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1. INTRODUCTION

Let H(D) denotes the space of holomorphic functions on the unit disc D.
Take 1 < p < oo and o > —1. Then f € H(D) is said to be in the weighted
Bergman space A% (D) iff

1£ 1 :/D!f(Z)!p(l — |2[)*dA(z) < o0,

where dA(z) denote the normalised area measure on the unit disc D.
Let ¢ be a holomorphic function from the unit disc D into itself. Then the
composition operator C,, is defined as follows

Co(f)(2) = flp(2)) for all f € H(D).

Again, let ¢ : D — D be a fixed holomorphic map. Then the holomorphic
Toeplitz operator Ty, is defined as follows

Ty f(z) =(2)f(2) for all f € H(D).

Let D denote the differential operator. Then we define the operator DC, Ty,
as

DC,Ty(f) = (f o) for all f € H(D).
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Again, the operator T),DC,, is defined for f € H(D) by Tu,DC,(f) = 9(fop).
Fix any a € D and let 0,(z) be the Mébius transformation of I which
interchanges 0 and a and is defined by

a—=z
Ua(z)zl—az’ zeD.

If Ko(2) = m denotes the Bergman kernel, then
’ 1-— ’a‘2

ka(2) = —0,4(2) = 1 —a2)?

is the normalised kernel function for the Bergman space A% and ||ka| 42 = 1.

We know that on a general space of analytic functions, the differential
operator D is typically unbounded. On the other hand, the composition oper-
ator C, is bounded on various spaces of analytic functions on D (see [4], [13],
[16]), though the products DC, and C,D are possibly still unbounded there.
Hibschweiler and Portnoy [7] defined the products DC,, and C,D and inves-
tigated boundedness and compactness of DC, and C,D between weighted
Bergman spaces using the Carleson-type measures. J.S. Choa and S. Ohno
[2], J.H. Shapiro and W. Smith [14] have given some examples showing that 7,
need not be bounded (compact) on the Bergman space A2, but their product
T,C, is bounded (compact) on A%. Motivated by the work of Hibschweiler
and Portnoy [7], we define new operators DC,Ty, and T, DC,, and study their
boundedness and compactness between weighted Bergman spaces using the
Carleson-type conditions. Moreover, in Section 3, we also find estimates for
the essenital norm of T, DC\,.

2. BOUNDED AND COMPACT WEIGHTED COMPOSITION OPERATORS

In this section, we characterize boundedness and compactness of DC,Ty,
by using Carleson measures.

DEFINITION 1. Take 0 < p < co. A positive measure p on D is called a
p-Carleson measure in D if

u(S(D) o)

where |I| denotes the arc length of I and S(I) denotes the Carleson square
based on I,

S(I):{ze]l)):l—[|§|z|<1, zel}.
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Again, p is called a compact p-Carleson measure if

p(S))

— 2 =(. 2.2
o [P (2:2)

DEFINITION 2. Let ¢ be a holomorphic mapping defined on D such that
¢(D) € D. Take p > 1 and let @ > —1. Then the counting function for the
weighted Bergman spaces A%, is

Neapw) = > ¢ ()P 21— |2

p(z)=w
for 0 # w € D.
Recall that the pseudohyperbolic metric p is defined by

Z—Ww

p(z,w) = , z,weD.

1—7Zw

Let D(a) denotes the pseudohyperbolic disc {z : p(a,z) < 1/8}. The
following results are well known.

THEOREM 2.1. ([5, Theorem A]) Take 1 < p < g < co. Let p1 be a finite
positive Borel measure on D. Then the following statements are equivalent:

(1) The inclusion map i : AL, — L9(D,du) is bounded.
(2) The measure i is an (a + 2)q/p-Carleson measure.

(3) For all a € D we have
[ ksa(@lian(z) < €.
D

where kg o(2) = (1 — |a|?)(@2)/P(1 — Gz)—2(e+2)/p,

THEOREM 2.2. ([16, Theorem 8.2.5]) Take 1 < p < ¢ < co. Let u be a
finite positive Borel measure on ID. Then the following statements are equiv-
alent:

(1) The inclusion map i : AL, — LY(D, i) is compact.

(2) The measure p is a vanishing (a + 2)q/p-Carleson measure.
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(3) For all a € D we have

lim /D\kaﬂ(z)]qdu(z) =0.

la]—1

The proof of the following lemma follows on similar lines as in [4, Propo-
sition 3.11].

LeEMMA 2.3. Given 1 < p,q < co. TakeT = DC,Ty, or T, DC,. Let ¢ be
a holomorphic mapping defined on D with (D) C D and ¢ € H(D) be such
that T : AL, — Al is bounded. Then T : AL, — Al is compact (respectively,
weakly compact) if and only if whenever {f,} is a bounded sequence in AL
converging to zero uniformly on compact subsets of D, then || T(fy)||4s — 0
(respectively, {T(fn)} is a weak null sequence in Af).

We state a result of Luecking [10, Theorem 2.2] for the case n = 1 and
I1<p<gq.

THEOREM 2.4. Take 1 < p < q and let « > —1. Let 4 > 0 be a finite
measure on D. Then the followings are equivalent:

(D) 1 |y < Cllfllag, for all fe AL,
(2) u(D(a)) = O(1 — |a*)2F2HP)/P a5 |a| — 1.
THEOREM 2.5. Take 1 < p < oo and a > —1. Let ¢ be a holomorphic
self-map of D with ¢ € A% and ¢ € AP, such that ¢ € A%. Let du(w) =
|4(w)[PNo,ap(w)dA(w). Suppose p(D(a)) = O(1 — [a|*)(*2+?) as |a| — 1.

Then DC,Ty, : A, — Ab is bounded if and only if |t [P N, 4 ,dA is a Carleson
measure on A

Proof. First suppose that ]z// PNy apdA is a Carleson measure on Af.
Then for f € A%

IDCTy (I Z/Dl(wfosO)/(Z)lp(l = |21*)*dA(2)

=/Dl(zﬁf)'(w(Z))plw/(Z)lp(l— [2[*)*dA(2) .
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By making a non-univalent change of variables as done in [13, p. 86|, we see
that

IDC, Ty (F)I7, = / W) (@) N p(w)dA(w)
< / F@PIY (@) N p(w)dA)
D
+ [ 1 PP Noap()dA).
D

Since |t [PN, o pdA is a Carleson measure on A%, the first term in the above
inequality is bounded by some constant times || f Hip. Again, by Theorem

2.4, we get that the second term is bounded by some constant times || f[|",,

Therefore, DC, Ty, : A%, — A% is bounded.
For the converse, assume DC,T);, is bounded. Then there exists a constant
C > 0 such that

IDC, T (HI%, < CIFIY, — forall fe 4.
Also, there exists a constant M > 0 such that for f € AL
IDCTA g = M [ 101 @) Ny @)A()

> M{/]D) [F (@)1 (@) [P N p(w) d A(w)

-/ |f’(w>\p|w<w>|PN¢,a,p<w>dA<w>}

> u{ [P are) - [ 1F @PPNapw)iai) |

where dv(w) = [/ ()| Np,ap(w)dA(w). Since DC,T, is bounded, by using

Theorem 2.4, we obtain

[ ir@rave) < K151,

for some constant K > 0. Thus by Theorem 2.1, [} (w)[P N, o p(w)dA(w) =
dv(w) is a Carleson measure on Af. 11
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THEOREM 2.6. Take 1 < p < oo and a > —1. Let ¢ be a holomor-
phic self-map of D with ¢ € A% and ¢ € A% such that ' € A%. Sup-
pose |Y(w)[PNyapw) = o(l — |w|?)* as |w| — 1. Then DC,Ty : AL —
AP, is compact if and only if |¢/|pN<p,a7pdA is a vanishing Carleson measure
on A%,

Proof. First suppose that DC,Ty : A%, — A% is compact. Then by using

the similar argument as in [13, p.86], there exists a positive constant C' > 0
such that for f € A%

IDCTy (e = C/DI(wf)'(W)IpNgo,a,p(w)dA(W)-

So, we have
L U@ @P N e)daw)
< {IDC TNy + [ 1 PO Noap@)a4@) ).
In the above inequality, if we take f = ko € A%, then
| PP @) Ny p()dA) (2.3

< {IDC Ty k)l + [ PP Npal)d ()}

Since DC,Ty, is compact and the unit vectors kg o tends to zero uniformly on
compact subsets of D as |a| — 1, by Lemma 2.3, we have || DC,Ty(kq,a) ig —
0 as |a| — 1.

Also, for a given € > 0, we can find 0 < r < 1 such that

|(w)|P Ny ap(w)dA(w) < (1 — |w|2)°‘ on |w|l>r. (2.4)
Now take the integral

/ ey 0 () P|(0) [P Nopa () d A () = / oy [P 8(@) P Ny () A(w)
D rD

+ / Ko (@) P[(@) [P N (w) d A () -
D\rD
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Also,

/ [Fa )PP N ()44

|w[<r

< (max 6@ ) [ Noalw)aa) 25)

< 01 (max 0@l ) (maxio@)) =0 as =1

|wl |w|<r

because k;,a — 0 uniformly on compact subsets of D.
Again, by condition (2.4), we have

[ a6 Noa@)dA@) < e [ (1= o)l 0(@)PdA)
D\rD D\rD

< Mellky oI5 < Me. (2.6)
From (2.5) and (2.6), we have

lim sup /D Ky o (@[ (@) P Ny (w)dA(w) < Mee.

la|—1
Since € > 0 was arbitrary, we get

i, | K, o @) [P Ny (@)dA(w) =0,
D

la|—1

From condition (2.3), we have

tim, [ Fua@)P 10 (@) Npa()dA@) = 0.
Therefore, by Theorem 2.2, we get that |1’ [P Ng.a,pdA is a vanishing Carleson
measure on Ab.

Conversely, suppose that |1j}, [P Ny, pdA is a vanishing Carleson measure on
A% Let {fn} be a norm bounded sequence in Ag such that || f,]|4» < 1 and
fn — 0 uniformly on compact subsets of D. Our aim is to prove that DC /T,
is compact. By Lemma 2.3, it is enough to show that |[DC,Ty(fn)|l a2 — 0
as n — oo. Using the similar argument as in [13, p. 86], we have

|DC, T, (f)IB, < © { /D Fa@)P @) Ny (w)dAw)

+ |fn<w>|pw<w>|pN¢,a<w>dA<w>}. (2.7)
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Since ]w/ PNy o pdA is a vanishing Carleson measure on A%, so by Theorem
2.2, the first integral tends to zero as n — oo. By using the same argu-
ments as in the direct part, we can prove that the second integral also tends
to zero. |1

3. ESSENTIAL NORM

In this section, we find estimates for the essential norm of operator T, DC.,.
Suppose ¢ is a holomorphic mapping defined on D. Let ¢(D) C D and
Y € H(D) be such that 1 € A%. We define the measure Happ o0 D by

ool ) = [ gy P PO = )0AG), (3.1)

where F is a measurable subset of the unit disc D.
Using [3, Lemma 2.1], we can easily prove the following lemma.

LEMMA 3.1. Let ¢ be a holomorphic mapping defined on D such that
©(D) C D. Take ¢» € H(D) such that ¢¢ € AL. Then

/ngu@,w,p = /D [ (2)¢ (2)P(g 0 9)(2)(1 — [2*)*dA(z),
where g is an arbitrary measurable positive function in .

The following two lemmas are proved in [5].

LEMMA 3.2. Take 0 < r < 1 and denote D, = {z € D : |z| < r}. Let p
be a positive Borel measure on ID. Take

p(S(I))

r= SuUp —
[ S0
u(S(I))

= sup ————,
[l i Sy

where I run through arcs on the unit circle. Let p, denotes the restriction of
measure yu to the set D\ D,.. Further, if u is a Carleson measure on AL, so is
wr and ||pr]| < C||pllr, where C' > 0 is a constant.

LEMMA 3.3. For 0 <r <1 and1 < p < o and let

lull? = sup /D koo () Pdp(z)

jal>r
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Moreover, if u is a Carleson measure on A%, then ||, || < C||p|%.
Take f(z) =Y o, asz® holomorphic on D. For a positive integer n, define
the operators R, f(z) = > .2, . asz° and Q, = Id — Ry, where Id is the

identity map.
Recall that the essential norm of an operator T is defined as:

IT||e = inf{||T — K| : K is compact operator}.

By using [5, Proposition 3|, we get the following genealization of [4, Lemma
3.16, p. 134] for AL.

LEMMA 3.4. If T is a bounded linear operator on A%, then

Climsup |TR,|| < [|Tle < liminf || TR, ||
n—oo n—0o

for some positive constant C' independent of T'.

In the following theorem we give the upper and lower estimates for the
essential norm of the operator Ty, DCl,.

THEOREM 3.5. Let ¢ be a holomorphic mapping defined on D such that
@(D) C D. Take 1p € H(D) such that ¢ € A%. Suppose that the induced
measure fig ., is a Carleson measure on AY. Further, suppose Ty, DC,, is
bounded on AE,. Then there is a absolute constant M > 1 such that

. (1 — laP)*+ p
lim sup mdﬂw,p( w) < 1Ty DC |

la[—1

' ’a‘ 2+a
<t [ o e )

Proof. First we prove the upper estimate. By Lemma 3.4, we have

| Ty DCyl2 < hm |TyDCy,Ry, pr = lim sup ]\(T¢D0¢Rn)f\|pAg.

"I fl ap <
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So, by using Lemma 3.1, we have
ITeDCoR oy = [ RSP 1P~ [22)dA()
=3/\wwkaqumnkwcaNW1—wa%adAu>
= [ IR @ dittgoa)
= [ 1B @P g

/ I( nf w)[Pdptg,p,p(w) -
Using [4, p. 133], we have
|Rnf(W)| = [(Bnf, Ku)| = [(f, BaKu)| < [l az [| Rn Kool ag -
Again, we have

(Rof) (@) = {Ra ", Ko}l = (s R < [1f |z | R F ] ag, -

Take 0 < r < 1 and |w| < r,w € D. Also, take the Taylor expansion of
K, (2) =322, (k+ 1)w*2*. Using this Taylor expansion, we get the estimate
RaKu(2)] < 300 e 7 (k + 1) and 50 [(RaKu) ()] < 330,40 kr*(k + 1).
Thus for any € > 0, we can find n large enough such that

/ Ru(2)]9(1 — |22)*dA(z) < 4.
D
Therefore, for a fixed r, we have

sup (Rof) (@)Pdptpyp(w) — 0 as n—oo.
”fHAgSl Dy

Let fip 4 p,r denotes the restriction of measure p, 4, to the set D\ D,.. So
by using Lemma 3.3 and Theorem 2.1, we have

/D\D (R f) (@) Pt (@) < Ml (B f) 1P

< Mllpgwpllillf e < Mllpgpwplly
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where M is an absolute constant and ||, y.pl/; is defined as in Lemma 3.3.
Therefore,

lim sup ||(T¢DC¢Rn)ing < 7}1_{20 M| pgp,plly -

"TIfIl 4 <1

Thus, | Ty DCyl|? < M||ptppplli- Taking 7 — 1, we have

1T DCol[E < M lim || sl

= Mt [ [l )P )
la]—1 D
) (1 _ |a]2)2+0‘
= M limsu ——d w),
which is the desired upper bound.

As for the lower bound, consider the function k... Then k,, is a unit
vector and k, o — 0 uniformly on compact subsets of . Also fix a compact
operator K on Af. Then [|K(kqo)|az — 0 as |a| — 1.

Therefore,

I7DC |2 2 1T,DC, = Ky, 2 timsup | (T DC, ol
al—
1— 2\2+4«
= lim sup ( \a| )

MU | T awpere M)

Thus we get the result. 1
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