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1. INTRODUCTION AND PRELIMINARIES

Let m be an integer with 0 < m < n and G, ,, stand for the Grassmann
manifold of all m- dimensional linear spaces of R™. For V' € G, ;,,, we denote
py : R® — V the orthogonal projection onto V', then {py;V € G} is
compact in the space of all linear maps from R"™ to R™, and the identification
of V with py induces a compact topology for G, ,,,. Fixing Vy € Gy, 1, we can
define an orthogonally invariant Radon probability measure 7y, on Gy, by

Ynm(A) =va{g € O(n) ; g(Vo) € A} for A€ Gpm

where v,, denotes the unique Haar measure on the orthogonal group O(n) of
R™ normalized so that v, (O(n)) = 1. The uniqueness implies that 7, is
independent of V (see [6]). In other words,

Tn,m = ng*Un with fVo(g) = g(VO) for g€ O(TL)
and fy;.vy, is the image of the measure v,, under the map fy;.

For a Borel probability measure p on R", supported on the compact set
Sy, and for V € G, we define i, the projection of 11 onto V' by

H(E) = p(py' (B))

for all E C V. Thus if f:V — R is continuous then
[ it = [ sovie)auta).
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If v is a Borel probability measure on S,,, one defines, for p > 0

Tuw () = lirm_i%f logr

log /S p(B(z,r)) dv(z)

the lower generalized p-spectral dimension of u. It is closely related to the
Rényi dimension in its integral version (see [9]) and if v is a Gibbs measure for
the measure p, i. e there exists a measure v on S, and constants K > 0, K>0
and t, € R such that for every x € §, and every 0 <r < A

Kup(B(z,r)*(2r)' < v(B(z,r)) < Kp(B(z,r))(2r)".

T, represents the C), function of Olsen’s multifractal formalism [8]. This
quantity appears as a generalization of the lower p-spectral dimension defined
in [5]. For p > 0,

Dplp) = lurn—}(glfplogr

log/ p(B(z,r)) du(z).
Sp
In particular, in the case ¢ = v one has

T}u,(p) = pDp(11)
In [5], Hunt and Kaloshin proved the following statement:
THEOREM (HK). Let 0 < p < 1. If D,,(p1) < m, one has

D,(it) = Dp(p)  for ~ypm-almost all V' € Gy, .

In this paper, we investigate the relationship between T}, ,(p) and Tﬁ’;(p).
Which allows us to compare the multifractal spectra of the measure u and
that of its projections.

2. PROJECTION RESULTS

In this section, we show that the generalized p-spectral dimension is pre-
served under almost every orthogonal projection.

THEOREM 2.1. Let p be a real number.
1. If 0<p<1andT,,(p) <pm, then

Ty5(p) = Tuw(p) for vpm-almost all V € G .
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2. If p>1, one has

inf (T ( wv (D), ) < Th5(p) < Tuu(p) for vy m-almost all V' € Gy .

Remark. The first assertion of this theorem is a generalization of that
of Hunt and Kaloshin. In fact, in the case p = v, assertion 1 is the main
theorem of Hunt and Kaloshin. Assertion 2 extends the result of Hunt and
Kaloshin to the case p > 1 untreated in their work. Indeed, considering
the relation Dp(u) = %T,W(p), the equality D,(u) = Dp() remain valid
for ~yp m-almost all V' € Gy, if p > 1 and Dp(p) < %.

Proof of Theorem 2.1. The first assertion is proved in the same way as
Theorem (HK). The second property results from the following lemma.

LEMMA 2.2. If p > 0, then
1. T, (p) = inf{s > 0: I, ,(u,v) = oo},

2. Ty(p) =sup{s > 0: I;,(p,v) < oo},

Isp(p,v) = /Su (/Rn M)pdu(x).

Proof. Let s be a number such that s < T),,(p). One has

/ dp(y 1+Z/ du(y)
Rn |T — y\s/P - n-1g|p—y|<2-7 |z — y\s/l’

< 1+Z2(n+1)s/pu(3($’2—n))

n>0

where

thus v
I p(p,v) < /S (1 + Z 2("+1)5/pu(B(x, 2_"))) dv(z).
H n>0

In the case 0 < p < 1, we have

I p(p,v) <1+ Z o(n+l)s / (B(z,27™))"dv(z).

n>0 S
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Then for a suitable choice of § > 0 such that s 4+ 0 < 7}, ,(p), one has

Iop(p,v) <142°) 27 < o0,
n>0

Now consider the case p > 1, remember that for every a,b > 0,
(a4 b)P < 2P7(aP + bP).

It results that

</]R d,u(y)>p < op=1 4 op—1 ZQ(HH)S/I)M(B(%an))

n |z —yl*P =
For a > 0, Holder inequality implies
/ du(y) \"
Rn |7 — y|*/P

< op—1 + op—1 Z 2(n+1)s+nozpu(B(x7 27n))p Z 9 *pfgp
n>0 n>0

p—1

Further, if 6 > 0 such that s +§ < T}, ,(p) we obtain

Ly(pv) <2 4 0 Y gnerd
n>0

where C' is constant depending only of p. Statement 1 follows by considering
a < 0/p. To establish statement 2, fix p > 0. For ¢ > 0, one has

Isp(p,v) > ES/ (u(B(z,¢e)) dv(z)

Sy

Let s > T, ,(p) and 6 > 0 such that s — 6 > T}, ,(p), then for small € we have
Is p(p, v) > €79, hence I (p, v) is infinite.

In order to prove the second statement of Theorem 2.1, it is sufficient to
prove this implication

Tuw(@) <m = Tu,(p) < Tap(p). (1)

Let s < T,,(p). One has
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/n’m Ly (7, )y, (v /& /nm (/Rn . dp(y ))S/p)Pd%jm(U)dy(x)'

By Minkowski inequality [10],

VA~=T0L00

v /
(L ety )

/ dyn,m(v) B C
G IPo(T —Y)* [z —yl|*’

(See [7], Corollary 3.12) where C is a constant depending only on m, n and
s. Hence

Since s < m,

/G s p (11, V) dynm (v) < Ol (1, v),

which shows that I, (i, V) is finite for ~, p,,-almost all v € Gy, , and implica-
tion (1) follows from Lemma 2.2.

3. APPLICATION

In the following section, we compare the multifractal spectrum of a mea-
sure p and its projections g more precisely. In fact, Theorem 2.1 allows us
to establish a relationship between the Hausdorff dimension of the singular-
ity spectrum of ;i and the Legendre transform of the generalized prepacking
dimensions A, introduced by Olsen [9]. Before detailing our results, let us
recall the multifractal formalism introduced by Olsen.

For E C R™, ¢q,t € R and § > 0, we denote

Pq’ = hm sup Z w(B(x;, 1"1 (21!

where the supremum is taken over all centered é-packing of F

it - Pt
PRE) = it ZP" (E:)
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It is the multifractal generalization of packing measure. The premeasures Pz’t
assign in the usual way a dimension to each subset E of R™

_ oo for t< ALE),

Pz,t (E) _ M( )

0 for AL(E)<t.

The number A}(E) is an extension of the prepacking dimension A(E) of E.
Then we are able to define the function A, (q) = Af(S,). Remark that A, is
convex and decreasing (see [8]). This function is related to the multifractal
spectrum of the measure p. More precisely, if f*(z) = inf, (zy+ f(y)) denotes
the Legendre transform of the function f, and if

~  logu(Bla,1)
= : — 2 < .
X,u(o) {:c €S, 111:1_8)(1)11) log <a

is the set of singularity, it has been proved in [8] and [1] a lower bound estimate
of the singularity spectrum using the Legendre transform of the function A,,.
Let recall that the singularity spectrum or the multifractal spectrum of a
measure /4 is the Hausdorff dimension of the set X, (). Theorem 2.1 allows
us to prove a similar inequality for &t and to compare the multifractal spectrum
of p and that of its projection.

Let g be a real number. We consider the following conditions:

(H1) There exists a probability measure on S, such that
v(B(z,r)) < K p(B(x,r))"(2r)),

A, (q) exists,

T},,(0) exists,

AZ( — AL(q)) <m and T/Q,V(O) <m,

There exists a probability measure v in S, such that there exist K>0
and K > 0 satisfying

Ku(B(x,r))q(%)A“(q) <v(B(z,1)) < Fu(B(x,r))q(Zr)A“(Q)
for all x € S, and r > 0 small enough. v is a Gibbs state at the point .
THEOREM 3.1. Under the assumptions (Hi), (H2), (Hs) and (Hy) one has
dim X5 (77 5(0)) > A (= Al (q)) for ynm-almost all V € Gy m,

where dim denotes the Hausdorff dimension.
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Before giving the proof of this theorem let us comment it.

Commentaries: 1) Under the hypothesis of Theorem 3.1 we have a rela-
tionship between the multifractal spectrum of the measure p and that of its
projection f. In fact, we have that dim X5 (Tﬁ’;(O)) > dim X, (7}, ,(0)) for
Yn,m-almost all V' € Gy, 1, which constitute a natural prolongement of the re-
sults of Mattila, Howroyd and Falconer([2], [3] and [6]) about the relationship
between the dimension of a set or a measure and those of their projections.

2) Under the hypothesis (Hs), we have T,, = —C}, where C}, is another
scaling p-function introduced by L. Olsen in [8]. So, if we replace (Hz) by
(Hs) in Theorem 3.1, we have

—A, (9)g+Au(q) for ¢>0,

dimXﬁ( - Cﬁ(o)) z {_A;L—@)q +Au(g) for ¢<O.

Let us prove the Theorem 3.1. One of the ingredients to prove this theorem
is the following proposition.

PROPOSITION 3.2. Let q be a real number. One has
Ay (q) < =T}, (0) <Ay (q)-
Remark. If we replace the condition (Hy) by (Hs) we have also

A;u (q) < _T//t,wr(o)'
Proof of Proposition 3.2. It results from the lower bound

log /L(B(l‘, 7“)) o

<7T,, (0) v-a.e. established in [8],

lim sup
r—0 10g r

and the lower bound

lim inf —log a (B(x, T))

I it o > —A;“r (q) v-a.e. established in [1],

that =7, (0) <Aj,, (). To prove the other inequality, that is
A;J,, (Q) S _T/,,L,u, (O)a
it is sufficient to show that

Au(p+q) > M(q) — Ty (p) (2)
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for all p < 0.

Let p > 0 and ¢ > 0. It results from the definitions of T),, and

Fp"‘qv/\u (@)=Tp,v(P)—p

L that for > 0 small enough,

1§/ M(B(m,r))pr_T“’”(p)_pdu(x),
S

"

and
FijL%q’A“(Q)_T”’”(p)_p(S ) <Pp+un(q) Tuw(p)— p(S“)—i—s.

By applying covering Besicovich lemma [4], we have

A —Tuw(p)—
(Kf) 7;""‘1 1(@)=Tu,v(p) p(Sﬂ)‘f‘E-

So

FZﬁLq,Au(Q)—Tu,»(p)—p(Su) >0,

in other words,
Au(p+a) =2 M) = Tpw(p) — p-

The arbitrary in p implies the inequality (2), which achieves the proof of the
proposition. [

) (m, dim Yﬂ(a)) for vy, m-

Proof of Theorem 3.1. We have, dim X ; inf
ula (). In particular, condition

o
almost every V' € G, since pv( )) cX
(Hy) implies

dim X (77, ,(0)) > dim X, (T}, ,(0)) for vy, -almost all V € Gpm  (3)

Hence, the proposition and the assumptions (Hz) and (H3) give that A (q) =
—T,,(0). As a consequence, it follows from Theorem 2.1 that

!/ /
A (q) = —T5 5(0) for vy, -almost every V' € Gy . (4)
Thus, the result is a consequence from (3), (4) and the inequality
dim X, (= A, (q)) = A (=AL(a),
established in [1]. NI
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