A ∈ F), where F denotes a natural
family with the property S1, is uco.

These results allow us to characterize the unconditional convergence of a
series in K(X,Y ), where X and Y are Banach spaces.

Let F be a natural family with the property S1 and let
∑

i Ti be a series in
K(X,Y ) such that: (a)

∑
i T

∗
i is F-convergent in K(Y ∗, X∗) with respect to

the WOT; (b)
∑

i Ti is not a uco series. Since the rank of a compact operator
is separable, we can suppose that Y is separable. This assumption and the
Banach-Alaoglu theorem allow us to obtain a matrix (giTj)i,j = (T ∗j gi)i,j as
the one in Theorem 1. This matrix verifies property (1) in this result but it
lacks property (2), which is impossible.

This argument shows that a series
∑

i Ti is uco in K(X, Y ) if and only
if

∑
i T

∗
i is F-convergent in K(Y ∗, X∗) with respect to the WOT, where F

denotes a natural family with the property S1.
As a corollary we obtain the following result.
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Theorem 2. Let X, Y be two Banach spaces and let F be a natural family
with the property S1. If X∗ does not have a copy of l∞, then a series

∑
i Ti in

K(X,Y ) is uco if and only if
∑

i Ti is F-convergent in K(X,Y ) with respect
to the WOT.

These results remain if the natural family with the property S1 is replaced
by a natural Boolean algebra with the Vitali-Hahn-Saks property (VHS) [13].
Let us observe that our generalization of the Orlicz-Pettis theorem remains
valid if we consider a natural Boolean algebra (VHS) instead a natural family
with the property S1.

From what it has been said, property S1 generalizes the notion of FQ-σ
family. Our interest is now centred on the concept of IQ-σ family [12]. This
concept is also studied in [15] and [11], obtaining summation theorems where
the unconditional convergence of series is replaced by the convergence of series.

In [3] we introduce property P1 which generalizes the notion of IQ-σ family.
Analysis similar to that in the case of property S1 allow us to obtain the
following two theorems in relation to the convergence of series in K(X, Y )

Theorem 3. Let X, Y be two Banach spaces and let F be a natural family
with property P1. Let

∑
i Ti be a series in K(X, Y ).

(a) If
∑

i T
∗
i is F-convergent in K(Y ∗, X∗) with respect to the strong

operator topology (SOT), then
∑

i Ti is a convergent series in K(X,Y )
(with respect to the norm topology).

(b) If
∑

i Ti is F-convergent in K(X, Y ) with respect to the SOT and∑
i∈B T ∗i (g) is convergent in X∗ for each g ∈ Y ∗ and B ∈ F , then∑
i Ti is a convergent series.

(c) If X∗ does not have a copy of l∞ and F also verifies that any real and
F-convergent series is uco, then each series

∑
i Ti is F-convergent in

K(X, Y ) with respect to the SOT is convergent.

Part of these results will appear in [2].
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