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1. INTRODUCTION

Let H(D) denote the space of holomorphic functions on the unit disk D.
Suppose @ and v are holomorphic functions defined on D such that p(D) C D.
The weighted composition operator W, is defined as follows:

W (£)(2) = ¥(2) f(¢(2))

for all f holomorphic on D.
For the study of weighted composition operators one can refer to [3], [5],
[7], [9], [15], [16], [17], [21] and references therein.
Fix any a € D and let 0,(2) be the Mdbius transformation, defined by
a—z

Ua(z)zl—dz’ zeD.

We denote the set of all Mobius transformations on D by GG. Also, the inverse
of o, under composition is again o, for z € D. Further, we have

/ . 1—’0,‘2
7| = T=ap
wnd (1 JaP) (1 |2P) ,
L= o) = = = (= BP) a] a
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for all a,z € D.

Fix 1 <p <ooand —1 < g < oo. Then f is in the Besov type space B, ,
if

I7lls, . = </D )f/(z)‘p (1- |z|2)qu(z)>’l’ < o0, (1.2)

where dA(z) denotes the Lebesgue area measure on D.
Also, if we take 1 < p < oo and ¢ = p—2 in (1.2), then we get the analytic
Besov space B,,. That is, an analytic function f is in the analytic Besov space

B, if
I, = ([ [@f G-l 0a@) <o a9

Again, if p=2 and —1 < ¢ < oo in (1.2), then we get the weighted Dirichlet
spaces Dy, and for 1 <p <2 and g = 0, we get the Dirichlet type spaces DP.
Also, for 1 < p < 00, By, is the Bergman space AP.

We can see that | f(0)| + || f|p,q is @ norm on B, 4, that makes it a Banach
space. Moreover, we can observe that, for f to be in B, ;, or B, it is necessary
that the derivative of f belong to the weighted Bergman spaces A} or Ai_Q.
Also, for 1 < p < g < oo, we have the relation B, C B,,.

The Besov space By, is invariant under Mobius transformations. That is,
if f € By, then f oy € By, for all ¢ € G. Moreover from the definition of
norm on B, we have

If ol = 1I/lls, (14)

for all f € B, see [1].

Let p be a positive measure on D. Then the space D, (u) is defined as the
space of all holomorphic functions f € H(D) for which f € LP(D,u). Also,
the norm on D, () is defined as

700 = [ ]7

For 1 < p < oo, we denote by HP(D) the Hardy space of the unit disk D,
see [4]. We denote by SP, the space of those holomorphic functions on D with

first derivative in the Hardy space HP(D). For each such function f we define
the SP norm of f by

: du(z) .

1£ll5 = £ +[IF
We note that S? is a Banach space with this norm.

In this paper we study weighted composition operators between Besov
spaces by using Carleson measures.

Hp "
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2. BOUNDED AND COMPACT WEIGHTED COMPOSITION OPERATORS

In this section, we characterize boundedness and compactness of W, ,, by
using Carleson measures.

DEFINITION 2.1. Take 0 < p < oo. A positive measure p on D is called a
p-Carleson measure in D if

wup HSD)

< 00, 2.1)
i Sy (

where |I| denotes the arc length of I and S(I) denotes the Carleson square
based on I,

S(I):{ZGD:1—|I|§]7:|<1, |z|EI}.

Again, p is called a vanishing p-Carleson measure if

p(S)) _
IILO WG =0. (2.2)

Take h € (0,1) and 6 € [0,27). If we set

S(h,0) = {ZED : ‘z—eie

<h},

then we can see that (2.1) and (2.2) are equivalent to

pSh,0) _

iy (2.3)
he(0,1), 6€[0,2m) hp
and s
i sup M) o, (2.4)
h—0pcjo2r) 1P
respectively.

Suppose ¢ is a holomorphic mapping defined on D. Let ¢(D) C D and
¢ € By, be such that ¥(2)¢ (2)(1 — |2|?) € LI(D,\), where d\(2) is the
Moébius invariant measure defined by dA(z) = (1 — |2]?)72dA(z). We define
the measures i, and v4 on D by

/

()] (1= 12" dA(2) (2.5)

1q(E) = L_l(E) ’w(Z)cp
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and

vy(B) = /W_I(E) W) (1= 12P) " dA(), (2.6)

where E is a measurable subset of the unit disk D.

Take ¢ € AZ?2, then we can define the measure v, on D by

= 91 = [22) 73 z). )
nol®)= [ WEI () 44C) (27)

DEFINITION 2.2. Take 1 < p < oo. Let u be a positive measure on D.
Then the measure p is p-Carleson measure for B, if there is a constant K > 0

such that
A

for all f € B,. That is, the inclusion operator i from B, into D,(p) is
bounded.

’

7'@)| duw) < K175,

Further, the measure p is a vanishing p-Carleson measure for B, if the
inclusion operator ¢ from B,, into D, () is compact.
The following characterization of p-Carleson measures is given in [1].

THEOREM 2.3. Take1l < p < oo. Let pu be a positive measure on D. Then
the following statements are equivalent:

(1) The measure p is a p-Carleson measure for B,.
(2) There exists a constant K < oo such that
pu(S(h,0)) < Kh?
for all § € [0,27) and h € (0,1).

(3) There exists a constant C' < oo such that

ou(2)| du(z) < €
for all a € D.

THEOREM 2.4. ([22, PROPOSITION 3.4]|) Take 1 < p < oo. Let pu be a
positive measure on D. Then the following statements are equivalent:
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(1) The measure p is a vanishing p-Carleson measures for B,.
(2) For all a € D, we have

] 1— |a‘2 P
1 — | d =0.
a1 Jp (u —azP) He)

Using [8, page 163] and [2, Lemma 2.1], we can easily prove the following
lemma.

LEMMA 2.5. Let ¢ be a holomorphic mapping defined on D such that
¢(D) C D. Take ¢ € B, such that 1(2)¢ (2)(1 — |2|?) € LI(D, \). Then

Lot = [ o @ o)) (1= 1:1)"*aace)

and
Lotn= [ @ @ooe) (- 1:1)" ace),

where g is an arbitrary measurable positive function in D.

The next result is essential for the proof of Theorem 2.8. The proof follows
by similar lines as in the case of composition operators on Besov spaces [22,
Lemma 3.8].

LEMMA 2.6. Given 1 < p,q < oo, let ¢ be a holomorphic mapping defined
on D with ¢(D) C D and v € B, be such that Wy, : B, — By is bounded.
Then W,y : B, — By is compact (weakly compact) if and only if whenever
{fn} is a bounded sequence in B, converging to zero uniformly on compact
subsets of D, then ||W, ,(fn)llB, — 0 (respectively, {Wy 4 (fn)} is a weak
null sequence in By).

THEOREM 2.7. Take1 < p < ¢ < co. Let ¢ € B, be such that (D) C D
and ¢ € AZ*T Also, suppose that the measure v, is a vanishing g-Carleson
measure for By. Then W, defines a bounded operator from B, into AZ—Q‘
Moreover, W,y : By — Al_, is compact.

Proof. We prove the compactness only. Let { f,,} be a bounded sequence in
B, such that f,, — 0 uniformly on compact subsets of D. Since the measure
Vg 18 a vanishing g-Carleson measure for By, the inclusion map ¢ : B, —
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LI(D, vq,y) is compact. Since B, C By, we have || fu |z« .y, ) — 0asn — oo.
Therefore, by Lemma 2.5, we have

(ARTSTA !/\w\Uhowf( )2 aA(z)

:/ ‘fn{qdyq’w — 0 as n — .
D
Thus, Wy : B, — Agf2 is compact. 1

THEOREM 2.8. Take 1 < p < ¢ < oo. Let ¢,v € B, be such that p(D) C
D. Also, suppose that the measure v, is a vanishing g-Carleson measure for
B,. Then W, exists as a bounded operator from B,, into B, if and only if
WWW/ exists as a bounded operator from AZ,Q into Agfz

Proof. First, suppose W,y : B, — By is bounded. Then there exists a
constant C' > 0 such that

Weu(F)llg, <Cllflly, forall f€B,.
Also, by Theorem 2.7, we can find a constant M > 0 such that

HW%w/(f)HAg_Q < MHfHBp for all f € B,.

Take f € Ag,2 and let the function g € B, be such that g = f and g(0) = 0.
Also, we have

= vy f

[#ows 0,

=y f

<||(¥go w)"

q
Aqi2

— [Wes(9) s, + || Wy 0)

<@+ Mgll, = ©+ D1l

q
Ag_a

Thus, W(p v A£—2 — AZ_Q is bounded.
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Conversely, suppose W, , s Ag_g — A]q)_2 is bounded. Again, by Theo-
rem 2.7, W s : By — AZ_Q is bounded. Take f € B, such that f(0) = 0.
Then, we have

W)l = ||(F 0 )

A,
= ||Ye f owﬂbfw‘Aq
q—2
W 0y [ W )], <00
p— q—

By using Theorem 2.8 and Theorem 1 of [6], we can prove the following
theorem.

THEOREM 2.9. Takel < p < ¢ < co. Let p,¢ € B, be such that p(D) C
D. Also, suppose that the measure v, is a vanishing g-Carleson measure for
B,. Then W, exists as a bounded operator from By, into B, if and only if

1 — |al? )q
sup/ < dpg(w) < co.
aeD JD |1_aw|2 q( )

THEOREM 2.10. Take 1 < p < q < oo. Let ¢, € B, be such that
¢(D) € D. Also, suppose that the measure v, is a vanishing g-Carleson
measure for B,. Then W, : B, — By is compact if and only if Ww,ww' :
Ag_z — AZ—Q is compact.

Proof. First, suppose W, ,, : B, — By is compact. Let {f,,} be a bounded
sequence in Afgf2 such that f, — 0 uniformly on compact subsets of D. For
each n, let us consider the function g, € B, such that g;l = fn and g,(0) = 0.
The sequence {g,} also converges to zero uniformly on compact subsets of
D as n — oo. Further, W, : B, — By is compact, so [|[W,4(gn)lIB, — 0
as n — oo. Again, by Theorem 2.7, W%w/ : B, — Ang is compact, so
HWWZ/ (gn)HAg , also converges to zero as n — oco. Also, we have

HWWW' (fn)

= ||y f 090‘
AL, H "

q
Aq72

<losmeorsmoe], +moe],,
q— q—
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= [[@gn o e

+ H W%q// (gn)

q
Ao

= [Weawlga) s, + |Wipsr (90)

q
Ag_a

q
Ay_a

<O+ M)galls, = €+ 2D fullp_,-

Therefore, W¢,¢¢’(f”>}|Ag,2 — 0 as n — oo. Thus, W%w@/ : Ag_z — AZ—Q is
compact.
Conversely, suppose W, » Ag_Q — Ag_z is compact. Again, by Theo-

rem 2.7, W@ W B, — AZ—2 is compact. Let g, be the same sequence as in
the direct part. Then, we have

1Wew(90)lg, = || (¥9n 0 @)

q
Ag_a

= Y@ g o0+t gnogp
Aq
q—2

— 0 as n — o0o.

+ Wy ()

< |[Weuy (fn) A

q
q—2 Aq72

Thus, W, 4 : B, — By is compact. |

By using Theorem 2.10 and Corollary 1 of [6], we can prove the following
theorem.

THEOREM 2.11. Take 1 < p < q < oo. Let ¢,vp € B, be such that
o(D) C D. Also, suppose that the measure v, is a vanishing q-Carleson
measure for B,. Let W, exists as a bounded operator from B, into B,.
Then the weighted composition operator W, is compact from B, into B, if

and only if
limsup/ < L= ap >qd,u (w)=0
T —— 15 w)=VU.
la]—1 D |]' —CLCU|2 !

THEOREM 2.12. Let 1 < p < co. Let ¢,9 € B, be such that ¢(D) C D.
Also, suppose that the measure v, is a vanishing p-Carleson measure for B,.
Then W, : B, — B, is bounded (compact) if and only if the measure fi,, is
a bounded (respectively vanishing) p-Carleson measure for B,.

Proof. We only prove the boundedness. Suppose first that W, : B, —
B, is bounded. Then by Theorem 2.8, W oy is a bounded operator on Ag_Q.

Also, by Theorem 2.7, W%w/ :B, — A§—2 is bounded.
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Let f € B, such that f(0) = 0. Then, by using Lemma 2.5, we have

= [ @l | ] 01 aac)

= [|r el ne.

Therefore, we can find a constant C' > 0 such that

J

That is, the inclusion operator ¢ : B,, — D, (p) is bounded. Thus the measure
p is a bounded p-Carleson measure for B,.

Conversely, suppose that ), is a bounded p-Carleson measure for B,. Our
alm IS to prove that W, : B, — B, is bounded. Also, we have (¢(f o ©)) =
Vo (f o)+ (fo ) TakefeB So by Lemma 2.5, we have

(P
/‘W (Z))‘p (1—!z!2)p‘2dA(z):/D

Also, by using Theorem 2.7, we get

L@l 1P @ =122 aae) = [ 1) aue) <

Hence W, 4 : B, — By, is bounded. 1

H soweo

’

1 @) dplw) < €| £

/

7'@)] dpgylw) < o0

We can also prove the compactness of W, by using Theorem 2.7 and
Theorem 2.10.

3. ESSENTIAL NORM

In this section, we find estimates for the essential norm of W, ,. The
following two lemmas are proved in [5].

LEMMA 3.1. Take 0 < r < 1 and denote D, = {z € D : |z| <r}. Let p
be a positive Borel measure on D. Take

p(S(1)) p(S(1))
= d =
il = s == and el = s Sy

where I run through arcs on the unit circle. Let p, denotes the restriction of
measure p to the set D\ D,. Further, if u is a Carleson measure for some
Besov space, so is ju, and ||p,|| < M||p||., where M > 0 is a constant.
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LEMMA 3.2. For0<r<1land1l<p< oo, let
Il = sup [ lou)antz).
la|>r /D

Moreover, if p is a Carleson measure for some Besov space, then |u,| <
K||u||%, where K is an absolute constant.

Take f(z) = > oo, asz® holomorphic on D. For a positive integer n, define
the operators R, f(z) = > 2 . as2® and K, = I — Ry, where I is the identity
map.

Recall that the essential norm of an operator T is defined as:

HTHe = inf{HT — KH : where K is compact operator} .

LEMMA 3.3. If T is a bounded linear operator on By, then

n—oo

Mimsup || TR, || < ||T||, <liminf |TR,||
n—oo
for some positive constant \ independent of T.

Proof. Since (R,+ K,)f = f for every n, where K, is a compact operator,
we have

1Tl < I7Bn + TEw||, < TR, < |[TRal]
so that
|T||, < lim inf || TR, . (3.1)

n—oo

Also, since K, is a compact operator on By, therefore we have

| = Kal| = (T = Kn) Ra|

(3.2)
= [[(TRy = KnRol| > || TRnl| = || Kn R -

Since R,, — 0 pointwise if p > 1 [25, Corollary 6] and is therefore uniformly
bounded. Hence R,, — 0 uniformly on each relatively compact subset of Bp.
Let

(ra) = [ FEFEAR
be the integral pairing that identifies By, and Bg. Then we see that

<Rnfa g> = <fa Rng>
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for all n, f € Bp and g € Bg.
Now,
Rl = R = R 63)

In particular, since K, is compact and the norm of a functional in Bj is less
than or equal to the norm of the generating function, it follows that R}, also
converges to zero on each relatively compact subset of By,. Thus || R}, K| — 0.
So from (3.2) and (3.3), we get

7)), |7~ £ | = Atimsup [, |
n—oo

for some positive constant A independent of T'. |

In the following theorem we give upper and lower estimates for the essential
norm of a weighted composition operator.

THEOREM 3.4. Let ¢, € B, be such that ¢(D) C D. Also, suppose
that the measure v, is a vanishing p-Carleson measure for B,. Suppose W, ,
is bounded on B,, Then there are absolute constants C1,Cy > 1 such that

limsup |(Wpp)oallg, < [[Wou

la[—1

‘Z < Cilimsup ®(a) + Cylimsup ¥(a),

lal—1 la]—1

o0 = [ (75 awe

Proof. First we prove the upper estimate.

where

and

Upper estimate: By Lemma 3.3, we have

[Woll < timind [WouBally, < timint sy [[(0Vou B f],

0| flls, <1

Thus

|(WesRa)f |y, = [6O)(Raf (p(O))] + | (@Ras 0|

p
Ap o
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Now the term [¢(0)(R,f(¢(0))| is bounded as n — oo. So, by using
Lemma 2.5, we have

[WesRad s, = [ |G Rapo) [ (1= 127 d4()
< [ o @ [(Rur) (o] (1= 1:R)* aa(2)

+ | ¥
D

A 1R () (1= 12)" 7 dA()

:/D)(Rnfy( iy /\ Rof) (@) dvy(w)

=L+ 1. (34)

The last condition follows by using Theorem 2.7 and Theorem 2.8.
However, for any 0 < r < 1, we first take the integral Is,

/ (R f) (@) diplw) =

D
/ (Ruf) (@) dup(w) + / |(Rof) ()] dup().
D\D, D,

Since the measure v, is a bounded p-Carleson measure. Using [5, Proposition
3], we have

[Raf@)] < |[£ll, | ReKollg, -

Also we have

(Bt @) <N ] ap_ (B | 4

q—2

Take 0 < r < 1 and |w| <7, z € D. Also, take the Taylor expansion of
o
Ky=> (k+ w2t
k=1

Using this Taylor expansion, we get that

o0

|R.Ko(2)] < ) (k+1)r*

k=n+1
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Also, we have

(RuKL)' ()| < D k(k+ 1)r !
k=n+1
Thus for any € > 0, we can find n large enough such that

/ (RaKLY (2)]* (1~ |2)T2 dA(z) < €. (3.5)
D
Therefore, for a fixed r, we have

sup }(Rnf)(w)‘pdyp(w) — 0 as n—o00.
”f”BpSl D,

On the other hand, let v,, denote the restriction of measure v, to the set
D\ D,. So by using Lemma 3.2 and Theorem 2.3, we have

|(Rnf) ()| dvpr(w) < K ||[vpur|| |(Bn )|
D\D, !

*
ro

< KM||w[c I/ ][5, < M vy

where K and M are absolute constants and HVI,H: is defined as in Lemma 3.2.
Now, we take the integral I,

[ |y @) dugler =
D

/D\DT ‘(Rnf)/(w)\p dup(w)+/ ‘(Rnf)/(w)‘p dpiy(w)

T

Also, the measure f, is a bounded p-Carleson measure, because the operator
W, is bounded on B,,.
Therefore, for a fixed r, we have

sup / ‘(Rnf),(w)’p dpp(w) — 0 as n— oo.
Iflls, <1/D,

Again, let 1, , denote the restriction of measure p, to the set D \ D,. So by
using Lemma 3.2 and Theorem 2.3, we get

/D\DT (B )] (@) < K | | (B f)

p
p
Ap_2

< KMo |, (1[5, < BM [y
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where K and M; are absolute constants and ||u,||; is defined as in Lemma
3.2. Therefore,

lim inf sup H(W%an)fH%p < nh_)rgo ianMH,upH:f

el |l <t
+ nlLrgo inf KlMlHl/pH: .
Thus,
[Weslle < KM ||| + Ko My [u ]|

Taking r — 1, we have

W[} < B lim [ + K2 M Timn o |

/ p
:KMlimsup/ aa(w)‘ dpp(w)
D

la[—1

+ K1 M lim sup/
D

la|—1

] 1— ‘a|2 P
= KM lim sup —— | dpp(w)
D

=2
la]—1 1- aw[

. 1—]a??\"
+ KM limsup T dvp(w)
D

la|]—1 1-5&]’

= KM limsup ®(a) + K;M;limsup ¥(a),

la[—1 la[—1

which is the desired upper bound.
Lower bound: The set {0, : a € D} is bounded in B,. Also, 04 —a — 0
as |a| — 1 uniformly on compact sets in D, since

1—|a?

1 —az|’

|0a(2) — af = [2|

Also, fix a compact operator K on B,. Then ||K (o, —a)||B, — 0 as |a| — 1.
Thus ||[K(04)|lB, — 0 as |a] — 1. Therefore

[Weulle 2 [Weww = Klg, = timsup [[(Wow)oals, -
a|— I
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By using Theorem 2.8, Theorem 3.4 and Theorem 2 from [6], we can prove
the following result.

THEOREM 3.5. Let ¢, € B, be such that ¢(D) C D. Also, suppose
that the measure v, is a vanishing g-Carleson measure for B,. Suppose W, ,
is bounded from By, into Bq. Then there is an absolute constant C > 1 such
that

q

li / L—laf \* <HW
1m su —_— ’
aor Jo Ut —aw) =[P ewd|l

1—la® \*
<C limsup/ <> dpsg -
laj—1 Jp \ [l —aw? !

4. WEIGHTED COMPOSITION OPERATORS BETWEEN S? SPACES

In this section, we find estimates for the essential norm of weighted com-
position operators.

Take f € HP. Then by Fatou’s theorem, the radial limits f* (eie) =
lim,_ - f (rew) exists almost everywhere on 0D and f* € LP(9D,dm), where
dm(z) is the normalized measure on 0D. We also denote this radial limit by
f. Take ¢ : D — D and ¢ € H(D) such that ¢ € HY. We define the
Measure fL, ./, on D by

Py o' o(B) = / ‘W
ol alF) ¢~ 1(E)NoD

where F is a measurable subset of the closed unit disk D.

q

/
dm,

THEOREM 4.1. ([3]) Take 1 < p,q < co. Let ¢ € H(D) be such that
¢(D) C D and v € S9. Then W, exists as a bounded operator from SP into
S? if and only if W, s, exists as a bounded operator from HP into HY.

Moreover, if (p,q) # (1,00), then W, : SP — S is compact if and only
if WSO v HP — H4Y is compact.

By using Theorem 4.1 and Theorem 4 of [6], we can prove the following
result.

THEOREM 4.2. Take 1 < p < ¢ < oco. Let ¢ € H(D) be such that
o(D) C D and 4 € S%. Then the weighted composition operator W, , defines
a bounded operator from SP into S? if and only if
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[ () o) <

su T ——T r (w) < o00.

acb Jop \[T—awp? ) “ewe'a

By using Theorem 4.1 and Theorem 5 of [6], the following results follow.

THEOREM 4.3. Take 1 < p < ¢ < . Let ¢ € H(D) be such that
o(D) C D and ¢ € S1. Let W, be bounded from S? into S9. Then there is
an absolute constant C > 1 such that

q
1—la]® \7
li —— ] d /
e [, () oa

< 19 < Cli / 1-— |a‘2 %d )
[/[/ ’ 11m su —_— / w).

la|—1

THEOREM 4.4. Take 1 < p < q < oo. Let ¢ € H(D) be such that
¢(D) C D and ¢ € S9. Then the weighted composition operator W, y, defines
a bounded operator from SP into S? if and only if

/ — ‘a|2 ' d (w) <
su r (w) < o0
aeg op \|1 —awl? Honie'a

By using Theorem 4.1 and Proposition 2 of [6], we can prove the following
theorem.

THEOREM 4.5. Take 1 < ¢ < p < oo. Let ¢ € H(D) be such that
¢(D) Cc D and v € S9. Then W, 4, is bounded from SP into S if and only if

_pP_
2 d r (w P—q
0 re) 11— |l

where I'(0) is the Stolz angle at 0, which is defined for real § as the convex

hull of the set {e?} U {z el < \/1/2}.
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