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Abstract: The object of the present paper is to study 3-dimensional trans-Sasakian manifolds
which are locally ¢-symmetric and have n-parallel Ricci tensor. Also 3-dimensional trans-
Sasakian manifolds of constant curvature have been considered. An example of a three-
dimensional locally ¢-symmetric trans-Sasakian manifold is given.
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1. INTRODUCTION

Trans-Sasakian manifolds arose in a natural way from the classification of
almost contact metric structures by D. Chinea and C. Gonzales [3], and they
appear as a natural generalization of both Sasakian and Kenmotsu manifolds.
Again in the Gray-Hervella classification of almost Hermite manifolds [7], there
appears a class Wy of Hermitian manifolds which are closely related to locally
conformally Kahler manifolds. An almost contact metric structure on a mani-
fold M is called a trans-Sasakian structure [13] if the product manifold M x R
belongs to the class Wy. The class Cs @ C5 ([10], [11]) coincides with the class
of trans-Sasakian structures of type («, 3). In [11], the local nature of the two
subclasses C5 and Cg of trans-Sasakian structures is characterized completely.
In [4], some curvature identities and sectional curvatures for C5, Cg and trans-
Sasakian manifolds are obtained. It is known that ([8]) trans-Sasakian struc-
tures of type (0,0), (0,3) and («,0) are cosymplectic, 3-Kenmotsu and a-
Sasakian respectively. In [15], it is proved that trans-Sasakian structures are
generalized quasi-Sasakian structures [12]. Thus, trans-Sasakian structures
also provide a large class of generalized quasi-Sasakian structures.

The local structure of trans-Sasakian manifolds of dimension n > 5 has
been completely characterized by J.C. Marrero [10]. He proved that a trans-
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Sasakian manifold of dimension n > 5 is either cosymplectic or a-Sasakian
or B-Kenmotsu manifold. But so far, it is not too much known about the
3-dimensional case.

This paper deals just on 3-dimensional connected trans-Sasakian mani-
folds. In Section 2 some preliminary results are recalled and explicit formulae
for Ricci tensor and curvature tensor [6] of 3-dimensional trans Sasakian mani-
folds are given. In Section 3 we characterize 3-dimensional locally ¢-symmetric
trans-Sasakian manifolds and prove that a 3-dimensional connected trans-
Sasakian manifold of type (o, ) is locally ¢-symmetric if and only if the
scalar curvature of the manifold is constant where o and (3 are constants.
This result is an extension of an analogous result concerning Kenmotsu man-
ifolds obtained by the first author [5]. Section 4 of our paper deals with a
3-dimensional trans-Sasakian manifold with n-parallel Ricci tensor. In this
section we also show that a 3-dimensional connected trans-Sasakian manifold
of type (o, ) has n-parallel Ricci tensor if and only if the scalar curvature of
the manifold is constant where o and (@ are constants. In Section 5, we show
that a 3-dimensional compact connected trans-Sasakian manifold of constant
curvature is either a-Sasakian or g-Kenmotsu. This is the most important
result obtained in this paper. Finally in the last section we construct an
example of a three-dimensional locally ¢-symmetric trans-Sasakian manifold.

2. PRELIMINARIES

Let M be a connected almost contact metric manifold with an almost
contact metric structure (¢, &, 1, g), that is, ¢ is an (1,1) tensor field, £ is a
vector field, n is an 1-form and ¢ is compatible Riemannian metric such that

P(X) ==X +n(X)E, n€) =1, ¢¢=0, np=0, (2.1)
9(¢X,9Y) = g(X,Y) —n(X)n(Y), (2.2)

for all X,Y € T(M) [1]. The fundamental 2-form ® of the manifold is defined
by
O(X,Y) = g(X, 9Y), (2.4)

for X, Y € T(M).
An almost contact metric structure (¢, &, 7, g) on a connected manifold M
is called trans-Sasakian structure [13] if (M X R, .J,G) belongs to the class
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W, [7], where J is the almost complex structure on M x R defined by

for all vector fields X on M, a smooth function f on M x R and the product
metric G on M x R. This may be expressed by the condition [2]

(Vx@)Y = a(g(X,Y)E = n(Y)X) + B(9(6X, V)€ —n(Y)9X),  (25)

for smooth functions « and 8 on M. Here we say that the trans-Sasakian
structure is of type (a, 3). From (2.5) it follows that

Vxé=—apX + (X — n(X)E), (2.6)
(Vxn)Y = —ag(¢pX,Y) + Bg(¢X, ¢Y). (2.7)

An explicit example of 3-dimensional proper trans-Sasakian manifold is
constructed in [10]. In [6], the Ricci operator, Ricci tensor and curvature ten-
sor for 3-dimensional trans-Sasakian manifolds are studied and their explicit
formulae are given.

From [6] we know that for a 3-dimensional trans-Sasakian manifold

200 + o =0, (2.8)
S(X,€) = (2(a” = %) = £6)n(X) — XB — (¢X)a, (2.9)
T
S(X,Y) = (5 +¢8 - (a* = 89)g(X,Y)
T
— (5 +€8-3(a% = B9)n(X)n(Y) (2.10)
— (YB+ (¢Y)a)n(X) — (X8 + (¢X)a)n(Y),
and
r
R(X,Y)Z =(5 +266 - 2(a® = 3%) ) (9(Y, 2)X — g(X, 2)Y)
r
~ (v, 2)[ (5 + €6 - 3(a® = 8% )n(X)¢
~ 1(X)(grada - gradB) + (X5 + (6X)a)¢]
r
+9(X,2)[ (5 + €8 - 3(a* - 8) )n(Y )¢

—n(Y)(¢grada — gradf) + (Yﬁ + (¢Y)a)§] (2.11)



268 U.C. DE, A. SARKAR

— |28+ (62)a)n(¥) + (VB + (9Y)a)n(2)
+ (5 +€8 30— 8))n(¥In(2)| X
+[(26+ (62)a)n(X) + (XB+ (6X)a)n(2)
+ (5 +€8-3(c% = 1)) n(0Om2)| v.

where S is the Ricci tensor of type (0,2), R is the curvature tensor of type
(1,3) and 7 is the scalar curvature of the manifold M.

3. LOCALLY ¢-SYMMETRIC THREE-DIMENSIONAL
TRANS-SASAKIAN MANIFOLDS

DEFINITION 3.1. A trans-Sasakian manifold is said to be locally ¢-sym-
metric if

¢*(VwR)(X,Y)Z =0,
for all vector fields W, X, Y, Z orthogonal to &.
This notion was introduced for Sasakian manifolds by Takahashi [14].
Let M be a 3-dimensional connected trans-Sasakian manifold. Then its
curvature tensor is given by (2.11). Differentiating (2.11) we get
(VwR)(X,Y)Z
B [dr(W)
L2

+2(Vw () — 4(da(W) — d3(W)) | [9(Y, 2)X — g(X, 2)Y]
. 2) (Y0 4 (Vw(ed) - 6(da(w) - agw) )n(x)e
+ (5 +€8-3(a% = 89) (Vwm) (X +n(X) (Vwe))
\Y

~ (Vwn)(X)(6(grada) — gradB) - n(X) (Vi (¢(grada) - grads))
+ (Vi (X8 + (6X)a))& + (X0 + (6X)a) Vire]

9, 2)[(T0) 1 (T (e8) — 6(da(w) - dsw)) Jn(v)e
+ (5 +€8-3(a% = 89 (Vwm (Vg +n(Y) (Vwe))
Vi) (¥) (6(srada) — gradB) - n(¥)(Viw ((grada) - grad))

~
+ (Vi (YB+ (6X)a))¢ + (YB+ (6Y)a) Vit (3.1)
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~ [(Vw (25 + 62)a) )y (Zﬂ+(¢>Z) ) (Vi >
+ (Vw (Y8 + (6Y) a))n (Y5+ (6Y)a) (Vi
+ (dr(W) + (Vi (€B)) —6(da — dB(W)) )n n(2)

2
+ (5 +e8-3(0? —52)(VW77 Yn(Z) +n(Y)(Vwn)Z)| X
+ (YW (28 + (62)a))n(X) + (28 + (92)a) (Vwn) X
+ (Vw (X8 + (¢X)a))n(2) + (X5 + (X)) (Vwn)Z
() (9 (68) — 6(daW) — dB(W) Jn(X)n(2)

+ (5 +8-3(c7 = B9) (Vwn) Xn(2) + n(X)(Twn)2) ] Y.

)
(

Suppose that « and 3 are constants and X, Y, Z, W are orthogonal to £. Then
using & = 0 and (3.1), we get

dr(W)

FVwR)(X.Y)Z = (F52) (9(V. 2)X —g(X. 2)Y).  (32)

Hence from (3.2) we get ¢>(ViwR)(X,Y)Z = 0 if and only if the scalar
curvature r is constant. Thus we can state the following:

THEOREM 3.1. A 3-dimensional connected trans-Sasakian manifold of type
(a, B) is locally ¢-symmetric if and only if the scalar curvature is constant pro-
vided o and (3 are constants.

The above theorem is just an extension of an analogous result concerning
Kenmotsu manifolds obtained by the first author in the paper [5].

4. m—PARALLEL RICCI TENSOR

DEFINITION 4.1. The Ricci tensor S of a trans-Sasakian manifold is said
to be n-parallel if it satisfies

(VxS)(¢Y,92) =0, (4.1)

for all vector fields X,Y and Z.
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This notion was introduced in the context of Sasakian manifolds by Kon [9].

Let M be a 3-dimensional connected trans-Sasakian manifold. Then its
Ricci tensor is given by (2.10)

In (2.10) replacing X by ¢X, Y by ¢Y and using (2.1) we get for a trans-
Sasakian manifold of dimension three

S(0X,6Y) = (5 +€8 - (a2 = #9)) (9(X,Y) =n(Xn(¥)).  (42)

Now we see that

(Vz8)(¢X,0Y) =V2S5(¢X,9Y) — S(Vz9X,9Y) — S(¢X,Vz¢Y)
—VZS(<Z5X ¢Y) = S((Vz0)X,0Y) — S(¢V2X,4Y) (4.3)
S(¢X,(Vz¢)Y) — S(¢X, ¢V 7Y).

Using (2.5), (2.10) and (4.2) in (4.3) we have

(V28)(¢X,6Y)
=(3r(2) + V2(66) — 20da(2) + 26d5(2) ) (9(X.Y) ~ n(X)n(Y))
+ (58— (0= 89) (V29(X,Y) = (Tzn(X))n(Y)
—(X)(Vzn(1)))
- S(a(g(z. X)é—n(X)Z)+ﬂ( (62, X)¢ —n(X)$Z), 0V ) (4.4)

— (56— (2= ) (9(V2X,Y) = n(V2X)n(Y))
- 5(ox, a(g< Y)E = n(Y)Z) +B(g(62.Y)§ —n(Y)6Z) )
— (5 +€8—(a? = 89) (9(X. V2Y) = n(X)n(V2Y)).

By virtue of (2.9) and (2.10) we obtain from (4.4)

(V25)(6X, 6Y)
= (5r(2) + V(€8) ~ 20da(Z) + 26d5(2)) (9(X, ¥) ~ n(X)n(Y)

+ (5 +€8—(a?= 8)(V29(X, Y) = (V20(X))n(¥ ) =n(X) (V20(Y)))

+ag(Z X)((#Y)B+ (6°Y)a) (15)
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+an(0)( (5 + 60 - (@2 = 59)a(2.67) ~ (V)5 + (@Y )a)o(2))
+ B9(62, X)((6Y)8 + (¢V)a)
+ 00 (5 +68 - (@2 - ) (o(2.7) - 020
— (5+€8- (a2 = 59) (9(V2X,Y) = n(VzX)n(Y))

(Z.Y)((6X)B + (¢ X)a)
ran(r)( (5 -+ - (07 = ))a(Z,6X) = ()5 + (X)a)n(2))
+89(62.Y) ((¢X)B + (¢*X)a)
w o) (5 + 69— @2 = ) (0(2.X) - 2n(0))
(546802 =89) (9(X, V2Y) = n(X)n(V2Y)).

+ ag

The above relation can be written as

(VzS5)(9X, 9Y)
:(%dr(Z) +V2(6B) — 2ada(Z) + 28dB(2) ) (9(X, V) — n(X)n(Y))
+ (5 + 68— (0= %) (290X, Y) = (V2n(X))n(¥Y) =n(X) (V20(Y)
(

)
+ an(X)g(Z,¢Y ) + Bn(X)(9(Z2,Y) —n(Z)n(Y)) —g(VzX Y)
+0(VzX)In(Y) +an(Y)g(Z,¢X) + Bn(Y)(9(Z,X) — n(Z)n(X))

— 9(X, V2Y) +n(X)n(V2Y)) (4.6)
+ ((6Y)8+ (Y )a) (ag(Z. X) + Bg(¢Z, X) — an(X)n(2))
+ ((9X)8+ (6°X)a) (ag(Z.Y) + Bg(6Z,Y) = an(Y In(Z2)).

Suppose that o and (3 are constants. Then using (2.7) in (4.6), we obtain
1
(V28)(9X, ¢Y) = 5dr(Z) (9(X,Y) = n(X)n(Y)). (4.7)

Hence, from (4.7) we can state the following:
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THEOREM 4.1. A 3-dimensional connected trans-Sasakian manifold of
type («, 3) has n-parallel Ricci tensor if and only if the scalar curvature of the
manifold is constant provided o and 3 are constants.

From Theorem 3.1 and Theorem 4.1 we can state the following:

COROLLARY 4.1. A 3-dimensional connected trans-Sasakian manifold of
type («, 3) has n-parallel Ricci tensor if and only if it is locally ¢-symmetric
provided o and 8 are constants.

5. THREE-DIMENSIONAL TRANS-SASAKIAN MANIFOLD WITH
CONSTANT CURVATURE

Let M be a 3-dimensional compact connected trans-Sasakian manifold. If
the manifold is of constant curvature then the Ricci tensor of type (0,2) of
the manifold is given by

where A is a constant. Putting Y = £ in (5.1) and using (2.9), we get
XB+ (0X)a + [2(A = o® + %) + £6]n(X) = 0. (5.2)

For X =¢, (5.2) yields
B=—-(A—a’+p5%. (5.3)
By virtue of (5.2) and (5.3) it follows that
XG4+ (¢X)a+ (A —a?+ 3*)n(X) =0. (5.4)

The gradient of the function 3 is related to the exterior derivative d by the
formula

dp(X) = g(grads, X). (5.5)
Using (5.5) in (5.4) we obtain

dB(X) + g(grada, X) + (A — o + f*)n(X) = 0. (5.6)
Differentiating (5.6) covariantly with respect to Y we get

(VydB)(X) + g(Vygrada, 9 X) + g(grada, (Vy ¢) X)

+Y (82— a®)n(X) + (A —a? + Y (Vyn)(X) = 0. (5.7)
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Interchanging X and Y in (5.7), we get

(VxdB)(Y) + g(Vxgrada, ¢Y) + g(grada, (Vx¢)Y)
+ X (8% = a®nY) + (A —a®+ %) (Vxn)(Y) = 0.

Subtracting (5.7) from (5.8) we get
9(Vxgrada, ¢Y) — g(Vygrada, ¢X) + (Vx¢)Y — (Vy¢)X)«
+[X(8 = a®)n(Y) = Y (6° — a®)n(X)] (5.9)
+ (A= + 5% ((Van)(Y) — (Vyn) (X)) = 0.
From (2.7) and (2.4) we get
(Vxm(Y) = (Vyn)(X) = a(2(X,Y) - (Y, X)) = 22@(X,Y).  (5.10)

Using (5.10) in (5.9) we have

9(Vxgrada, ¢Y) — g(Vygrada, ¢X) + ((Vx9)Y — (Vy¢)X)a
+[X (82 = a®)n(Y) =Y (82 = o®)n(X)) (5.11)
+2(\ —a? + *)a®(X,Y) = 0.

Let {Ey, E1, E2} be a local ¢-basis, that is, an orthonormal frame such that
Ep=¢ and Ey = ¢F;. In (2.5) putting X = F1, Y = Ey we get

(VE9)Es = a(g(Er, E2)é — n(E2)Er) + B(9(0Er, E2)€ — n(E2)¢Er)

5.12
= Bg(¢E, Eo)& = B¢. (5.12)
Similarly,
(VE,0)E1 = — €. (5.13)
Now,
(B, By) = g(Er, ¢E») = g(E1, ¢*Er) = —1. (5.14)

In (5.11) putting X = F; and Y = Ey and using (5.12), (5.13) and (5.14) we
obtain

g(Vi,grada, E1) + g(Vg,grada, Fy) = 266a — 2a(A — o + %), (5.15)
Also (2.8) can be written as

g(grada, ) = —2af3. (5.16)
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Differentiating (5.16) covariantly with respect to & we get

g(Vegrada, &) + g(grada, V&) = —288a — 203. (5.17)
In view of (5.3) we can write the above relation as
9(Vegrada, &) = —2B¢a + 2a(X — o® + 3%). (5.18)

From (5.15) and (5.18) we get Aa = 0, where A is the Laplacian defined by

2

Aa = Zg(VEigrada, E;).
i=0

Since M is compact we get « is constant.
Now let us consider the following two cases:

CASE-I: In this case we suppose that « is non-zero constant then by (2.8),
B = 0 every where on M.

CASE-II: In this case let & = 0. Then from (5.4)
X+ (A +pn(X) =0,

that is,
g(gradB, X) + (A + %)g(X, &) = 0.

Therefore,
gradB+ (A + 8%¢ = 0. (5.19)

Differentiating (5.19) covariantly with respect to X we have
Vxgradf + (X )¢ + (A + %) V¢ = 0.
Using (2.6) we get from above
Vxgradf + (X5%)¢ + (A + %) (- aoX + B(X —n(X)¢)) = 0.
Now taking inner product of the above equation with X, we have

9(Vxgradg, X) = — g((XB%)¢, X)

, (5.20)
— (A + 6% (9(—apX, X) + Bg(X — n(X)¢, X)).
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Therefore putting X = FE; and taking summation over i, i = 0,1,2, we get
from above

AB = =26(8+ 1+ 5%). (5.21)
For a = 0, (5.3) yields £8 = —(\ + 3?), which in view of (5.21) gives A3 = 0.
Hence f=constant, M being compact. This leads to the following:

THEOREM b5.1. Ifa 3-dimensional compact connected trans-Sasakian man-
ifold is of constant curvature then it is either a-Sasakian or 3-Kenmotsu.

6. EXAMPLE OF A LOCALLY ¢-SYMMETRIC THREE-DIMENSIONAL
TRANS-SASAKIAN MANIFOLD

We consider the three-dimensional manifold M = {(z,y,2) € R3, 2z # 0},
where (r,y, ) are the standard coordinates in R3. The vector fields

0 ey = zﬁ €3 = z2

2 — 8y7 3 = aZ

are linearly independent at each point of M. Let g be the Riemannian metric
defined by

9(61763) = 9(62763) = 9(61,62) =0, 9(61761) = 9(62762) = 9(63763) =1

Let n be the 1-form defined by n(Z) = g(Z,es3) for any Z € x(M). Let ¢ be
the (1,1) tensor field defined by ¢(e1) = —e2, ¢(e2) = e1, ¢(ez) = 0. Then
using the linearity of ¢ and g we have

nies) =1, ¢*Z=-Z+n(2)es, g(¢Z,¢W)=g(Z,W)—n(Z)n(W),

for any Z, W € x(M). Thus for e3 = &, (¢,&,1,g) defines an almost contact
metric structure on M. Now, by direct computations we obtain

[e1,e2] =0,  [e2,e3] = —e2, [e1, €3] = —en.

The Riemannian connection V of the metric g is given by the Koszul’s formula
which is
29(VxY,Z)=Xg(Y,Z)+Yg(Z,X) — Zg(X,Y)

—g9(X,[Y,2])) —g(Y.[X, 2]) + 9(2Z,[X,Y]). (6.1)
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Using (6.1) we have

2g(v61637 81) - 29(_617 61)7
29(Ve, e3,e2) = 0 =2g(—eq,e2),
29(Ve,e3,e3) =0 =2g(—ey, e3)
Hence, V¢, e3 = —e;. Similarly, V,e3 = —eg and V,e3 = 0.
(6.1) further yields
Veleg = 0, velel = €3,
V6262 = €3, V@el = 0,
vesez == 0, v€361 =0.
We see that
(v61¢)61 - veld)el - ¢v61€1 - _v6162 - ¢€3 - _v6162 == 0 (6 2)
= 0(g(e1,e1)es —nler)er) — 1(g(der, e1)es —nler)ger). '
(Ve 9)ea = Ve, peg — 9V g = Ve — 0 =e3 (6.3)
=0(g(e1, e2)es — nlez)er) — 1(g(ger, e2)es — nlez)der). .
Ve - Ve - ve == 0 —|— = —
( 1¢)63 1¢€3 (b 163 ¢€1 €2 (64)

= 0(g(e1,e3)es —nles)er) — 1(g(der, e3)es — nles)ger).

By (6.2), (6.3) and (6.4) we see that the manifold satisfies (2.5) for X = ey,
a=0,0= -1, and eg = £. Similarly it can be shown that for X = es and
X = e3 the manifold also satisfies (2.5) for « =0, § = —1, and e3 = £. Hence
the manifold is a trans-Sasakian manifold of type (0, —1). With the help of
the above results it can be verified that

R(el’ 62)63 =0, R(e27 63)63 = —éz, R(@l, 63)63 = —e€y,
R(Cl, 62)62 = —eq, R(627 63)62 = ez, R(el, 63)62 — 0’
R(er, e2)er = ez, R(ez, e3)e1 =0, R(ey,e3)e; = es.

From which it follows that ¢(Vy R)(X,Y)Z = 0. Hence the 3-dimensional
trans-Sasakian manifold is locally ¢-symmetric.

Also from the above expressions of the curvature tensor we obtain the
scalar curvature r = —3. Hence we note that here «, 3 and r all are constants.
Hence from Theorem 3.1 it follows that the manifold under consideration is
locally ¢-symmetric.
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