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Abstract: We consider monads over varying categories, and by defining the morphisms of
Kleisli and of Eilenberg-Moore from a monad to another and the appropriate transforma-
tions (2-cells) between morphisms of Kleisli and between morphisms of Eilenberg-Moore,
we obtain two 2-categories Mndk; and Mndgy. Then we prove that Mndk; and Mndgwm
are, respectively, 2-isomorphic to the conjugate of Kl and to the transpose of EM, for
two suitably defined 2-categories K1 and EM, related, respectively, to the constructions of
Kleisli and of Eilenberg-Moore. Next, by considering those morphisms and transformations
of monads that are simultaneously of Kleisli and of Eilenberg-Moore, we obtain a 2-category
Mnd.j, of monads, algebraic morphisms, and algebraic transformations, and, to confirm
its naturalness, we, on the one hand, prove that its underlying category can be obtained by
applying the Ehresmann-Grothendieck construction to a suitable contravariant functor, and,
on the other, we provide an explicit 2-embedding of a certain 2-category, Sig,,, of many-
sorted signatures (hence also of another 2-category Spf,,, of many-sorted specifications),
arising from the field of many-sorted universal algebra, into a 2-category of the type Mndajg.
Moreover, we investigate for the adjunctions between varying categories the counterparts
of the concepts previously defined for the monads, obtaining several 2-categories of adjunc-
tions, as well as several 2-functors from them to the corresponding 2-categories of monads,
and all in such a way that the classical Kleisli and Eilenberg-Moore constructions are left
and right biadjoints, respectively, for these 2-functors. Finally, we define a 2-category Adaig,
of adjunctions, algebraic squares, and algebraic transformations, and prove that there exists
a canonical 2-functor Mdayg from Adag to Mndag.
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1. INTRODUCTION

As it is well-known P.J. Huber proved in [19, p. 370] that every adjoint
situation gave rise to a monad. In this connection, we remark that Mac Lane,
in [23, p. 159] says: “...Then Hilton (and others) raised the question as to
whether any monad arises from an adjunction. Two independent answers
appeared: Kleisli’s construction in [1965] of the “free algebra” realization
and the decisive construction by Eilenberg-Moore [1965] of the category of
algebras for a monad.” In this article, taking into account (and generalizing)
the slogan due to Mac Lane: “Adjoint functors arise everywhere”, stated in
the preface to the first edition of [23], we solve affirmatively the problem as to
whether the classical constructions of Kleisli and of Eilenberg-Moore arise as
natural examples of biadjoint situations. Specifically, we investigate several
2-categories of monads—f{rom now on understood as pairs (C,T), where C is
a category and T = (7,7, 1) a monad on C—and of adjunctions, which enable
us to prove that the Kleisli (see [20] and [23]) and Eilenberg-Moore (see [9]
and [23]) classical constructions are, respectively, left and right biadjoints to
certain 2-functors from some convenient 2-categories of adjunctions to some
convenient 2-categories of monads.

Let us notice that the source and motivation for this work has to be found
in a previous investigation on two-dimensional many-sorted general algebra
carried out in [6] and [29]. One of the aims of the last-mentioned works
was to prove the equivalence between clones (represented by Hall algebra)
and finitary many-sorted algebraic theories (represented by Bénabou alge-
bras) using the equivalence between the many-sorted specifications of Hall
and Bénabou in a “convenient 2-category of many-sorted specifications” and
by means of a pseudo-functor from such a 2-category to the 2-category Cat,
of categories. The crucial element of the procedure consists in properly defin-
ing the aforementioned “convenient 2-category of many-sorted specifications”
and to do so the theory of Fujiwara in [12] and [13] (which was proposed to
cover the case of ordinary single-sorted algebras) was extended in [6] and [29]
into several directions. Firstly, by defining the concept of polyderivor, from a
many-sorted signature into another, which assigns to basic sorts, words and
to formal operations, families of derived terms, which subsumes the known
earlier proposals of derivor, defined in [16], and that of morphism between
many-sorted algebraic theories. Secondly, by equipping the category of many-
sorted signatures and polyderivors, Sig,,, with a 2-category structure, by
defining the appropriate transformations between the polyderivors, that gen-
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eralize the equivalences defined by Fujiwara in [13], and allow richer compar-
isons between many-sorted signatures than those usually considered in the
literature devoted to it. Lastly, by introducing the corresponding 2-category
Spf,;,, of many-sorted specifications, pd-specification morphisms, and trans-
formations between pd-specification morphisms. Moreover, in [6] and [29] we
defined a 2-category Alg,, which has as objects (0-cells) the pairs (X, A),
with 3 a many-sorted signature and A a X-algebra, as morphisms (1-cells)
from (3, A) to (A,B), the pairs (d, k), with d a polyderivor from ¥ to A
and h a ¥-homomorphism from A to dy,(B), where dj, is a functor from
Alg(A) to Alg(X) (see [6] or [29] for its definition), and as 2-cells from (d, f)
to (e, g), where (d, f) and (e, g) are morphisms from (3, A) to (A, B), the
2-cells §: ¥ ~= A in Sig,, such that ¢B o f = ¢g. The principal significance
of the 2-categories Sig,,, Spf,,, and Alg,, in the present context, which, we
add, have already been used for other purposes in [6] and [29], is that they
did not fall under the standard frame of formal monad theory as stated by
Street in [30] and therefore a more general theory must be sought to account
for the aforementioned, and similar, 2-categories.

To show the way in which the aforementioned subjects are developed, next
we proceed to, briefly, describe the contents of the subsequent sections of this
article.

In the second section we define the morphisms of Kleisli and the mor-
phisms of Eilenberg-Moore from a monad (C,T) to another (C',T’), from
which we obtain, respectively, the categories Mndgj, of monads and mor-
phisms of Kleisli, and Mndgys, of monads and morphisms of Eilenberg-Moore.
Then we prove that Mndy; is isomorphic to the category K1, of monads and
morphisms from (C,T) to (C’,T') the pairs (J, H), where J is a functor from
C to C’' and H a functor from KI(T), the Kleisli category of T, to K1(T'),
the Kleisli category of T’, such that H o Fr = Fp o J, where Fr and Fp
are the canonical functors from C to KI(T) and from C’ to KI(T'). As for
Mndy;, we prove that Mndgy is isomorphic to the dual of the category EM,
of monads and morphisms from (C,T) to (C’,T') the pairs (K, H), where K
is a functor from C’ to C and H a functor from EM(T’), the Eilenberg-
Moore category of T’, to EM(T), the Eilenberg-Moore category of T, such
that GT o H = K o GT', where GT and GT' are the canonical functors from
EM(T) to C and from EM(T') to C’, respectively. Following this, after
equipping the categories Mndgk; and Mndgy with 2-category structures and
defining, on the one hand, the 2-category Kl, with 2-cells from (J, H) to
(J', H') the natural transformations from H to H’', and, on the other hand,
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the 2-category EM, with 2-cells from (K, H) to (K’, H') the natural trans-
formations from H to H’, we prove that Mndy; is 2-isomorphic to KI°, the
conjugate of KI, and that Mndgy is 2-isomorphic to EM?, the transpose
of EM (for the definition of the concepts of “conjugate” and “transpose”
see [2, p. 26]). Furthermore, by defining the Street transformations from a
Kl-morphism to another, respectively, from an EM-morphism to another, we
obtain a sub-2-category of Mndy;, respectively, of Mndgy, and character-
ize its images in K1 and EM. Finally, by considering those morphisms and
transformations of monads that are, in a well-defined sense, simultaneously
of Kleisli and of Eilenberg-Moore, we obtain a 2-category Mnd,j,, of mon-
ads, algebraic morphisms, and algebraic transformations, and, to confirm its
naturalness, we, on the one hand, prove that its underlying category can be
obtained by applying the Ehresmann-Grothendieck construction to a suitable
contravariant functor, and, on the other, provide an explicit embedding of
the 2-category Sig,, (thus also of the 2-category Spfpa) into a 2-category of
the type Mnd,,,. Moreover, we state that Mnd,y, by its very definition,
bears some interesting relations with the 2-categories Mndgk; and Mndgy.
Specifically, we show that it is isomorphic to the sub-2-category of Mndxy
for which the underlying functors of the 1-cells have a right adjoint, and to
the sub-2-category of Mindgy for which the underlying functors of the 1-cells
have a left adjoint.

We must remark here that the 2-cells of the 2-categories Mndg; and
Mndgy; are essentially coincident with the 2-cells introduced by Lack and
Street in [22]. In the aforementioned article, Lack and Street work out a for-
mal theory of monads, continuing the labor begun by Street in [30], developing
the usual elements of the theory of monads in the context of monads in a 2-
category K. They give an explicit description of the free completion EM(K)
of a 2-category K under the Eilenberg-Moore construction, showing that it
has the same underlying category as the 2-category Mnd(K) of monads in K
but different 2-cells. In the case where K = Cat we have that the 2-category
Kl1(Cat) of Lack and Street, the free completion under Kleisli objects of Cat,
is the conjugate of our 2-category Mndg) and that their 2-category EM(Cat),
the free completion under Eilenberg-Moore objects of Cat, is the transpose
of our 2-category Mndgy.

Perhaps it is appropriate at this point to note that we came upon the
concepts of 2-cell between morphisms of Kleisli and of 2-cell between mor-
phisms of Eilenberg-Moore after investigating, as mentioned above, a two-
fold generalization of the morphisms and transformations of Fujiwara which
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provide, among others, the aforementioned 2-categories Sig,, and Spf;,, and
natural 2-embeddings from them into a convenient 2-category Mnd,j; (see
below). It is nonetheless reassuring that what we defined in order to get an
abstract rendition of what it happened in some 2-categories of many-sorted
algebras and specifications has turned out to have the very important and
natural property of being a completion as proved by Lack and Street in [22].
To this we add that Lack and Street in [22] develop a great deal of their formal
theory of monads under the proviso that one is willing to work with EM(K)
as the 2-category of monads instead of working with Mnd(K).

In the third section, turning our attention to adjunctions between varying
categories, we obtain from a certain 2-category Ad, of adjunctions, two new
2-categories of adjunctions, Adg; and Adgy;, which will allow us to extend
to 2-functors the classical, and well-known, construction that assigns to an
adjunction a monad, and this in such a way that the Kleisli and Eilenberg-
Moore constructions will be left and right biadjoints, respectively, for such
2-functors. Moreover, the morphisms and transformations of Kleisli and of
FEilenberg-Moore between monads will be characterized, respectively, as the
image of morphisms and transformations of Kleisli and of Eilenberg-Moore
between the adjunctions. Finally, we define a 2-category Ad,, which has
adjunctions as O-cells, algebraic squares between adjunctions as 1-cells, and
algebraic transformations between algebraic squares as 2-cells, and prove that
there exists a canonical 2-functor Md,j, from Ad,, to Mnd,,. The existence
of Md,jg confirms, in particular, that, from an algebraic standpoint, algebraic
squares and transformations between algebraic squares play for adjunctions
the same role that algebraic morphisms and algebraic transformations between
algebraic morphisms play for monads.

In summary, this article gives, among other things, an abstract analysis
of the classical Kleisli and Eilenberg-Moore constructions. The two construc-
tions, notably the latter, have proved to be particularly influential within
category theory (and theoretical computer science) over the past forty-five
years or so; therefore they merit an abstract analysis; and we have obtained
results that are not entirely obvious consequences of the work of previous
articles (in particular of [22], which is a chronological predecessor, but not a
precursor of this article, as explained above). Moreover, we have given a small
amount of development of examples that do not seem to have been considered
by previous authors.

In this article, unless otherwise stated, we assume that the foundational
system underlying category theory is ZFC + 3GU(U), i.e., Zermelo-Fraenkel
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(-Skolem) set theory with the Axiom of Choice plus the existence of a
Grothendieck universe U fixed once and for all (for an explanation of the
concept of Grothendieck universe see, e.g., [23, p. 22]). Therefore every set
we consider in this article will be either a U-small set, i.e., an element of U,
or a U-large set, i.e., a subset of U, or a set which is neither U-small nor
U-large. Besides, we let Set stand for the category with objects the U-small
sets and morphisms the mappings between U-small sets, and, depending on
the context, that Cat denotes either, the category of the U-categories (i.e.,
categories C such that the set of objects of C is a subset of U, and the hom-sets
of C elements of U), and functors between U-categories, or the 2-category of
the U-categories, functors between U-categories, and natural transformations
between functors.

In all that follows we use standard concepts and constructions from cate-
gory theory, see e.g., [1], [2], [8], [11], [17], [23], [24], and [31].

2. MONADS, MORPHISMS, AND TRANSFORMATIONS

In this section we define two types of morphisms from a monad to another,
called morphisms of Kleisli and of Eilenberg-Moore, respectively. Then, for
each type of morphism, we define its corresponding notion of transformation,
which is more general than that of 2-cell between morphisms of monads de-
fined by Street in [30]—providing some examples of this fact—and which are
essentially coincident with those defined by Lack and Street in [22]. From
this we obtain the 2-categories Mndg; and Mndgy; and prove that Mndy; is
2-isomorphic to the conjugate of another 2-category, Kl, related to the Kleisli
construction, and that Mndgy; is 2-isomorphic to the transpose of another
2-category, EM, related to the Eilenberg-Moore construction. Finally, by
considering those morphisms and transformations that are simultaneously of
Kleisli and of Eilenberg-Moore we obtain the algebraic morphisms and trans-
formations, and we provide an explicit 2-embedding of a certain 2-category,
Sigy,, of many-sorted signatures (thus also of another 2-category Spf,,, of
many-sorted specifications), arising from the field of many-sorted universal
algebra, into a 2-category of the type Mnd,;.

We next turn to defining the morphisms of Kleisli between monads, the
identity at a monad, and the composition of two composable morphisms of
Kleisli. But before doing that we recall, once more, that for us a monad is a
pair (C,T), where C is a category and T = (7,1, ) a monad on C.
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DEFINITION 2.1. Let (C,T) and (C’, T') be two monads. A morphism of
Kleisli or, for brevity, a Kl-morphism, from (C,T) to (C',T’) is a pair (J,\),
where J is a functor from C to C’ and )\ a natural transformation from J7T
to T'J such that the following diagrams commute

J /
J il JT JTT AT T'JT A T J
A J T
o l H K
TJ JT \ TJ

We write (J,A): (C,T)—(C',T’) to denote that (J,\) is a Kl-morphism
from (C,T) to (C',T"). For every monad (C,T), the identity at (C,T),
denoted by id(c t), is the morphism (Idc,idr). If (J,)) is a Kl-morphism
from (C,T) to (C',T') and (J', \') a Kl-morphism from (C’,T") to (C”,T"),
then the composition of (J,\) with (J',\'), denoted by (J',\') o (J, ), is

(T, XY o (JA) = (J o J, N JoJ'A).

We now give an example of the concept of Kl-morphism that comes from
the theory of closure spaces (in this respect we recall that every Galois corre-
spondence, which is an adjunction, gives rise in a canonical way to a closure
space).

EXAMPLE 2.2. As it is well-known, see, e.g., [23, p. 139] to every closure
space (A, C) there corresponds a monad (Sub(A),C), where Sub(A) is the
category determined by the ordered set (Sub(A), C), with Sub(A) the power
set of A, and C the monad on Sub(A) obtained from the closure operator C'
on A. Moreover, to every continuous mapping (or, synonymously, morphism
of closure spaces) j from (A, C) to (B, D) there corresponds a Kl-morphism
(J7, M) from (Sub(A), C) to (Sub(B), D), where the functor J7 from Sub(A)
to Sub(B) is precisely j[-], i.e., the formation of j-direct images, and A’ the
trivial natural transformation from j[-] o C' to D o j[-]. From now on, (j[-],\)
stands for (J7, \).

We leave it to the reader to verify the following proposition.

PROPOSITION 2.3. Monads and Kl-morphisms yield a category, hereafter
denoted by Mndyj.
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In the following proposition, for a given pair of monads, we prove that there
exists a one-to-one correspondence between the set of all pairs of functors that
(in the same direction) relate, respectively, the underlying categories of the
monads and the categories of Kleisli associated to the underlying monads on
the underlying categories of the monads and satisfy, in addition, a suitable
condition (specified below) and the set of all Kl-morphisms between the given
pair of monads.

But before stating the aforementioned proposition we recall that, for a
category C and a monad T on C, the Kleisli category of T, denoted by KI1(T),
has the same objects that C and, for every X,Y € C, Homgjc)(X,Y) is
Homg(X,T(Y)). If P: X—T(Y) and Q: Y —=T(Z), then we define the
composition of P with Q as Qo P = uzoT(Q)o P. The identity morphism at
an object X is nx. Moreover, let F denote the functor from C to KI1(T) which
is the identity mapping on the objects and sends a morphism f: X —Y to
ny o f: X—=T(Y), and Gt the functor from KI(T) to C which sends an
object X to T'(X) and a morphism P: X —=T(Y) to py o T'(P).

PROPOSITION 2.4. Let (C,T) and (C',T’) be two monads. Then there
exists a one-to-one correspondence between the Kl-morphisms (J,\) from
(C,T) to (C',T') and the pairs (J, H), where J is a functor from C to C’
and H a functor from KI(T) to K1(T"), such that the following equality holds
Ho Fy = FpolJ.

Proof. Let (J,\): (C,T)—(C,T’) be a Kl-morphism. Then the pair
(J,H)), where H) is the functor from KI(T) to K1(T") which assigns to a
C-morphism P from Y to T(X) the C’-morphism \x o J(P), is such that
H)\OF'JI‘:F'H‘/OJ.

Reciprocally, if (J, H), where J is a functor from C to C" and H a functor
from KI(T) to KI(T), is such that Ho Fr = Fro.J, then let k be the conjugate
natural transformation of the identity natural transformation from Fiys o J to
H o Fp and Ay the composition of Fr with k. Then

)\H(: KF’]T): JT = JGTFT:>G']1'/HF']1‘ = G'H‘/FT/J = T/J,

and, for every KI1(T)-object X, (Ag)x is H(id%(X)).

To prove that the pair (J, A\g) is a Kl-morphism from (C, T) to (C', T') it
is sufficient to take into account the defining diagrams of the Kl-morphisms
for the natural transformation Ay and the triangular equations of the involved
adjunctions.

It is easy to check that both correspondences are mutually inverse. |
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DEFINITION 2.5. The category Kl has as objects the monads and as mor-
phisms from (C,T) to (C’,T’) the pairs (J, H), where J is a functor from C
to C’ and H a functor from KI(T) to KI(T'), such that the following equality
holds

Ho F’]]‘ = F'[r/ oJ.

On account of the above definition and from the functorial character of
the one-to-one correspondence defined in Proposition 2.4 we have the following
proposition.

PropPOSITION 2.6. The categories Mndy; and Kl are isomorphic.

As stated in the definition immediately below, just as, e.g., natural trans-
formations compare functors, the so-called transformations of Kleisli com-
pare Kl-morphisms of monads by means of a certain class of 2-cells (that,
for a given pair of Kl-morphisms of monads, are in a one-to-one correspon-
dence with a suitable subset of the set of all natural transformations be-
tween the functors on the categories of Kleisli associated to the given pair of
Kl-morphisms).

Remark 2.7. Tt is worth pointing out that Lack and Street in [22, p. 248]
from a 2-category K, define another 2-category KI1(K) which has (as objects
the monads, as 1-cells the morphisms of Kleisli, and) as 2-cells precisely the
opposite of the transformations of Kleisli.

DEFINITION 2.8. Let (J,;A) and (J,X\): (C,T)—(C',T') be two
Kl-morphisms of monads. A transformation of Kleisli or, for brevity,
a Kl-transformation, from (J,\) to (J',\) is a natural transformation
=: J'==T"J making commutative the following diagram

=T T'\

J'T T'JT T'T'J
N wJ
J 7= T J Y, T'J

If = is a Kl-transformation from (J,\) to (J', \’), then we will write =y for
the unique natural transformation from J'T" to T'.J in the above diagram.
Moreover, we will use Z: (J,\) ~= (J’, \) or a diagram as displayed in
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AN
o

>
N

>

C

AS
\
gl

N

\

C J
/

PR

T o

to indicate that = is a Kl-transformation from (J, \) to (J', \').

For every Kl-morphism (J,\) from (C,T) to (C’,T’) the Kl-identity at
(J, A) is the natural transformation Jn': J=—=T"J.

The vertical composition of two Kl-transformations as in the diagram

(/; )

e N

(C,T) —(J", \)—(C", T"),

W

(J’// A//)
denoted by =’ 6 =, is the natural transformation

—_— —_— /
S Sy J

J" T'J.

The horizontal composition of two Kl-transformations as in the diagram

(J, )\) (J//, )\//)
/_\ //-—\
(C,T) (= (C.T) f= (CT),
\_// S~ 7
(Jl )\/) (J/l/ )\//l)

denoted by Z' ¥ Z, is the natural transformation

= = J
J — J///T/J k

J/// J/ T/ J// J

We leave it to the reader to verify the following proposition.

PROPOSITION 2.9. Monads, Kl-morphisms, and Kl-transformations be-
tween Kl-morphisms yield a 2-category, hereafter denoted by Mndkj.
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We next give an example (really a bundle or schema of examples) of the
concept of Kl-transformation that comes from the theory of closure spaces. We
shall see later concrete algebraic and logical examples of the aforementioned
concept.

ExaMPLE 2.10. Let (A, C) and (B, D) be two closure spaces. If j and j
are two continuous mappings from (A, C) to (B, D) and, for every X C A, it
happens that j'[X] C D(j[X]), then we obtain a Kl-transformation from the
Kl-morphism (5[], \) to the Kl-morphism (5[], \').

We notice that the 2-cells between morphisms of monads considered by
Street in [30] are a particular case of the transformations treated here. In
fact, the transformations of Street are characterized as those transformations
of Kleisli which can be factorized through a natural transformation between
the underlying functors of the Kl-morphisms.

DEFINITION 2.11. Let (J,A) and (J, \) be two Kl-morphisms from (C, T)
to (C',T'). A transformation of Street or, for brevity, an St-transformation,
from (J,A) to (J',\') is a natural transformation o from J’ to J such that
the following equality holds A o 0T = T'0 o X, i.e., such that the following
diagram commutes

To every St-transformation there corresponds a Kl-transformation as
stated in the following proposition. However, as we will show below not
every Kl-transformation can be obtained from an St-transformation—in other
words, St-transformations are too strict to include what are felt should be ex-
amples.

PROPOSITION 2.12. Let (J,\) and (J,XN): (C,T)—(C',T') be two
Kl-morphisms and let o be an St-transformation from (J,\) to (J', \’). Then
the natural transformation 'J oo = Aon = T'o o X' (J'n) is a Kl-transforma-
tion.
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C\l !
7 ) c C\ 7
C/ JI — J <(;J/ )\ A, C
e ' J =
/
T/ T\\&C/

In what follows we will say that a Kl-transformation Z: (J, \) ~= (J', \)
is a transformation of Kleisli-Street or, for brevity, a KS-transformation, if =
is obtained from an St-transformation o: J'==>J as indicated in the above
proposition.

Since the set of all KS-transformations is, obviously, closed under the oper-
ation of composition, we obtain a sub-2-category of Mindgj, hereafter denoted
by Mndks.

The following examples, the former algebraic and the latter logical, prove
that not every Kl-transformation can be obtained from an St-transformation.

EXAMPLE 2.13. For the closure space (Z,Sgy), where Z is the additive
group of the integers and Sg, the subalgebra generating operator which sends
a subset X of Z to Sgy(X), the additive subgroup of Z generated by X, and
the endomorphisms idyz and uo of Z, where us is multiplication by 2, we have,
for every subset X of Z, that po[X] C Sgy(idz[X]) = Sgz(X). Hence there
exists a Kl-transformation from (idz[-], ) to (u2[-], \'), with A and X trivial.
However, there is not any St-transformation from (idz[-], \) to (u2[-], \'), since
it is not true that, for every subset X of Z, uo[X] C X.

EXAMPLE 2.14. For the interpretations ¢, of McKinsey-Tarski [26], and ¢/,
of Godel [15], of the intuitionistic propositional logic into the modal proposi-
tional logic S4, we have that, for every formula ¢ € Fm;, with Fm; the set of
the intuitionistic formulas, from t; ¢, it follows that g4 t(¢) and g4 (@),
moreover, Fgy t(¢) < Ot (p). Therefore, for every intuitionistic formula ¢, we
can assert that Fgy4 t(¢) — t'(¢), hence #'[Cn;(2)] C Cngq(t[Cni(2)]), where
Cn; is the consequence operator for the intuitionistic propositional logic and
Cngy the consequence operator for the modal propositional logic S4. From
this it follows that there exists a Kl-transformation from (f[-] o oy, (@), A) to
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(t'[]okcny(2), A'), where t[-] and '[-] are the operators of direct image formation
from Sub(Fm;) to Sub(Fmgy4), with Fmg, the set of the modal formulas, and
KCny () the mapping from Sub(@) to Sub(Fm;) which picks Cn;j(2@). However,
there is not any St-transformation from (£[-] o K (@), A) to (¥'[] © ke (a), A)-

For the interpretations k, of Kolmogorov [21], and %/, of Gentzen [14], of
the classical propositional logic into the intuitionistic propositional logic, we
have, for every set of formulas I' C Fm, and every formula ¢ € Fm,, with
Fm, the set of the classical formulas, that T' -, ¢ if and only if k[T k; k(p)
and T' . ¢ if and only if ¥'[I'] F; k(). Moreover, for every ¢ € Fm, it
happens that F; k(p) < k'(p). Thus, for every I' C Fm., we have that
E'[I'] € Cn;i(k[l']) and k[I'] C Cn;(k'[I']). From this it follows that there are
two mutually inverse Kl-transformations between (k[-],\) and (K'[],\), as
shown by the following diagram

Sub(Fm,) % Sub(Fm,)

R[] e~ K] k[ e~ K]

Sub(Fm;) ———— Sub(Fmy)
Cny
However, there is not any St-transformation neither from (k[-], \) to (k'[-], \)
nor from (k'[-], \) to (k[-], A), since, for every set I' C Fm,, neither k'[['] C k[[]
nor k[I'] C £'[I].

DEFINITION 2.15. We denote by Kl the 2-category which has as 0-cells
the monads, as 1-cells from (C, T) to (C’, T') the pairs of functors (J, H), with
J a functor from C to C’ and H a functor from KI1(T) to KI(T’), such that
HoFyp = FrolJ, as 2-cells from (J, H) to (J', H') the natural transformations
from H to H', and as identities and compositions the obvious ones.

PROPOSITION 2.16. The 2-categories Mndy, and KI°¢ are 2-isomorphic.

Proof. By Proposition 2.4 there exists a one-to-one correspondence
between the 1-cells of Mndg) and those of K1°. Let (J, \) and (J', \') be two
Kl-morphisms from (C,T) to (C',T’) and Z: (J,\) ~= (J', \) a Kl-transfor-
mation. Then = determines a 2-cell 75: (J', Hy/) == (J, Hy) in KI1°, where 7=
is the natural transformation which sends an object X in C to the morphism
in KI(T') that corresponds to the morphism Ex from J'(X) to T'(J(X))
in C.
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Reciprocally, if (J, H) and (J', H') are two 1-cells in KI1° from KI(T) to
KI(T") and 9: (J', H')==(J, H) a 2-cell in KI, then the mapping Z” which
sends a C-object X to the morphism in C’ that corresponds to ¥x in K1(T")
is a Kl-transformation from (J, Ag) to (J', Ag).

Both correspondences are clearly mutually inverse.

To complete the proof that the 2-categories Mndg; and KI¢ are 2-iso-
morphic, it only remains to verify the compatibility with the vertical and
horizontal compositions and the compatibility with the identities. The details
are left to the reader. |

We next define a 2-category whose conjugate is, as a consequence of the
above proposition, 2-isomorphic to the 2-category Mndks.

DEFINITION 2.17. We denote by Klg; the 2-category which has as 0-cells
the monads, as 1-cells from (C, T) to (C’, T') the pairs of functors (J, H), with
J: C—=C" and H: KI(T) —KI(T’), such that the following equality holds
H o Fr = Fr o J, as 2-cells from (J, H) to (J', H') the pairs of natural trans-
formations (o, 7), with 0: J==J" and 7: H == H' such that the following
equality holds 7Fp = Fpo, and as identities and compositions the obvious
ones.

The 2-category Klg; can be identified to a sub-2-category of Kl by for-
getting the first component of all the 2-cells. Furthermore, by restricting the
2-isomorphism between Mndg; and KI° we have the following corollary.

COROLLARY 2.18. The 2-categories Mndkgs and KIg, are 2-isomorphic.

By inverting the direction of the natural transformation, but leaving in-
variant the direction of the functor, in the definition of the concept of Kl-
morphism we obtain another concept of morphism of monads, that of mor-
phism of Eilenberg-Moore. Let us notice that since the direction of the functor
does not change, the aforementioned concepts do not give rise to dual cate-
gories. However, because of its relation with the algebraic morphisms between
monads, defined later on, and which are one of the sources of this research
(and since for us the theory of monads is not a purely formal but a substan-
tial subject whose notions and constructions should be founded, ultimately, on
mathematical examples), it is suitable to define the morphisms of Eilenberg-
Moore by inverting the direction of the functor instead of that of the natural
transformation.
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We next turn to defining the morphisms of Eilenberg-Moore between mon-
ads, the identity at a monad and the composition of two composable mor-
phisms of Eilenberg-Moore.

DEFINITION 2.19. Consider two monads (C, T) and (C', T"). A morphism
of Eilenberg-Moore or, for brevity, an EM-morphism, from (C,T) to (C’, T')
is a pair (K, \), where K: C'—C is a functor and \: TK = KT" a natural
transformation such that the following diagrams commute

K !
K 7 TK TTrK A TKT' AT KT'T’
Ky l)\ nK Ky
KT’ TK h KT’

We write (K, \): (C,T)—=(C’, T') to denote that (K, \) is an EM-morphism
from (C,T) to (C',T"). For every monad T on C the identity at (C,T),
denoted by id(c,t), is the morphism (Idc,idr). If (K, A) is an EM-morphism
from (C, T) to (C', T") and (K’, \') an EM-morphism from (C’, T') to (C”,T"),
then the composition of (K, \) with (K', '), denoted by (K’,X) o (K, \), is

(K", N)o (K,\) = (Ko K,K\ o AK").
We leave it to the reader to verify the following proposition.

PropPOSITION 2.20. Monads and EM-morphisms yield a category, here-
after denoted by Mndgy.

In the following proposition, for a given pair of monads, we prove that there
exists a one-to-one correspondence between the set of all pairs of functors that
(in the opposite direction) relate, respectively, the underlying categories of the
monads and the categories of Eilenberg-Moore associated to the underlying
monads on the underlying categories of the monads and satisfy, in addition, a
suitable condition (specified below) and the set of all EM-morphisms between
the given pair of monads.

But before stating the aforementioned proposition we recall that, for a
category C and a monad T on C, the Eilenberg-Moore category of T, denoted
from now on by EM(T), has as objects the T-algebras, i.e., the ordered pairs
(A, ) where A is an object of C and «a: T(A) — A a morphism of C such
that aony =idy and aoT(a) = aopa, and for two T-algebras (A4, «), (B, 3),
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Homgni(c) (4, @), (B, 3)) is the set of all morphisms f: A—— B such that
foa = BoT(a). Moreover, let FT denote the functor from C to EM(T)
which sends an object X to (7'(X), ux) and a morphism f: X —Y to T'(f),
and GT the functor from EM(T) to C which sends a T-algebra (A, a) to A
and a morphism f: (A,a)— (B, ) to f.

PROPOSITION 2.21. Let (C,T) and (C',T') be two monads. Then there
exists a one-to-one correspondence between the EM-morphisms (K, \) from
(C,T) to (C',T') and the pairs (K, H), where K is a functor from C' to C
and H a functor from EM(T’) to EM(T), such that the following equality
holds GT o H = K o GT'.

Proof. Let (K,\): (C,T)—(C’,T’) be an EM-morphism. Then the or-
dered pair (K, H*), where H? is the functor from EM(T') to EM(T) which as-
signs to a T'-algebra (A, ) the T-algebra (K(A), K(a)oA4) and to a morphism
f in EM(T’) the morphism K (f) in EM(T), is such that GT o H* = K o GT".

Reciprocally, if (K, H), where K: C'—C and H: EM(T') —EM(T),
is such that GT o H = K o GT', then let s be the conjugate natural transfor-
mation of the identity natural transformation from K o GT to GT o H and A\
the composition of £ with GT. Then

M(=G"): TK = G"FTK = G"HF" = KG"F" = KT'.

The pair (K, A7) is, obviously, an EM-morphism from (C,T) to (C’, T').
It is easy to check that both correspondences are mutually inverse. i

DEFINITION 2.22. The category EM has as objects the monads and as
morphisms from (C, T) to (C’, T') the pairs (K, H), where K is a functor from
C’ to C and H a functor from EM(T’) to EM(T), such that the following
equality holds

GToH=KoG".

From the above definition it is easy to verify the following proposition.

PRrROPOSITION 2.23. The categories Mndgy and EM®P are isomorphic.

We have already seen how to compare the Kl-morphisms by means of the
Kl-transformations. The same can be done for the EM-morphisms of monads,
but in this case by means of the so-called transformations of Eilenberg-Moore
(that, for a given pair of EM-morphisms of monads, are in a one-to-one cor-
respondence with a suitable subset of the set of all natural transformations
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between the functors on the categories of Eilenberg-Moore associated to the
given pair of EM-morphisms).

DEFINITION 2.24. Consider two EM-morphisms of monads (K,\) and
(K',X) from (C,T) to (C',T"). A transformation of Eilenberg-Moore or,
for brevity, an EM-transformation, from (K, \) to (K’,\') is a natural trans-
formation = from K to K'T’ making commutative the following diagram

fle a/
TK A KT’ =T K'T'T!
TE K/N/I
TK'T' T K'T'T! K K'T'

If = is an EM-transformation from (K, \) to (K’, \'), then we will write = for
the unique natural transformation from TK to K'T” in the above diagram.
Moreover, we will use Z: (K, \) ~> (K’, X) or a diagram as displayed in

C

N/
%

7
\ A NECEN C

N

%
PR

c ho
/
C/
to indicate that Z is an EM-transformation from (K, \) to (K’, \).
For every EM-morphism (K, \) from (C,T) to (C', T’) the EM-identity at
(K, \) is the natural transformation Kn': K =—KT’.
The vertical composition of two EM-transformations as in the diagram

(K, 2)
s N
(C> T) (K/% )‘,)4> (0,7 T/),
=/
denoted by Z’' 6 =, is the natural transformation

= =i 1",

K K'T K'"T'T

K"T".
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The horizontal composition of two EM-transformations as in the diagram

(K, A) (K", A")
T T T
(C,T) (2 (C.T) f= (1),
\_/ S~—— 7
(K/ )\/) (K/// A///)

denoted by =’ ¥ Z, is the natural transformation

1=/

L P /4 —

= K/T/K//

K/ KI//T// .

K K//

We leave it to the reader to verify the following proposition.

PrOPOSITION 2.25. Monads, EM-morphisms, and EM-transformations
yield a 2-category, hereafter denoted by Mndgy.

As was the case for the Kl-transformations, there are also EM-transfor-
mations which have the additional property of factorizing through a natural
transformation between the underlying functors of the EM-morphisms.

DEFINITION 2.26. Let (K,)\) and (K’,\) be two EM-morphisms from
(C,T) to (C',T'). A transformation of Street or, for brevity, an St-transfor-
mation, from (K, \) to (K’,)\) is a natural transformation o from K to K’
such that the following equality holds 7" o A = X o T'o, i.e., such that tal the
following diagram commutes

K C
/N /g\
c K= K’

/

T

To every St-transformation there corresponds an EM-transformation as
stated in the following proposition.

PROPOSITION 2.27. Let (K,)\) and (K',X') be two EM-morphisms from
(C,T) to (C',T") and o an St-transformation from (K, \) to (K’,\'). Then
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the natural transformation K'n’ oo = 0T o AonK = XN ono o is an EM-
transformation.

/>H

C_1
KZ \C C \477\
. Z \ / o\ T
=

C/ K/ — K K/ A )\\C
~
1/ NIV NN
v, C K= K’
T \Cl

From now on, we will say that an EM-transformation Z: (K, \) ~> (K', \)
is a transformation of Eilenberg-Moore-Street or, for brevity, an EMS-trans-
formation, if Z is obtained from an St-transformation o: K ==K’ as indi-
cated in the above proposition.

Since the set of all EMS-transformations is, obviously, closed under the
operation of composition, we obtain a sub-2-category of Mndgy, hereafter
denoted by Mndgys.

Let us notice that, as was the case for the Kl-transformations, not every
EM-transformation can be obtained from an St-transformation.

DEFINITION 2.28. We denote by EM the 2-category which has as 0-cells
the monads, as 1-cells from (C,T) to (C’,T') the pairs of functors (K, H),
with K a functor from C’ to C and H a functor from EM(T’) to EM(T),
such that GT o H = K o GT', as 2-cells from (K, H) to (K’, H') the natural
transformations from H to H’, and as identities and compositions the obvious
ones.

PROPOSITION 2.29. The 2-categories Mndgy and EM' are 2-isomor-
phic.

Proof. By Proposition 2.21 there exists a one-to-one correspondence be-
tween the 1-cells of Mndgy and those of EM®P. Let (K, \) and (K',\) be
two EM-morphisms from (C, T) to (C’,T') and E an EM-transformation from
(K,)) to (K’,X). Then Z determines a 2-cell 7=: (K, H)) = (K', H) in
EM', where 7= is the natural transformation which sends a T’-algebra (A, «)
in EM(T’) to the morphism K'(«) o Z4 in EM(T).

Reciprocally, if (K, H) and K', H' are two 1-cells in EM"® from EM(T’) to
EM(T) and ¢ a 2-cell from (K, H) to (K’, H') in EM, then the mapping =
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which sends an object A in C to (74, W) © K(n'y) is an EM-transformation
from (K, M) to (K, \H").

Both correspondences are mutually inverse.

To complete the proof that the 2-categories Mndgy and EM® are 2-
isomorphic, it only remains to verify the compatibility with the vertical and
horizontal compositions and the compatibility with the identities. The details
are left to the reader. |

We next define a 2-category whose transpose is, as a consequence of the
above proposition, 2-isomorphic to the 2-category Mndgys.

DEFINITION 2.30. We denote by EMg; the 2-category which has as 0-cells
the monads, as 1-cells from (C, T) to (C’, T’) the pairs of functors (K, H), with
K a functor from C’ to C and H a functor from EM(T’) to EM(T), such
that the following equality holds GT o H = K o G, as 2-cells from (K, H)
to (K', H') the pairs of natural transformations (o, 7), with 0: K = K’ and
7: H==H’, such that the following equality holds GTo = 7GT’, and as
identities and compositions the obvious ones.

The 2-category EMg; can be identified to a sub-2-category of EM by
forgetting the first component of all the 2-cells. Furthermore, by restricting
the 2-isomorphism between Mndgy; and EM® we have the following corollary.

COROLLARY 2.31. The 2-categories Mndgyms and EMtSt are 2-isomor-
phic.

Our next aim is to construct, by using the concept of adjoint square, a
new 2-category, with the same 0-cells that Mndgk; and Mndgy;, denoted
by Mnd,j; (because its 1-cells and 2-cells will be called, respectively, alge-
braic morphisms and algebraic transformations). By definition, the 2-category
Mnd,,, as we will see, is isomorphic to the sub-2-category of Mindk; for which
the underlying functors of the 1-cells have a right adjoint, and to the sub-2-
category of Mndgy for which the underlying functors of the 1-cells have a
left adjoint. But before doing that, since, as we have said previously, it will
be used afterwards to define Mnd,,, we explain what the adjoint squares in
the sense of [17] are precisely.

DEFINITION 2.32. (Cf., [17, pp. 144-145]) An adjoint square is an ordered
triple (F -G, (J,\, H), F'4G"), also denoted by (J,A\,H): F1G—F' 4G,
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where the adjoints F'HG and F' 4G’ and the functors J and H are related as
in the diagram

G
C T D
F
J H
G/
C/ T D/
F/

and A\ is a matrix

X: F'J=—HF X\:J=—GHF
Xo: F'JG=—=H )3: JG=G'H

of compatible 2-cells (our notation is slightly different from that of [17]), i.e
a matrix of natural transformations as indicated such that the following equa-
tions are fulfilled

Mo F)(F'Jn) = (HF)(F'\) = (' HF)(F'\sF)(F'Jn)
G'Xo)(n'J) = (G"\F) (' Jn) = (A F)(Jn),
He)(M\G) = (' He)(F'\G) = (' H)(F'A3)

=(
= (
= (
= (G'He)(G"G) (' JG) = (G'X2) (1 JG) = (G'He) (M G)

where 17: 1==GF and ¢: FFG==>1 are the unit and counit respectively of
F 4 G, whereas n/: 1=G'F’ and &: F'G'==1 are the unit and counit

respectively of F/4G’.

We next turn to recalling one of the fundamental facts about the concept
of adjoint square, specifically that the adjoint squares are equipped with a
structure of double category. We do not give a proof of it, since one by
Gray can be found in [17, pp. 146 —149]. However, following the proposition
we recall the definition of the data that occur in the double category under
consideration (referring the reader to the original sources [17], [25], and [27]
for more details) since some of them will be necessary later on when defining
the 1-cells and the 2-cells of the 2-category Mnd,j,.

ProprosITION 2.33. Adjoint squares yield a double category, hereafter de-
noted by AdFun.



22 J. CLIMENT, J. SOLIVERES

Proof. See [17, pp. 146—-149]. 1

Let (J,\,H): FHG— F' 4G’ be an adjoint square, then its Ad-domain
and Ad-codomain in AdFun are F 4G and F' G, respectively, and its Fun-
domain and Fun-codomain in AdFun are J and H, respectively. The Ad-
identities and Fun-identities are represented by the following adjoint squares

1 G

C T C and C T D
1 F

J S J 1 Eon 1
J J e G

1 G

C’ T C’ C T D
1 F

The Ad-composition of two adjoint squares
(JNMH): FAG—=F'AG" and (H,0,M): LHR—=L'AR’
is the adjoint square

(LFAGR, (J,6 8\, M), L'F'4G'R),

d
where § © \ is the matrix

52 (6oF)(L'Xo)  (G'61F)\
6o(L'\oR)  (G'd3)(\3R) )~

And, finally, the Fun-composition of two adjoint squares

(JJNMH): FAG—F'AG" and (J N,H"): F'H4G'—F"HG"
is the adjoint square
o

(FHG, (J' I, N o\, H'H),F"4G"),

fi . .
where X o \ is the matrix

N fél \ o (H'X0)(ANy) (G'H'e' HF)(AN|\1)
(X)) (F" T JG) (ASH)(J'A3)
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If in the double category AdFun we take as adjunctions the identities, then
we obtain the ordinary 2-category Cat. If, on the other hand, in AdFun we
take as functors the identities, then we obtain the 2-category Adj which has
as 0-cells categories, as 1-cells from C to D adjunctions F'4G, and as 2-cells
from F 4G to F' 4G adjoint squares (1,\,1): F4G—=F' 4G, or, what
is equivalent, conjugate pairs (Ao, A3) (for this concept see [23, pp. 99—-100]),
which we represent as

F G
R N
C (x D X cC
~_ 7~ 7
F’ G

Observe that the 2-category Adj is the conjugate (in the sense of [2]) of the
2-category of categories, adjunctions, and conjugate pairs in [23, p. 104].

Before defining the concept of compatible pair with a pair of adjoint
squares which will be used below, we notice that to give a natural trans-
formation o from J to J’ is equivalent to give an adjoint square where the
involved adjunctions are identities.

DEFINITION 2.34. Let (J,A\,H) and (J', N, H’) be two adjoint squares
from F-HG to F' 4G’ and 0: J=="J', 7: H==-H' a pair of natural trans-
formations. Then we will say that the pair (o, 7) is compatible with A and N

if the following equation is fulfilled X' % o = 7 & .

Next, since it will be used afterwards to define the algebraic morphisms
from a monad to another, we state, for a pair of monads and an adjunction
between the underlying categories of the monads, the existence of a commuta-
tive square of bijections between four sets of natural transformations obtained
from the monads and the adjunction, as well as conditions of compatibility
on the matrices of natural transformations arranged in the pattern of the just
named commutative square of bijections.

PROPOSITION 2.35. Let (C,T) and (C', T') be two monads and (J, K,7,€)
an adjunction from C to C'. Then for the following diagram

C C
Jl—iTK Jl%TK
C’ C’



24 J. CLIMENT, J. SOLIVERES

there exists, by Corollary 1,6.6 stated by Gray in [17, p. 143], a commutative
square of bijections

~Y

Nat(JT,T"J) = Nat(T, KT'J)

~ o~

Nat(JTK,T')

> Nat(TK, KT')

Furthermore, the following conditions on the natural transformations in the

matrix
B (AO: JT==T'J \: T:>KT’J>

Ao JTK=T" MX\3: TK=— KT’
are compatible with the above bijections:

(1) The natural transformations A\o: JT =—=T'J such that

1 TT
/N 0
I 1 L - | - o T
J ZNJ=J ZJJ J ZxJ ZlJ=J £Z)J
| . A Ty T . |

W W
T’ T’

(2) The natural transformations \1: T == KT'J such that

1 T
| b } | 4 | b A
J Inrk=J Iarx J InK bz g IMK=J UMK
v | %719\ v | v o |
T , T 1 T T
\y 2

T/
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(3) The natural transformations \y: JT K ==T" such that

1 T
A o = | A I | o |
K ns=xr Y K InJg 1k Ins=Kk {xJ
| Vool | v | v v
T / T 1 T T
W b
T T
(4) The natural transformations \3: TK == KT' such that
1 TT
/N /YA

A A A A A A A A A
K N3 K=K NYNKK K N\3K N\K =K N\3K

| | S | | | | |
T W T 4T T
T T

DEFINITION 2.36. Let (C,T) and (C’,T') be two monads. An algebraic
morphism or, to abbreviate, an alg-morphism, from (C,T) to (C',T') is
an adjoint square (T, \,T7"): J 4K —=J 4 K, also denoted in what follows
by (J 4 K,\): (C,T) —(C',T'), such that its components are compat-
ible with the conditions in Proposition 2.35. Identities and compositions
of alg-morphisms are defined, respectively, as the Ad-identities and the Ad-
compositions of its underlying adjoint squares.

From the above definition it follows, immediately, that if (J 4 K, \) is
an alg-morphism, then (J,\g) is a Kl-morphism from (C,T) to (C’,T’) and
(K, A3) an EM-morphism from (C,T) to (C',T")

C r C C C
A A
c’ c’ c’ c’

T’ T’
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Reciprocally, if (J,;\) is a Kl-morphism from (C,T) to (C’,T') and the
functor J has a right adjoint K, then A determines an alg-morphism from
(C,T) to (C',T'). In the same way, if (K, \) is an EM-morphism from (C, T)
to (C/,T") and K has a left adjoint J, then A determines an alg-morphism
from (C,T) to (C/,T).

We now give an example of the concept of alg-morphism which has to do
with the theory of closure spaces.

ExXAMPLE 2.37. As we know, to every continuous mapping j from (A, C)
to (B, D) there corresponds a morphism of Kleisli (j[-], A) from (Sub(A),C)
to (Sub(B),D). But the functor j[-] from Sub(A) to Sub(B) has a right
adjoint, precisely j7![], i.e., the formation of j-inverse images, therefore A
gives rise to an alg-morphism from (Sub(A4),C) to (Sub(B),D). At the end
of this section, we provide additional examples of the concept of alg-morphism
connected with the fields of many-sorted universal algebra and of many-sorted
closure spaces.

DEFINITION 2.38. Let (J4K,\) and (J'4K’,\) be two alg-morphisms
from (C,T) to (C',T"). An algebraic transformation or, to abbreviate, an

alg-transformation, from (J - K,\) to (J' 4 K',\') is an adjoint square
(1,E,1): JAK —>J 4K such that 4/ S (20 \) = ¢/ 6 (N 8 =). We will
use the notation Z: (J 4K, \) ~= (J' 4 K’, ') to indicate that the algebraic
square (1,2,1): J4K —=J 4K is an alg-transformation from (J 4K, \) to
(J'HK',N).

For every alg-morphism (J - K, \): (C,T)—=(C’,T'), the identity at
(JHK, ) is the adjoint square determined by the matrix

Jn' Kn'Jon
7’]/05 7’]/K :

The vertical composition of two alg-transformations as in the diagram

(JAK,\)

T

(C,T) —(J' HK', N)—= (C', T"),

(J”_|K//, )\//)

—_ = . . d, —,fn
denoted by =’ 6 Z, is the adjoint square p’ S (2o 2).
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The horizontal composition of two alg-transformations as in the diagram

(JHEK,\) (J"HK",N")
/\ s
(C,T) = (C',T) (= (c”, 1",
v \“./
(J/_|KI, )\/) (J///_|K///, A///)

denoted by Z' ¥ Z, is the adjoint square

aél (E, fél )\///) aél =

/,Llaod()\//%lEl)aélE:,U,/
As was the case for the alg-morphisms, Z: (J 4 K, \) ~> (J' 4 K', \) is
an alg-transformation if, and only if, =y is a Kl-transformation, or Z3 is an
EM-transformation.
At the end of this section, we give examples of alg-transformations which
come from the fields of many-sorted universal algebra and of many-sorted
closure spaces.

DEFINITION 2.39. Let (J4K,\) and (J'4K’,\) be two alg-morphisms
from (C,T) to (C',T'). An Street transformation or, to abbreviate, an St-
transformation, from (J - K,\) to (J' 4 K’,\') is an adjoint square
(1,2,1): J1K — J-K such that

C r C L C C L C r C

JIHIK AN JHAK E JHK = J|H4K

[1]

JHIK N T K

/ !/ / / / /
C T C 1 C C 1 C T C
To give a Street transformation is equivalent to give a pair of natural
transformations (o, 7), with o: J/==J and 7: K==K', such that o is a
KS-transformation and 7 an EMS-transformation. It is immediate that each
Street transformation gives rise to one algebraic transformation, although not
every algebraic transformation can be obtained from a Street transformation.
The Street transformations are natural transformations between the un-
derlying functors of the corresponding alg-morphisms that have the additional
property of being compatible with the structures of the involved monads, but,
unlike the algebraic transformations, they do not make any essential use of
the monad structure of which is equipped the codomain.
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PRrROPOSITION 2.40. Monads, alg-morphisms, and alg-transformations
yield a 2-category, hereafter denoted by Mnd,y,, and there are canonical
2-embeddings Ji1 from Mnd, into Mndg;, and Jgv from Mndg, into
Mndgy. Moreover, the Street transformations between alg-morphisms yield
a sub-2-category Mnd,g s; of Mndjg.

If we leave out the 2-cells, then it happens that the category Mnd,,

of monads and algebraic morphisms is isomorphic to [ Adj (G o Mnd), the
category obtained by applying the Ehresmann-Grothendieck construction (see
[8, pp. 89—91] and [18, pp. (sub.) 175-177]) to a contravariant functor, G o
Mnd, from the category Adj, of categories and adjunctions (an extensive
treatment of the category Adj can be found in [23, pp. 103-104] to Cat. But
before proving it, since it will be used afterwards to define Mnd (a key step in
obtaining the proof itself), we next recall that each category C gives rise to a
2-category, Mnd(C), of monads on C. Concretely, Mnd(C) has (1) as objects
the monads on C, (2) for two monads T = (T, 7, u) and T = (77,7, /) on C,
as morphism of monads from T = (T,n,u) to T' = (T",7/, ') those natural
transformation A\: T'=="T" such that Aon =1’ and Aoy = p/o(A*)), and (3)
for two monads T, T' on C and two morphisms of monads A, \’ from T to T’,
as transformations from A to X those natural transformations Z: 1¢ =1,
denoted by Z: A ~= X, making commutative the following diagram

—
(=

T =A T

NE lu’
7 ———T"
0
Before stating the result to be proved, i.e., that Mnd, = Adj(Go Mnd),

we give an example of an interesting 2-category of groups which is 2-embedded
into a 2-category of the type Mnd(C).

ExaAMPLE 2.41. Let G be a group. Then G determines a monad G =
(G x (+),m, 1) on Set where: (1) G x (-) is the functor from Set to Set that
sends X to G x X and ¢: X—=Y toidg X ¢p: G x X—G x Y, (2) n
the natural transformation from Idget to G X (+) that sends a set X to the
mapping nx : X —= G x X that to z € X assigns (1,z), and (3) u the natural
transformation from (G x (+)) o (G x (+)) to G x (-) that to a set X associates
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the mapping px: G X (G x X)—=G x X that to (a, (b,z)) € G x (G x X)
assigns (ab,z) € G x X.

On the other hand, if f: G—=H is a homomorphism of groups, then
f determines a natural transformation A/ from the functor G' x (-) to the
functor H x (-) that to a set X assigns the mapping /\Q = f x idx from
G x X to H x X, and M is, in fact, a morphism from the monad G to
the monad H = (H X (-),n, /). Finally, if f,g: G—H are two conjugate
morphisms of groups, i.e., if there exists an a € H such that, for every x € G,
af(x) = g(x)a, then a determines a natural transformation =% from Idget to
H x (-), by associating to a set X the mapping 2% from X to H x X that
sends = € X to (a,z). Notice that Z® is, in fact, a transformation from M to
A since the following equality holds

=2 pX
G x x X H x (G x X) Gx X X HxX
M idg x M idg x 2% idy x 2%
Hx X — Hx(HxX) = Gx(HxX)z;—Hx(HxX)
SHxX AN x
Hx Wx
HxX HxX

Let us denote by Grp;,, the 2-category which has as objects groups, as 1-cells
morphisms of groups, and as 2-cells from f to g, with f,g: G—=H, those
inner automorphisms of H transforming f into g. Then it is easy to check
that there is a 2-embedding of Grp;,,, into Mnd(Set).

It may be readily verified, after a ghastly but wholly straightforward set
of computations, the following lemma.

LEMMA 2.42. Let J = (J, K,7,€) be an adjunction from C to C'. Then
J gives rise to a 2-functor

Mnd(J): Mnd(C’') —Mnd(C)
defined by setting: (1) if T = (T, n, 1) is a monad on C’, then
Mund(J)(T) = (KTJ, KnJ, KuJ o KTZTJ),
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(2) if \: T—=T’ is a morphism of monads on C’, then Mnd(J)(\) = K\J,
and (3) if 2: A ~> X is a transformation, with A, \': T——="T' morphisms of
monads on C', then Mnd(J)(E) = K=J o 7.

Now we extend the above construction, Mnd, to a contravariant functor
from the category Adj, of categories and adjunctions (recall that a detailed
exposition of the category Adj is given in [23, pp. 103—104], to the category
2-Cat, of 2-categories and 2-functors.

PROPOSITION 2.43. There exists a contravariant functor Mnd from Adj
to 2-Cat defined by assigning to a category C the 2-category Mnd(C) and
to an adjunction J = (J, K,7,2) from C to C' the 2-functor

Mnd(J): Mnd(C') —> Mnd(C).

Proof. Tt is immediate that the identities are preserved. Concerning the
composition of adjunctions, if J = (J, K,7,¢) is an adjunction from C to
C',J = (J,K'7,g) an adjunction from C’ to C”, and T = (T",n", u")
a monad on C”, then it is clear that (Mnd(J) o Mnd(J’))(T”) is equal to
Mnd(J’ o J)(T"). For example, for the multiplication, we have that

pMpd@MdINT) — f(K' 1" o K'TETJ')J o KK'TJ'EK'TJ'J
=KK'nJ'JoKK'TETJ Jo KK'TJeEK'TJ' J
=KK'nJ'JoKK'T( o JEK\TJ'J
— [ Mnd(@'ed)(T"),
|
As a consequence of the foregoing results, we obtain, by applying the
construction of Ehresmann-Grothendieck to the composition of Mnd with the
forgetful functor G from 2-Cat to Cat, the category fAdJ (GoMnd). Its objets
are all monads (C, T). Its morphisms from (C, T) to (C’, T') are all pairs (J, \)
where J = (J, K, 7, €) is an adjunction from C to C" and A: T—Mnd(J)(T")
a morphism of monads in Mnd(C). This category has, in addition, an obvious
projection functor mwag; from [ AdJ(G o Mnd) to Adj.
Following these preliminary results, we now prove that Mnd,, is isomor-
phic to fAdJ(G o Mnd).

PROPOSITION 2.44. The category [ Adj(G o Mnd) is isomorphic to the
category Mnd,j, of monads and algebraic morphisms.
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Proof. Both categories have the same objects. Moreover, a morphism
(J,\) from (C,T) to (C,T’) in the category fAdJ(G o Mnd) gives rise to
an adjoint square by means of the transposes of A\. By Proposition 2.35, the
conjugate pairs of such adjoint squares are, respectively, morphisms of Kleisli
and of Eilenberg-Moore, hence, the adjoint square is an algebraic morphism.

Reciprocally, given a morphism in Mnd,j, its underlying adjunction to-
gether with the 1-th component of its underlying adjoint square, give rise to
a morphism in | Adl(G o Mnd). 1

From here it follows immediately the following corollary.

COROLLARY 2.45. The forgetful functor from Mnd,, to Adj (or, what
is equivalent, the projection functor maqgj from | Adj(G oMnd) to Adj) which
sends a monad (C,T) to C and an alg-morphism (J <K, \) from (C,T) to
(C',T’) to its underlying adjunction, is a fibration.

Remark 2.46. It does not seem to exist, however, any 2-category struc-
ture on Adj such that the construction of Ehresmann-Grothendieck for 2-
functors in 2-Cat yields the 2-category of monads, alg-morphisms, and alg-
transformations (or, in particular, transformations of Street).

Since it will used in the following example, we agree to denote, for a
Grothendieck universe V such that U € V, by Mndy ., the 2-category with
objects the monads (C, T) such that C is in V, 1-cells the alg-morphisms, and
2-cells the alg-transformations between alg-morphisms.

EXAMPLE 2.47. There exists a natural embedding of the 2-category Sigy,
of signatures, polyderivors, and transformations between polyderivors, defined
in [6], into the 2-category Mndy .. The embedding sends: (1) a many-sorted
signature 3 to the monad (Set”, Tx;), where, we recall, Ts; = (T, 7, i) is the
standard monad derived from the adjunction Tx < Gx between the category
Alg(X) and the category Set”, with Ts; = Gy 0Ty, (2) a polyderivor d from
3 to A to the alg-morphism

Set® Set®

.|.
N1V | AT PN

Set” Set?
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also denoted by Tq = (HL%AE}, \), from (Set®, Tx;) to (Set”, Tp), where the

component A1 of the matrix A at X is the underlying many-sorted mapping of

(QLH(T]HT X))ﬁ, the canonical extension to T (X) of the many-sorted mapping
©

ALy ) o () x: X —=AL(TA(ITL X)),

as stated in [6], and (3) a transformation £ from d to d’ to the alg-transfor-
mation

Set® Set®

i b f i
1A EIV R | (A RV

Set” Set”

Ta

also denoted by T¢, from Tq to Tq/, where the component &y of the matrix §
at X is the many-sorted mapping {x, as stated in [6].

Let us notice that since there exists a forgetful 2-functor from the 2-
category Spf,,, of many-sorted specifications, pd-specification morphisms,
and transformations between pd-specification morphisms, defined in [6], to
Sig, and a 2-embedding of Sigy, into Mndy »g, we have that Spf,, and
Mndy . are connected by a faithful 2-functor.

From this 2-embedding and taking into account the work by Street in [30],
it follows that the polyderivors together with the transformations between
polyderivors are a concrete foundation for a two-dimensional many-sorted uni-
versal algebra.

Remark 2.48. The semantical equivalence of any two many-sorted speci-
fications, understood, by convention, as meaning the categorical equivalence
of the canonically associated categories of models, can not be properly re-
flected at the purely syntactical level of the many-sorted specifications and
many-sorted specification morphisms, i.e., can not be mathematically defined
in the category Spf. And this is so, essentially, as a consequence of the fact of
not having actually equipped Spf with a (non trivial) structure of 2-category.
Thus, if one remains anchored in the tradition of viewing Spf as being, sim-
ply, a category, then the only reasonable way of classifying many-sorted spec-
ifications from within the category Spf is through the categorical concept of
isomorphism, and not, due to structural impossibility, by means of some other
notion of equivalence between many-sorted specifications, itself being strictly
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weaker than that of isomorphism (as it would be the case if instead of having
a category, we had a 2-category). Therefore, what is really needed to settle
the problem of the equivalence between many-sorted specifications (i.e., the
problem of determining whether or not two many-sorted specifications yield
equivalent categories) is to have at one’s disposal some way of comparing
many-sorted specifications that goes, strictly, beyond the mere isomorphisms,
in the same way as equivalences go beyond the isomorphisms when comparing
categories among them. An adequate way of providing a solution to the just
mentioned problem is by constructing suitable 2-categories of many-sorted sig-
natures and many-sorted specifications, through the appropriate definitions of
the 2-cells between the 1-cells, e.g., Sig,, and Spf,,,. This two-dimensionality,
by supplying one additional degree of freedom, generates a richer world, that
opens the possibility to deal not only with isomorphic but also with adjoint
and equivalent many-sorted specifications. Thus carrying further the previous
development which was incomplete because of its restriction to categories.

We close this section by showing that M C1Sp, the category of many-sorted
closure spaces and continuous mappings between many-sorted closure spaces
(also called morphisms between many-sorted closure spaces), defined in [7]
(into which is embedded the category CISp, of closure spaces and continuous
mappings between closure spaces) is a subcategory of the underlying category
of the 2-category Mnd,, (and also a sub-2-category of the 2-category Mnd,,,
since the concept of category falls under that of 2-category).

EXAMPLE 2.49. Let (S, A, C) be a many-sorted closure space, where S is
a set of sorts, A = (As)ses an S-sorted set, i.e., an object of Set” and C an
S-closure operator on A (see [7] for more details). In the sequel, (Sub(A), C)
denotes the monad associated to (S, A,C), where Sub(A) is the category
determined by the ordered set (Sub(A), C), with Sub(A) = {X e U° : X C A}
the set of all sub-S-sorted sets of A, where X C A means, in this context, that,
for all s € S, Xs; C As, and C the monad on Sub(A) obtained from C. Let
(S, A,C) and (T, B, D) be many-sorted closure spaces. Then an alg-morphism
from (Sub(A),C) to (Sub(B),D) is an adjoint square

Sub(4) —Y - Sub(4)
fel A ST el A7
Sub(B) Sub(B)
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C C
f*l 5 ‘f* f*l N ]f*
D D
C C
Ao e A
D D

i.e., an adjunction f, - f* from Sub(A) to Sub(B) such that one of the
following four equivalent conditions is fulfilled:

1) for each X C A, f.(C(X)) C D(f.(X));

)
fH(D(f+(X)));

3

(1) (C(
(2) foreach X C A, C(X) C
(3) for each Y C B, f.(C(f*(Y))) C D(Y);
(4)

)i
4) for each Y C B, C(f*(Y)) C f*(D(Y)).

In the sequel, (fi, f*) stands for an alg-morphism from (Sub(A4),C) to
(Sub(B),D). From this it follows that a continuous mapping between many-
sorted closure spaces (see [7] for the definition of the concept of continuous
mapping) is a particular case of the concept of alg-morphism. In fact, if
(¢, 7) is a continuous mapping from (S, A, C) to (T, B, D), then the adjunc-
tions j[-] 4 j7'[] from Sub(A) to Sub((By(s))ses) and Uy s 1 Qg s from
Sub((By(s))ses) to Sub(B) (reference for the latter adjunction is [7]) deter-
mine an alg-morphism

((@:5)5: (2:5)") = (U p 231,57 [0 Ay,)

from (Sub(A),C) to (Sub(B),D). Therefore the category MCISp is a sub-
category of the underlying category of the 2-category Mind,j. Let us notice
that not every alg-morphism between the monads associated to many-sorted
closure spaces is obtained from pairs of adjunctions of the form j[-] 4771
and U% 5 1A, B. One obtains examples of this phenomenon by means of
the alg-morphisms determined by the consequence operators of Hall and of
Bénabou (concerning many-sorted equational logic and defined in [5]).
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EXAMPLE 2.50. Since Mnd,), is a 2-category, we can also consider the
concept of alg-transformation between alg-morphisms from the monad associ-
ated to a many-sorted closure space to the monad associated to another many-
sorted closure space. An alg-transformation from an alg-morphism (fi, f*) to
another alg-morphism (g4, ¢*), both from (Sub(A),C) to (Sub(B),D), is,
simply, an adjoint square

Sub(A) Sub(A) f*t = ig* f*t /N TQ*
D D
1 1
Sub(B) Subl(B) f*T N lg* f*T s Tg*
D D

Thus from (fx, f*) to (g«, g") there exists an alg-transformation if, and only
if, one of the following four equivalent conditions is fulfilled:

1) for each X C A, g.(X) C D(f«(X));

(1)
(2) for each X C A, X C g*(D(f«(X)));
(3) foreach Y C B, g.(f*(Y)) € D(Y);
(4) for each Y C B, f*(Y) C g*(D(Y)).

Remark 2.51. The forgetful functor from MCISp to MSet, the category
of many-sorted sets and many-sorted mappings, i.e., the category with objects
all pairs (S, A), where S is a set and A an S-sorted set and morphisms from
(S, A) to (T, B) all pairs (¢, f), where ¢: S——=T and f: A—(By(s))ses;
has left and right adjoints and constructs limits and colimits. Therefore all
of the results stated by Feitosa and D’Ottaviano in [10] (compare with those
stated a long time ago by Brown in [3], by Brown and Suszko in [4], and by
Porte in [28], especially those in Chapter 12, pp. 83-96) that have to do with
closure spaces, continuous mappings, optimal and co-optimal lifts, and com-
pleteness and co-completeness of the category CISp fall, as a very particular
case, under those for the category MCISp, since their “logics” are nothing
more nor less than ordinary (not many-sorted) closure spaces. Besides, by
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defining the appropriate subcategories of MICISp, the many-sorted counter-
parts of the remaining results in [10] are also, easily, provable from the above
generalized theory about many-sorted closure spaces and morphisms between
them.

3. ADJUNCTIONS AND MONADS

Our main concern in this section is to obtain from a 2-category Ad, of
adjunctions, two new 2-categories of adjunctions, Adgk; and Adgy, which
will allow us to extend to two 2-functors the classical, and well-known, con-
struction that assigns to an adjunction a monad, and all in such a way that
the classical constructions of Kleisli and Eilenberg-Moore are left and right
biadjoints, respectively, for these 2-functors. Moreover, the morphisms and
transformations of Kleisli and of Eilenberg-Moore between monads will be
characterized, respectively, as the image of morphisms and transformations
of Kleisli and of Eilenberg-Moore between the adjunctions. Finally, we define
a 2-category Ad,,, of adjunctions, algebraic squares, and algebraic transfor-
mations, and prove that there exists a canonical 2-functor Mdaj, from Adgig
to Mndalg.

DEFINITION 3.1. Let F' 4G be an adjunction from C to D, F/ 4G’ an
adjunction from C’' to D', and (J, 4, H), (J',', H') two adjoint squares from
FAHG to F'4G". Then a transformation from (J,0,H) to (J',¢',H') is a
natural transformation 7 from H to H'.

ProrosiTION 3.2. Adjunctions, adjoint squares, and transformations be-
tween adjoint squares yield a 2-category, hereafter denoted by Ad.

Proof. 1t is sufficient to define the identities as

G
C T D
F

(-
/o~
(OB S|
Q3
N——
—

Q
=@
)
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and the composition in Ad of two adjoint squares
(L,\H): FAG—=F'4G" and (J', N, H'): F'4G' —=F"4G",
as the adjoint square

(FHG, (J' TN &\ H'H), F"4G"),

fi . .
where X o \ is the matrix

iy [ N0 (G HEHF)X M)
(A (F"IIG)  (GH)(I'N)

Moreover, for the transformations of adjoint squares there are identities, hor-
izontal compositions, and vertical compositions, defined like those of its un-
derlying natural transformations. [

DEFINITION 3.3. Let F' 4G be an adjunction from C to D, F/ 4G’ an
adjunction from C’ to D', and (J, 4, H), (J',d', H') two adjoint squares from
FHG to F'4G’. Then a transformation 7 from (J,d, H) to (J',0', H') is a
transformation of Street if there exists a natural transformation o: J=—.J’
such that the pair (o,7) is compatible with the respective adjoint squares.
Since the transformations of Street are stable under composition, we obtain
the corresponding sub-2-category Adg; of Ad determined by the transforma-
tions of Street.

Not every adjoint square, understood as a morphism of adjunctions, gives
rise to a morphism between the monads associated to the corresponding ad-
junctions. However, for a definite class of adjoint squares such an association
is possible.

DEFINITION 3.4. We say that an adjoint square (J,6, H) from F 4G to
F'4G' is an adjoint square of Kleisli or, for brevity, a Kl-square, if its 0-
th component, &g, is a natural isomorphism. Since the Kl-squares are stable
under composition, we obtain the sub-2-category Adyg; of Ad which has as
0-cells those of Ad, as 1-cells the Kl-squares, and as 2-cells those of Ad.

We next prove that from the 2-category Adk; to Mndg,, the conjugate
2-category of Mndy;, there exists a 2-functor which assigns to an adjunction
its corresponding monad, to a Kl-square a Kl-morphism of monads, and to a
transformation of Kl-squares a Kl-transformation. But before doing that we
state the following lemma.
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LemMA 3.5. Let (J,0,H): F4G—=F G’ be a Kl-square. Then the
following diagrammatic equations are fulfilled

m
S S
Jl Y lJ = Jl % lj

/ / — 11—
F G o
F/ 77 !

o/
G F
|51 L
Hl %, ;1 Sy LH = Hl H, lH
7G/%¢7F/4> %1
Ve
1

Proof. For the first equation it is sufficient to remark that

In
e
U,n 1 <= 1
Jl %y g % ij = JhY H L g = Jl Tz l,]
¥ i , ¥
- — 1 —
7 e N ,
1 = 1 - Vn'/
¥ ¥

F’ G

The proof of the second equation is formally identical. i
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PROPOSITION 3.6. There exists a 2-functor Mdg; from the 2-category
Adg to the 2-category Mnd, which sends: (1) an adjunction (F-G,n,¢)
to the monad (G o F,n,GeF), (2) a Kl-square (J,d, H) to the Kl-morphism
(J, \s), where \s is G35 ' 0 03F, and (3) a transformation T from (J', &', H')
to (J,6, H) to the Kl-transformation Z7 = G'6;"' o G'TF o §4F o J'n.

Proof. Let (J,6,H): F4G—F' 4G’ be a Kl-square. From Lemma 3.5
it is a simple matter to verify that the natural transformation

F G

C D C
—1 ‘
7 %z g % |y
¥
C/ F/ D/ G/ C/

is a Kl-morphism of monads.
The compatibility with the identity and the compositions is immediate.
By Lemma 3.5, Z7 is a transformation, since

F G
\
J 'y 5 /S T~ _G 51 —
\HY e S~ 0y S T g
AT L2 T AN N VA SN
PN/ ) HEH B
€ G \/
1 G’
G F
\
N,
(550 7 =1\ I oy s NG
J Y /7' , =G \ H<H 53’/J5’_1\\\
N\ H=H B, ~_ - \,>\/ ; O zpr 8\
\,>\/ H’c%\ F F / v J
F / ! T~ /
1\ ﬂ/F \/
e —

The compatibility with the 2-identities is immediate. Also the compati-
bility with the horizontal composition is immediate, making use of the alter-
native definition of the horizontal composition of Kl-transformations. For the
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vertical composition, we have that

/
, / \\
\ H¢H t J’ %, 1 \\ Z i Iy 0N
ey NN

F / \ J”
\/ P

The transformations of Street between Kl-squares are carried into Kl-trans-
formations of monads under the action of the 2-functor Mdy,, and we denote
by Mdgkg the bi-restriction of Mdk; to Adks and Mndks. The action of
Mdks on a transformation of Street (o, 7) is the mapping

J/<:J,515//\\ /\%}

\/ H<:H’53 /\ — J\<:/J/ /Z\?é/ )\5 /\

J <:J’

WARNES
\\‘]§/ O\F’>\/

Remark 3.7. The 2-functor Mdy is obtained by composing the 2-functor
from Adg; to Kl that forgets all components of the Kl-squares with the ex-
ception of the first one, and the 2-isomorphism between Kl and Mndy,

Our next objective is to prove that the 2-functor Mdy; has a left biadjoint
which is, essentially, obtained by composing the 2-isomorphism from Mndf,
to Kl with the 2-functor which embeds Kl into Adg; by assigning: (1) to
an object of Kl its corresponding adjunction of Kleisli, (2) to every 1-cell
the Kl-square obtained through the natural transformations transpose of the
identity of the commutative square corresponding to the 1-cell, and (3) leaving
invariant the 2-cells. From this it follows that the full sub-2-category of Adi;
determined by the adjunctions of Kleisli is a co-reflective sub-2-category of
Adg;.
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PRroOPOSITION 3.8. There exists a 2-functor Kl from the 2-category
Mndy, to the 2-category Adg; which sends: (1) a monad (C,T) to the
canonical adjunction (Fr,Grt), (2) a Kl-morphism (J,\) of monads to the
Kl-square (J, 0y, Hy), where Hy is the functor associated to A by the bijection
in Proposition 2.4 and J) the adjoint square determined by the corresponding
commutative square, and (3) a Kl-transformation Z: (J,\) ~> (J', \') to the
transformation 7= associated to = by the bijection in Proposition 2.16.

The transformations of Street between Kl-morphisms of monads are car-
ried into transformations of Street between Kl-squares under the action of the
2-functor Kl, and we denote by Klg; the bi-restriction of Kl to Mndkg and
Adks.

PRrOPOSITION 3.9. The 2-functor Kl is a left biadjoint for the 2-functor
Mdg;.
Mdy;
—_—>
Adk T Mndg;
Kl

Proof. We want to prove that for every adjunction there exists a universal
morphism from the 2-functor Kl to it, i.e., that if 4G is an adjunction, with
associated monad T, then there exists a Kl-square

EFHG - F’H‘—|GT—>F—|G
such that, for every monad (A, M) and every Kl-square
(J,0,H): Fiu4Gu—> FAG,

the Kl-morphism of monads (J, As): (A,M)—(C, T) is, up to isomorphism,
the unique for which there exists an invertible transformation

O5: (J,0, H) = cepyc o KI(J, \s)

Fri -G (A, M)
J, 8, H
KI(J, )\5) Os ( ) (J, )\6)
©z
Fr4Gp —— o FAG (C,T)
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and that, for every transformation 7: (J',d', H')—=(J,d, H), the Kl-trans-
formation Z7 from (J, As) to (J’, As) is the unique that makes the left-hand
side diagram of the following figure commutative

FM—|GM (A, M)
’_‘ J (5 H R (J/ 5/ H/) (J’ )\5) ; (J/’ )\é‘/)
Kl J X))\ \ ‘ /

1(J, As) 5 !
Ny
95/ \\\ (C,T)

Fr4Gr

i.e., such that 0507 = e KI(Z) 0 by.

Let FHG be an adjunction from C to D and T its canonically associated
monad. Then, from the functor L: KI(T)—D, the comparison functor
of Kleisli, we get the Kl-square (1,6", L) from Fr 4 Gt to F - G, by the
commutativity of the following diagram

F G
C kT —2 ¢
1 L 1
C——%—>D—F—~C

and the fact that the identity natural transformations in the squares of the
above diagram are mutually conjugate. The Kl-square (1,6%, L) is the value
of the counit of the biadjunction looked for on F 4G. Let M be a monad on A
and (J, 0, H) a Kl-square from Fyy 4Gy to F4G. Then Mdk(J, 6, H) = (J, As)
is a Kl-morphism of monads. Let (J,dy,, Hy,) be its image under the functor
KI. Then we have the situation described by the following diagram
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F G
A Ki(M) A A A M A
)
J HM[ Only
J H J
(53¢ J )\5& J
C Fr — KI(T) GT6T> C
3
N L\ B N
C———C
C 7 D G C T

Let 65 be the mapping that to a K1(M)-object a assigns the D-morphism
(65 Da: HFRyi(a) —= FJ(a).

Thus defined 65 is a natural isomorphism between the functors H and Lo H);.
Let us verify that it is an invertible transformation in the 2-category Ady;.
Let f: a—=a’ be a KI(M)-morphism. The functor H), assigns to f the
KI1(T)-morphism which corresponds to the following C-morphism

J(f) (Aé)a’

J(a) JGyFy(a)

GFJ(d),

and the comparison functor of Kleisli L assigns to every KI1(T)-morphism g
from ¢ to ¢’ the D-morphism L(g) = ep(s)0 F(g): F(c)—F(c), as depicted
in the following diagram

F(g)

ER(ce!
Fle)—2 . par(d) —2

F(d).

Therefore L o Hy,(f) is the D-morphism from FJ(a) to F'J(a’) in the com-
mutative diagram

FJ(a) FI) FJGuiF(a') o) FGFJ(d) EF D FJ(d)
A

(Fo3Fu) (FGo o D

FGHF]\/H<CL/) HFM(G/>
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But it happens that eH o Fd3 = Hep 0 0gGum

1
m
h\égy y — 1\5071 H
—G——F
Nt S !
1
therefore L o Hy,(f) is
FJGuFu(d)
FJI(f) | .
FJ(a) — (60Ci Fi ) HEu(a) 0% p )
J/ %M)a’

H Fy Gy Fu(d)

On the other hand, we have that Fii(f) = (ma)amr@ © f = Fu((mv)ar) © f,
and, therefore, that

(HemFiv)ar © HEwi(f) = (HemFi)ar © HFyvi((mv)ar) © H(f)
= idgpa) 0 H(f) = idg@) o H(f) = H(f).

Consequently the following diagram commutes

Lo Hy(f)

( FJ(f) (60Thv)ar (HepFig)a (6 o W
FJ(a) —— FJTy(d) HFyTy(d') —— HFy(d) — FJ(d))
T T T
(501)11 (501TM)a’ 1 1 (601)11’
H(Q)HFm(f)HFMTM(a/) (HemFun) o H(@)
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where Ty stands for Gy Fy and, by the definition of the functor Fy; from
A to K1(M), for each A-object a, it happens that H(a) = HFy(a). Thus
05 is an invertible transformation from (J, 8, H) to (1,6%,L) o (J, 85, Hy,)-
Furthermore, if (J',\): (A,M)—(C,T) is a Kl-morphism and ¢’ an in-
vertible transformation from (J, 8, H) to (1,6%, L) o (J', 6y, Hy), then (J, \s)
and (J',\’) are isomorphic. This is because Mdg; (6’ o 95_1) is an invertible
Kl-transformation in Mindg; from (J, \s) to (J', ') as shown by the following
diagram

(1, 2s) = (J,Am,,) = Mdia((1,6%, L) o (J, 05, H,))
MdKl(Q(;l)
Mdx(J, 6, H)

Md;(0")

Mdki((1, 6%, L) o (J', 05, Hy)) = (J', Amr,, ) = (J, N)

Next, let 7: (J', 8, H')—=(J, 6, H) be a transformation. Then Mdg;(7)
is, precisely, the Kl-transformation 2™ = G§; 1 o GTFyp o005 FyoJ'my, obtained
as shown in the following diagram

Let us put 7= = KI(Mdg(7)). We claim that §507 = epig7= 0fs. However,
to state this equation it is sufficient to verify that 7065 = L= o8y, i.e., that
the following diagram commutes
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For every KI(M)-object a, 7= is the KI(T)-morphism that corresponds to
the C-morphism =], hence we have that

L7 (a) = L(Z]) = L(GS;" 0 GTFug 0 84 Fug 0 J'mia ),

i.e., the action at a of the natural transformation of the diagram

M
Syt h d3
H/ J/
N 4 H\& Z
F G e F
1
and that, therefore, is equal to
FJ' GyFy FGH Fy
FJ'nu ‘ / ‘
EJ F§iFy FGrFy FGd;"

T -

eF'J
FGH'Fy FGFJ
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But 05 Fy o J'my = Gdg o nJ’, since

1
v
F
Hl 5é J/ J/ 66 H/
Z _ Y
G F G
A1
1
hence the considered natural transformation is
FnJ' FGo
FJ —— FGFJ —— FGH'Fy
|
FGTFM
| res
FGHFy— 2 pary £ py

i.e., the natural transformation of the diagram
/{51\\
J/ &7 H/ \//_\

which is equal to 6, o 7Fy o 6. Then we have that
0507)a = (65 a0 Ta = (65 )a o (TF)a
= (65 o TRy o8y o8y )a
= (L7570 05)a.

47
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Let us verify, finally, that the uniqueness is also fulfilled. If = is a Kl-trans-
formation from (J, As) to (J', \s) such that 65 o 7 = L7= o fs/, then

T

MdKl(TET) o MdKl(H(;/) = MdKl(lL o1 o 05’)

— MdK](lL (0] TE [¢] 95/)
= Mdg(7%) o Mdki (),

but Mdk;(fs ) is an isomorphism and, consequently, we have that

27 = Mdk(r77) = Mdg(75) = E.
1

On the ground of an argument by symmetry it is obvious that everything
we have done in this section based on the Kleisli construction, from Definition
3.4, about the concept of Kl-square, to Proposition 3.9, about the fact that
the 2-functor Kl is a left biadjoint for the 2-functor Mdg;, has a parallel
development founded on the Eilenberg-Moore construction. For this reason
we next restrict ourselves to state the counterparts of the above concepts
and constructions and to leave it to the reader to verify the corresponding
propositions.

DEFINITION 3.10. We say that an adjoint square (K, ¢, H) from F' 4G’ to
FAG is an adjoint square of Eilenberg-Moore or, for brevity, an EM-square,
if its 3-th component, d3, is a natural isomorphism. Since the EM-squares
are stable under composition, we obtain the sub-2-category Adgy of Ad
which has as 0-cells those of Ad, as 1-cells the EM-squares, and as 2-cells
those of Ad.

We next show that from the 2-category Adgy to Mndj,, the transpose
2-category of Mindgy, there exists a 2-functor which assigns to an adjunction
its corresponding monad, to an EM-square an EM-morphism of monads, and
to a transformation of EM-squares an EM-transformation. But before doing
that we state without proof the following lemma (which is, for the EM-squares,
the counterpart of Lemma 3.5).

LeEMMA 3.11. Let (K,8,H): F' 4G’ —=F 4G be an EM-square. Then
the following diagrammatic equations are fulfilled
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1
m X
S g —

KT NN TK = KT o TK

\

F G’ *1?
F\Uﬂ
G F C/% .

—1
o1 A S
HT@K%AO]H = gl N7 g
7G,$‘7F/‘>
1

PROPOSITION 3.12. There exists a 2-functor Mdgy from the 2-category
Adgy to the 2-category Mindl,, which sends: (1) an adjunction (F-G,7,¢)
to the monad (GoF,n,GeF'), (2) an EM-square (K, 6, H) to the EM-morphism
(K, X\°), where X° = 05 ' F" 0 G&y, and (3) a transformation  from (J, 8, H) to
(J',8', H') to the EM-transformation =, = 84" F' o GTF' 0 Géy o nK.

Proof. Since the method of proof is formally identical to that we have
already used, for the case of Kleisli, in Proposition 3.6, the proof is left to the
reader. |

The transformations of Street between EM-squares are carried into EM-
transformations of monads under the action of the 2-functor Mdgyr, and we
denote by Mdgyms the bi-restriction of Mdgym to Adks and Mndgys.

Remark 3.13. The 2-functor Mdgy is obtained by composing the
2-functor from Adgy to EM that forgets all components of the EM-
squares with the exception of the first one, and the 2-isomorphism between
EM and Mnd,,.

The 2-functor Mdgy has a right biadjoint, EM, which is, essentially,
obtained by composing the 2-isomorphism from Mnd}y; to EM with the
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2-functor which embeds EM into Adgy; by assigning to an object of EM its
corresponding adjunction of Eilenberg-Moore, to every 1-cell the EM-square
obtained through the natural transformations transpose of the identity of the
commutative square corresponding to the 1-cell, and leaving invariant the 2-
cells. From this it follows that the full sub-2-category of Adgy determined
by the adjunctions of Eilenberg-Moore is a reflective sub-2-category of Adgnm.

PROPOSITION 3.14. There exists a 2-functor EM from the 2-category
Mnd};, to the 2-category Adgn which sends: (1) a monad (C,T) to the
canonical adjunction (FT,GT), (2) an EM-morphism of monads (K, \) to
the EM-square (K,0*, H*), where H” is the functor associated to A by the
bijection in Proposition 2.21 and §* the adjoint square determined by the
corresponding commutative square, and (3) an EM-transformation E from
(K, ) to (K',\) to the transformation = associated to = by the bijection in
Proposition 2.29.

The transformations of Street between EM-morphisms of monads are car-
ried into transformations of Street between EM-squares, under the action of
the 2-functor EM, and we denote by EMg; the bi-restriction of EM to Mndgs
and AdEMS-

ProrosiTION 3.15. The 2-functor EM is a right biadjoint for the 2-
functor Mdgy.
EM
Adgm T Mnd},
Mdgm

Proof. Since the method of proof is formally identical to that we have
already used, for the case of Kleisli, in Proposition 3.9, the proof is left to the
reader. |

An adjoint square (J,\,H): F 4G—F' 4G can simultaneously be a
Kl-square and an EM-square, in which case we call it a KIEM-square. Let us
notice that then the following diagram commutes

F G

C D C
|
J H J
v
C’ D’ C’

F’ G
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and that the pair (J, H) is a transformation of adjunctions as defined by
Mac Lane in [23]. Adjunctions, KIEM-squares, and transformations yield a
2-category, hereafter denoted by Ady,, and it is the common sub-2-category
of AdKl and AdEM.

For the concept of monad we also have a corresponding notion of KIEM-
square as stated in the following definition.

DEFINITION 3.16. Let (C,T) and (C',T’) be two monads. A KIEM-
square from (C,T) to (C',T') is a functor J: C——=C’ such that: (1) the
following square commutes

C r C
J| lJ
C/ T/ C/

(2) Jn=n'J, and (3) p'J = Jp.

Such a KIEM-square is a Kl-morphism from (C, T) to (C’, T’) and also an
EM-morphism from (C’,T') to (C,T). Moreover, the KIEM-squares yield a
2-category, hereafter denoted by Mndy,,, which is the common sub-2-category
of Mind§;, and Mndly,;.

From Adi, to Mndy, there exists a 2-functor Mdy, (obtained by bi-
restriction to Ady, and Mndy,). Likewise, it is easy to check that the mor-
phism of adjunctions of Kleisli (respectively, of Eilenberg-Moore) determined
by a KIEM-square between monads is a transformation of adjunctions, there-
fore the 2-functors Kl and EM can both be bi-restricted, respectively, to 2-
functors Kly, and EMy, from Mndy, to Adt,, and that, consequently, Kl is
a left biadjoint and EM, a right biadjoint for the 2-functor Mdyy,.

The existence of transformations, as defined by Mac Lane in [23], between
adjunctions (associated to algebraic theories) is not, however, the only possible
in algebraic contexts. It often happens that there are pairs of adjunctions
such that their underlying categories are also, in its turn, mutually related
by adjunctions. In this connection we point out that the following three
statements are equivalent: (1) there exist a Kl-square from F 4G to F' 4G’
and an EM-square from F’' 4G’ to F 4G, such that the underlying functors
are, two by two, mutually adjoints, (2) there exists a Kl-square from F'-G to
F' 4G’ such that the underlying functors have right adjoints, and (3) there
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exists an EM-square from F' 4G’ to F -G such that the underlying functors
have left adjoints.

The above situation has a more concise description in terms of an square
composed by adjunctions, and it is, in fact, equivalent to the existence of a
certain natural isomorphism in such an square.

DEFINITION 3.17. An algebraic square is a diagram of categories and ad-
junctions as in

where (o, 3) is a conjugate pair of natural isomorphisms from H o F4G o I
to F'o JHAK o G'.

/HOF\ /GOI\
C fo D Up c
T pesT T Ke@

PROPOSITION 3.18. Given an algebraic square as in Definition 3.17, each
one of the natural isomorphisms

a: F'J=—HF, 7' KG'=—GI,a ': HF=—F"J, and §: GI —> KG'

gives rise to an adjoint square

F F
| o e
G J % H J iﬁ H
C_ T _D ! I !
F ‘ F/ G/
J A® H
el G G
c D’ VI N Y
F’ J = fj J N lll
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F
[ A
G K X' 1 K & I
C_T D | | |
F F/ F/
K At I
Vel F G
¢_ T D P b !
! T
e G
F F
PR
) m Uxe™'r
c——~p I |
] 1 7 7
JH| Ky H|H|T
F F
(o4 D’ a1
S s
F’ F
G G
X |
. J NT g Kk I\ H
C D ! -
G G
JA}K AP HHI
G G
C/ G/ D/ ‘

J UA@IK@ I

G’ G’
Moreover, each one of the natural transformations in the above diagrams
univocally determines the remaining natural transformations.
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Remark 3.19. The concept of algebraic squares can be defined alternative,
but equivalently, as a diagram of adjunctions and functors as in 3.17, together

with a matrix
5= Ao N
A2 A3

of adjoint squares which is compatible with the involved adjunctions, where
the compatibility is defined by stipulating that (Ao, A2,3) and (A1 3, A33) are
inverse natural isomorphisms and (g, A1,3) and (A2,3, A3.3) conjugate pairs.

DEFINITION 3.20. Let

G G
C T D and C T D
F F
JIH4|K (o,8) HI|A|I JIHIK (,8) H|A|T
G’ el
c’ T D’ C’ T D’
F’ F

be two algebraic squares. An algebraic transformation from the former to
the latter is a conjugate pair 7 = (r9: H' == H,7: [=—>1I') from H -1 to

H'AHI'. We agree that a diagram of the shape

/\\

JAK  JHK

\ /e @ A

HAI T H'AI'
F'4G \ /

represents an algebraic transformation between two algebraic squares

as above.

ProrosITION 3.21. Adjunctions, algebraic squares, and algebraic trans-
formations yield a 2-category, hereafter denoted by Adag.
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Proof. Identities and compositions of transformations are defined as those
of its conjugate pairs. 1

DEFINITION 3.22. Let us consider two algebraic squares as in Definition
3.20. Then a transformation of Street from the former to the latter is a
pair (o, 7), where o = (0¢,01) is a conjugate pair of J 4K in J' 4 K’ and
7 = (10, 71) & conjugate pair of H-TI in H' I’ compatible with the algebraic
squares, i.e., such that

C 141 C FHG D C FHG C 141 D

| (eeo) | (@p | @) | ) |
JHAK' #Z J4AK #Z HAHI = JAK' #Z H'AI' # HAI

| | | ! | |
/ / / / / /
C—151 ¢ e ? C e ¢ TP

We agree that a diagram of the shape

/N

HK o JHK'

\ /s n

HAI T H'AT

N/

represents a transformation of Street between two algebraic squares as above.
Identities and compositions of transformations of Street are defined by
means of those of its conjugate pairs.

From the above definition it follows, immediately, that to every transfor-
mation of Street there corresponds an algebraic transformation (by forgetting
its first component). The sub-2-category of Ad,, determined by the trans-
formations of Street is denoted by Adag ;.

We notice that to every algebraic square there correspond two adjoint
squares: one of Kleisli and another of Eilenberg-Moore. In addition, every
transformation between algebraic squares determines two transformation: one
between the associated squares of Kleisli and another between the associated
Eilenberg-Moore squares.
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It also happens that to every Kl-square such that its underlying functors
have right adjoints there corresponds an algebraic square, and if between two
such Kl-squares we have a transformation, then it, in its turn, gives rise to a
transformation between the associated algebraic squares.

We point out that the situation for the EM-squares is, abstractly, identical
to that of the Kl-squares, i.e., to every EM-square such that its underlying
functors have left adjoints there corresponds an algebraic square, and if be-
tween two such EM-squares we have a transformation, then it, in its turn,
gives rise to a transformation between the associated algebraic squares.

PROPOSITION 3.23. From the 2-category Ad,y to the 2-category Adg,
there exists a 2-functor

Ad,, I Adg,
C FAHG C \"G)
J—|K/ \J’—|K’\;D\ J/ \J’ /D\
(a7 ) /, / — o o
\c’/ <aH/i ; o \C/ AT ) Ln),
MD/ MD/

where \* and A% are, respectively, the adjoint squares determined by « and
o/. The 2-functor Ik is injective on the objects, pseudo-injective on the
morphisms, i.e., for every Kl-square its fiber consists of isomorphic algebraic

squares, and faithful and full on the 2-cells.

Proof. The 2-functor Ik is: (1) pseudo-injective on the morphisms since for
adjunctions J4 K and J-K’, we have that K = K’ and, therefore, J4 K and
JAK' are isomorphic in Ad,, (2) faithful on the 2-cells since the conjugate
pairs are unique, and (3) full on the 2-cells since every transformation between
algebraic morphisms gives rise to a corresponding conjugate pair. |

PROPOSITION 3.24. From the 2-category Ad,; to the 2-category Adly
there exists a 2-functor
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I
Adayg = Adpyy

JAK JHK' / \ K K

Oé,,B —1 /—1 / \
\ / — \ / PCAY: -
H—|I T H' AT

I =17

M/ M/

where A" and A% are, respectively, the adjoint squares determined by 57!
and ﬁ’_l. The 2-functor Igy is injective on the objects, pseudo-injective on
the morphisms, and faithful and full on the 2-cells.

Finally, we have the following proposition.

PROPOSITION 3.25. From the 2-category Ad, to the 2-category Mnd,,
there exists a 2-functor

Md
Ad,, e Mnd,,

JA/K\MK'\ J—|/\J/4K’\\
\/a, ’6’/\ — \/)\ S-Sy 5/\

HAI ™ H'ATI JAK JHK'

M/ N/

where A, g) is the adjoint square
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F G F G
FLI 0 VN L A j«
c Gl | |
F’ G’ F’ G
J —WK J —|TK
F G F G
/ !/
Teer ;T( W8 E Ny ;Tg \\f‘glj— W j(
| b | |
F’ G’ F’ G
A(a,p) the corresponding adjoint square, and E; the algebraic transformation

from A, ) to A\ gy defined as follows =, = (Aﬁl%T%)\Ml)%ﬁn, and obtained

as shown in the following diagram

C L C
1141 v 1141
non
c—F —~p—1 .p ¢ .¢

JIHIK x' H|A|I T H|4|Ir N JI|H|K’

C/ F/ D/ 1 Dl G/ C/

Proof. By Proposition 3.18, the natural transformations in the image of an
algebraic square are mutually transpose and constitute, therefore, an algebraic
morphism of monads. Alternatively, an easy verification shows that A, g =
A Ao

The proof that =, is, effectively, an algebraic transformation is formally
identical to the proofs that =™ and =, are, respectively, transformations of
monads of Kleisli and of Eilenberg-Moore.
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The preservation of identities and compositions follows likewise from those
of its components. i

Remark 3.26. The 2-functor Md,js has not, generally, a left adjoint. How-
ever, for some sub-2-categories of Mnd,js, Mda has a left adjoint. For ex-
ample, for the full sub-2-category of Mnd,, determined by the categories of
the form Set® where S is a set (of sorts), Md,e has a left adjoint, as stated
in [6].

EXAMPLE 3.27. To every many-sorted signature ¥ = (S,%) there corre-
sponds the adjunction Ts; 4 Gy from Set® to Alg(X). To every polyderivor
d from X to A, which, as stated in [6], yields an adjunction d H dy, from
Alg(X) to Alg(A), there corresponds an algebraic square between the asso-
ciated adjunctions. Finally, to every transformation £: d ~> e from a poly-
derivor d to another e, both from 3 to A, there corresponds a transformation
between the algebraic squares associated to the polyderivors. This follows
from the fact, stated in [6], that to every transformation £: d ~> e there cor-
responds a natural transformation Alg,,(€) from the functor dy, to the functor
€, Which, in its turn, leads to the corresponding 2-cell in Ad,)g. Therefore
we have two canonical 2-embeddings of the 2-categories Sig,, and Spf,, into
the 2-category Ad,g.

Remark 3.28. We think that our work can be transferred, without any
conceptual problems, to the setting of 2-categories. However, we have pre-
ferred to formulate the results of this article in the present way, since this
presentation might be clearer, more accessible, and even in this generality it
covers already enough examples and applications.
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