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1. INTRODUCTION

Throughout this paper, £(X) denotes the algebra of all linear bounded
operators on an infinite-dimensional complex Banach space X and K(X) its
ideal of compact operators. For an operator T' € L£(X), write T for its adjoint;
N(T) for its kernel; R(T") for its range; o(T) for its spectrum; o,,(T) for its
approximate point spectrum; og,(T) for its surjective spectrum and o, (1) for
its point spectrum.

For an operator T' € L(X), the ascent a(T) and the descent d(T') are
given by a(T) = inf{n > 0 : N(T") = N(T"")} and d(T) = inf{n > 0 :
R(T™) = R(T™1)}, respectively; the infimum over the empty set is taken to
be infinite. If the ascent and the descent of T' € L£(X) are both finite, then
a(T) =d(T) =p, X =N(T?) & R(TP) and R(TP) is closed, [24].

Also, an operator T' € L(X) is called semi-Fredholm if R(T) is closed
and either dim N(T") or codimR(T) is finite. For such an operator the index
is defined by ind(T") = dimN(T") — codimR(7’), and if the index is finite,
T is said to be Fredholm. Let T € L(X), the essential spectrum o.(T),
the semi-Fredholm spectrum ogp(T'), the Weyl spectrum o, (T), the Browder
spectrum oy,(T'), the essential approximate point spectrum oe,(T) and the
Browder essential approximate point spectrum o,,(T') are given respectively
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A€ C: T — \is not Fredholm},

A€ C: T — X is not semi-Fredholm},

A€ C: T — Xis not Fredholm of index 0},

A € C: T — X is not Fredholm of finite ascent and descent},
A € C:T — \is not semi-Fredholm of non-positive index},

A€ C: T — \isnot semi-Fredholm of finite ascent}.

It is well known that

0ea(T) C ow(T) C op(T)

and
Oca(T) Q Uab(T) g O'b(T).

For a subset K of C, we shall write isoK for its isolated points and accK
for its accumulation points. A complex number X is said to be Riesz point of
T e L(X) if X\ € isoo(T) and the spectral projection corresponding to the set
{A\} has finite-dimensional range. The set of all Riesz points of T is denoted
by I, (7).

The set of isolated points A in the spectrum (resp. approximate point
spectrum) for which ker(7"— \) is non-zero and finite-dimensional is denoted
by oo (T') (resp. II5,(T)).

DEFINITION. Let T be a bounded operator on X, we will say that
(i) Weyl’s theorem holds for T if o (T) = o(T") \ oo (T).
(i) a-Weyl’s theorem holds for T if 0ea(T") = 0ap(T) \ I3, (T').
(iii) Browder’s theorem holds for T" if ow(T") = o (T).
(iv) a-Browder’s theorem holds for T" if gea(T)oan(T).

The investigation of operators obeying Weyl’s theorem was initiated by
Hermann Weyl, who proved that for every hermitian operator on a complex
Hilbert space H we have 0w (1) = o(T)\II,(T"), [25]. This remarkable descrip-
tion of the largest subset of the spectrum remaining invariant under arbitrary
compact perturbation, [23], was extended to several classes of operators in-
cluding p-hyponormal [3], M-hyponormal and log-hyponormal operators, see
[6] and [17]. Analogously, to conduct a similar study where the spectrum is
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replaced by the approximate point spectrum, the concept of a-Weyl’s and a-
Browder’s theorem were introduced by V. Rakocevié¢ in [19]. Now it is well
known that the following implications hold ([1], [19]):

a-Weyl’s theorem = Weyl’s theorem = Browder’s theorem;

a-Weyl’s theorem = a-Browder’s theorem = Browder’s theorem.

Also, it was shown by Y.M. Han and S.V. Djordjevi¢ [7] that if T* is p-
hyponormal, M-Hyponormal or log-hyponormal, then a-Weyl’s theorem holds
for f(T) for every f € H(o(T)), where H(o(T')) denotes the space of all
analytic functions on an open neighbourhood of o(T).

Let us introduce one of the basic notions of local spectral theory. An
operator T' € L(X) is said to enjoy the single valued extension property,
SVEP for brevity, if for every non-empty open set U C C, the only analytic
solution of the equation (T"— \)f(\) = 0 for A € U is the zero function. It
is well known that every p-hyponormal, M-hyponormal and log-hyponormal
operator satisfies the SVEP, see for instance [17].

In the present paper, we study a-Weyl’s and a-Browder’s theorem for an
operator 1" such that T" or T satisfies the SVEP. We establish that if 7* has the
SVEP, then T obeys a-Weyl’s theorem if and only if it obeys Weyl’s theorem.
Further, if T' or T™ has the SVEP, we show that the spectral mapping theorem
holds for the essential approximative point spectrum, and that a-Browder’s
theorem is satisfied by f(7') whenever f € H(o(T)). We also provide several
conditions that force an operator with the SVEP to obey a-Weyl’s theorem.

The author woulde like to precise that this paper constitute a part of his
thesis [16].

2. MAIN RESULTS

We shall say that an operator T' € L(X) is semi-regular if R(T") is closed
and N(T") C R(T™) for every n € N. The semi-regular resolvent set is the open
set given by s-reg(T) = {\ € C: T — X is semi-regular}, [13].

Let T be a bounded operator on X. The quasi-nilpotent part of T' is defined
by

Ho(T) :={z € X: lim |[T"z|~ = 0},
n—oo

and the analytic core of T by

K(T) := {z € X : there exists {z,}n>0 € X and ¢ > 0 such that x = xo,
Trpi1 =z, and ||z, < "||z|| for all n > 0}.
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These subspaces are T-invariant, and generally not closed. However if Ho(T') is
closed then Tjy, (1) is quasi-nilpotent, also if Y is a T-invariant closed subspace
of X such that TY =Y then Y C K(T'). It is straightforward to see that
T(K(T)) = K(T) and N(T™) C Ho(T) for all n € N. For more detail on these
subspaces we refer the reader to [13], [14], and [12].

Let T € L(X), we denote by Uf)(T) the set of all eigenvalues of T' of finite
multiplicity.

PROPOSITION 2.1. Let T be a bounded operator on X. If Ho(T — \) is
closed for every X\ € O'If)(T), then T satisfies a-Browder’s theorem.

The proof of this proposition requires the following elementary lemma:

LEMMA 2.2. Let T be a semi-Fredholm operator, then

T has finite ascent < H,(T') is finite-dimensional .

Moreover, 0 is an isolated point of 04,(T) if and only if Ho(T") is a non-zero
closed subspace.

Proof. First, since T' is semi-Fredholm, then the Kato decomposition, [8,
Theorem 4], provides two closed T-invariant subspaces X, Xa such that X =
X1 @ X3, X is finite-dimensional, T1 := T|x, is nilpotent and T3 := Tjx, is
semi-regular. Therefore X; C Ho(7T') and Ho(7T) = X1 @ Ho(T') N Xo.

For the first part, suppose that T" has finite ascent p = a(T3). Because T
is semi-regular, Lemma 1.1 of [14] ensures that H,(T%) = U,N(T3"). Therefore
H,(T>) C N(T%) and consequently Ho(T) = N(T%) is closed. But 1% is semi-
regular, hence Ho(T) N Xo = Hy(T2) = {0}, [11]. Thus Ho(T') = X, is finite-
dimensional. The other implication is obvious.

For the second part suppose that Ho(7') is a non-zero closed subspace. It
follows easily from the above argument that 0 is an isolated point of o,.p(T).
Reciprocally, if 0 € isoo,,(T), and because R(T') is closed, we obtain that
N(T), and consequently H,(T'), is non-zero. Let A in a deleted connected
neighborhood of 0 such that T'— A is injective with closed range. Then 15— A is
injective with closed range and Hy (75— \) = {0}, which implies that H,(T5) =
{0} by Lemma 1.3 of [14]. Finally Ho(7') = X is finite-diemnsional. |

It is interesting to note that, in the literature, the Browder essential approx-
imate point spectrum is defined to be the complementary in C of the complex
numbers A for which T — X is semi-Fredholm, dimN(7" — X) and a(T — \)
are finite. However, by the preceding lemma, the condition of finiteness of
dim N(T" — ) is redundant.
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For an operator T, we denote by II2(T') the set of all isolated points A
of o,p(T) for which T'— X is semi-Fredholm. It is clear by Lemma 2.2 that
I5(T) € TI5,(T).

Remark. Let T be a bounded operator on X, as immediate consequences
of Lemma 2.2, we derive the following assertions:

(1) oab(T) = 0ap(T) \ 3(T)accoap(T) Uosp(T) .

(i) if T satisfies a-Browder’s theorem, then a-Weyl’s theorem holds for 7" if
and only if IT3(T) = 112, (T).

(iii) if a-Weyl’s theorem holds for T" then so does a-Browder’s theorem. In-
deed, if we assume that 7' satisfies a-Weyl’s theorem, we have II2 (T") N
osp(T) C T2 (T) Noea(T) = 0, and so 15, (T) C IIA(T') = isooap(T) N
psr(T). Thus, IIA(T) =112, (T") and 0ea(T) = oap(T).

Proof of Proposition 2.1. Let us show that 0ea(T) = 0ap(T). Suppose A ¢
0ea(T'). If T'— X is injective then it has a finite ascent, and hence A ¢ o1, (T).
Suppose that N(7'— )) is a non-zero subspace. Since T'— X is semi-Fredholm
with non-positive index, N(T' — A) is of finite dimension. Consequently A\ €

f

0, (T), and so Ho(T'—A) is closed, by hypothesis. Therefore Lemma 2.2 implies

that 7' — A has finite ascent and X\ ¢ o,,(T"). The other inclusion is clear. |

ProrosiTiON 2.3. Let T' be a bounded operator on X.

(i) If T* has the SVEP, then T satisfies a-Weyl’s theorem if and only if it
satisfies Weyl’s theorem.

(ii) If T has the SVEP, then T* satisfies a-Weyl’s theorem if and only if it
satisfies Weyl’s theorem.

Proof. (i) Suppose that 7" has the SVEP, then Proposition 1.3.2 of [9]
implies that o(T") = 0ap(T"), and consequently Il,o(7") = II3,(7"). Therefore
it suffices to show that ow(T) = 0ea(T). Let A & 0co(T), then T — X is
semi-Fredholm and ind(7"— A) < 0, hence, by Proposition 2.2 of [17], we get
that ind(T'— A\) = 0. Thus A ¢ 0, (7). The other inclusion is clear and the
equivalence between Weyl’s theorem and a-Weyl’s theorem is proved for 7.
(ii) Outlines the proof of the first statement. 1

THEOREM 2.4. Let T be a bounded operator on X. If T, or its adjoint
T*, satisfies the SVEP, then a-Browder’s theorem holds for f(T) for every

feH(a(T)).
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Proof. Let us show first that a-Browder’s theorem holds for T'. Suppose
that 7™ has the SVEP, then by [17, Theorem 2.7] it follows that Browder’s
theorem holds for 7', i.e. ow(T") = op(T"). Also from the proof of the previous
Proposition we have 0¢a(T) = ow(T). Therefore, to show that a-Browder’s
theorem holds for 7', it suffices to establish that o.p(T) = on,(T). Let A ¢
0ab(T") then ind(T'— ) < 0. But the SVEP for 7% implies that ind(7'—\) > 0,
[17, Proposition 2.2], therefore ind(7T — \) = 0 and so A ¢ ow(T) = op(T).
The other inclusion is obvious.

Now assume that 7" satisfies the SVEP and let A € 0ap,(T') \ 0ca(T"). Then
T — X is semi-Fredholm and consequently, by the Kato decomposition, there
exists a > 0 for which {u € C: 0 < |u— A < 0} C sreg(T). On the
other hand s-reg(T) = pup(T) because T has the SVEP, [17, Lemma 2.1,
and consequently A\ € isoo,,(T') N psp (1) = II2(T'); which proves that oap(T) \
Oea(T) CII(T). The other inclusion is clear, hence 0ea(T") = oap(T)\IIA(T) =
op(T) and a-Browder’s theorem holds for 7.

Finally, if f € H(o(T)), then by Theorem 3.3.6 of [9], f(T), or f(T)*,
satisfies the SVEP, and the above argument implies that a-Browder’s theorem
holds for f(7). 1

For an operator satisfying the SVEP, the conclusion of the preceding The-
orem was recently established by R. Curto and Y. Han in [4]. However, the
arguments used here are different from the ones given in [4].

As immediate consequence of Theorem 2.4, we have:

COROLLARY 2.5. Let T be a bounded operator on X. If T or T* has the
SVEP, then a-Weyl’s theorem holds for T if and only if II&(T') = 13 (T).

From [20], we recall that for T" € L£(X), the spectral mapping theorem
holds for o,,(T"), but may fail to hold for ge,(T).

THEOREM 2.6. If T' € L(X), or its adjoint T™, satisfies the SVEP, then
f(0ea(T)) = 0ea(f(T)) for every f € H(o(T)).

Proof. Since by the preceding Theorem, a-Browder’s theorem holds for
both T and f(T'), we have

f(0ea(T)) = f(0ap(T)) = 0an(f(T)) = eal(f(T))-
This completes the proof. |1

In [12], the class of the operators T' € L£(X) for which K(T') = {0} was
studied. It was shown that for such operators, the spectrum is connected and
the SVEP holds.
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PROPOSITION 2.7. Let T' € L(X), if there exists a complex number \
for which K(T' — X\) = {0}, then f(T') satisfies a-Browder’s theorem for every
f € H(o(T)). Moreover, if in addition, N(T'—\) = {0}, then a-Weyl’s theorem
holds for f(T) for every f € H(o(T)).

Proof. Let f € H(o(T)), without loss of generality we can suppose that f
is a non-constant analytic function on an open neighbourhood €2 of o(7'). Since
T has the SVEP, then so does f(T"), and hence, by Theorem 2.4, a-Browder’s
theorem holds for f(T).

Now suppose that N(T — X) = {0}, we claim that op(f(T)) = 0. Let
a € o(f(T)) and write f(z) — a = p(z)g(z), where g is analytic on Q and
without zeros in o(T), while p is a polynomial of the form p(z) = II%; (z—\;)%
with distinct roots A1, A2, ..., A, € o(T). Because g(T) is invertible, we have

N(f(T) — a) = N(p(T)) &y N(T — A;)".

On the other hand, from the fact that ker(T—\) = {0} and ker(T'—u) C K(T'—
A) for all complex number p # A, we obtain that op,(T) = (). Consequently
N(f(T) — «) = {0}; which proves that op(f(T)) = 0. Thus II3(f(T)) =
I3, (f(T))0 and a-Weyl’s theorem holds for f(7T). 1

If T e £(X) is a semi-shift, i.e. T is an isometry such that NS R(T")" =

{0}, then by the preceding proposition, a-Weyl’s theorem holds for T
For an operator T' € £(X), the reduced minimum modulus is defined by

Y(T) = inf{||Tz||: z € X and d(z,N(T)) = 1};

obviously v(7T') > 0 if and only if R(T) is closed, and v(T') = ||T7!|| 71 if T is
invertible, see [8§].
The next result was established in [4], we provide here a short proof for it.

THEOREM 2.8. let T' be a bounded operator on X satisfying the SVEP,
the following assertions are equivalent:

(i) T obeys a-Weyl’s theorem,
(ii) R(T — X) is closed for every \ € 113 (T),
(iii) ~ is discontinuous at every point of 112 (T).

Proof. (i) & (ii). It is straightforward to see that IT2_(T") = II3(T) if and
only if R(T'—\) is closed for every A € II2_(T"). Hence the equivalence between
(1) and (ii) follows immediately from Corollary 2.5.
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(ii) = (iii). Let A € II2 (T") be such that R(T"— \) is closed. Since T has
the SVEP, 0,p = C\ s —reg(T") and consequently 7" — X is not semi-regular.
Therefore, by Theorem 4.1 of [13], 7 is discontinuous at A.

(iii) = (ii). Let A € I12,(T) and choose a non-zero element x in N(7'— \). For
w in a small deleted neighbourhood of A, we have

T = wllell < (T = wall = X = plll,

and so y(T'— p) < |X — p|. Therefore, lim, .\ y(T — p) = 0, and since 7 is
discontinuous at A\, we get that v(T — \) > 0, that is, R(T — A) is closed. 1

PROPOSITION 2.9. let T' be a bounded operator on X satisfying the SVEP.
If T— X has finite descent at every X € 1I§,(T"), then T obeys a-Weyl’s theorem.

Proof. Let X\ € II2(T"). Since d = d(T" — \) is finite, it follows that X =
N(T — N+ R(T — \). Moreover, N(T — )) is finite-dimensional, then by an
inductive argument we get that also N(7 — )¢ is finite-dimensional. Therefore
R(T — )\) is finite-codimensional and hence is closed. Now to conclude that
a-Weyl’s theorem holds for T', we use part (ii) of Theorem 2.8. I

Now let us consider the class P(X) defined as those operators T' € £(X)
such that for every complex number A there exists a positive integer dy for
which Ho(T — A\) = N(T — \)%. This class has been introduced and studied
in [17], it was shown that it contains every M-hyponormal, log-hyponormal,
p-hyponormal and totally paranormal operator. Also, it was established that
the SVEP is shared by all the operators of P(X) and that Weyl’s theorem
holds for f(T') whenever T' € P(X) and f € H(c(T)).

THEOREM 2.10. Let T' be a bounded operator on X. If there exists a

function h € H(o(T)) non-constant in any connected component of its domain,
and such that h(T*) € P(X™"), then a-Weyl’s theorem holds for f(T') for every

feH(o(T)).

Proof. By Theorem 3.4 of [17] it follows that 7" € P(X*). Let us show
first that a-Weyl’s theorem holds for 7. Since 7™ has the SVEP, then by
Proposition 2.3 it suffices to prove that Weyl’s theorem holds for T', that is,
by [17, Corollary 2.10], Iloo(7) = IIo(T"). To this aim, suppose A € Ilyo(T),
then A is an isolated point of o(7™), and hence by Theorem 1.6 of [11], we
have X* = Ho(T* — \) @ K(T* — \) where the direct sum is topological.
On the other hand, 7% € P(X*) implies that H,(T* — \) = N(T* — \)? for
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some integer d, therefore X* = N(T* — \)? @ K(T* — \), and R(T* — \)¢ =
(T* — NIK(T* — \) = K(T* — \) is closed. Moreover, since dim N(7T" — \)
is finite, we get that N(T — \)? is also finite-dimensional, and so R(T* — \)¢
is finite-codimensional. Consequently (T* — M) is Fredholm and hence so is
T — A Thus A € isoo(T) N pe(T) = (7). The other inclusion is clear and
Weyl’s theorem holds for 7.

Now if f € H(o(T)), [17, Theorem 3.4] ensures that f(7)* € P(X*), and
from the above argument we conclude that a-Weyl’s theorem holds for f(T"). §

COROLLARY 2.11. If T* € P(X™), then a-Weyl’s theorem holds for f(T)
for every f € H(o(T)).

PRrROPOSITION 2.12. Let T' € P(X) be such that o(T) = o,p(T), then
a-Weyl’s theorem holds for f(T) for every f € H(o(T)).

Proof. By the spectral mapping theorem for the spectrum and the approx-
imate point spectrum, and the fact that f(T) € P(X), it suffices to estab-
lish a-Weyl’s theorem for T'. Also, because Weyl’s theorem holds for 7" and
o(T) = 04p(T), we have only to prove that cea (1) = ow(T'). Let A € 0ea(T), it
follows that Ho (T — \) = N(T — A)? is finite-dimensional, where d is a positive
integer. If T'— X is invertible then \ ¢ o (T'). Therefore we may suppose that
X € 0(T) = 04p(T). Since T — A is semi-Fredholm, Hy(T'— A) is non-zero, and
hence Lemma 2.2 implies that 0 € isoo,,(T") = isoo(T"). Consequently, [11,
Theorem 1.6],

This shows that (T — )%, and so T — ), is Fredholm of indice 0. Thus o (T) C
0ea(T). The other inclusion is trivial, then o (T) = 0ea(T) and a-Weyl’s
theorem holds for 7. |
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