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Abstract: The present paper mainly gives some new applications of Berezin symbols. In
particular, the Berezin symbol is used in approximation problem for H°-functions. We
study also asymptotic multiplicativity of the Berezin symbols. Moreover, we study the
solvability of some Riccati operator equations of the form XAX + XB — CX = D on the
Toeplitz algebra 7, which is the C*-subalgebra of the operator algebra B(L2) generated
by the Toeplitz operators {T, : g € H°} on the Bergman space L2(D). We characterize
compactness of truncated Toeplitz operators A, = Pk, T, | Ko, p € L>(T), in terms of
Berezin symbols. The spectrum of model operators ¢(Mpy), p € H*, is localized in terms of
the so-called Berezin set by proving that o(¢(Ms)) C closBer(o(Mp)). Reducing subspaces
of n-tuple of invertible operators on the Hilbert space H are described.
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1. INTRODUCTION AND NOTATIONS

The Hardy space H? = H?(D) is the Hilbert space consisting of the ana-
lytic functions on the unit disc D = {z € C: |z| < 1} satisfying

21

1 D)
I£1I5 := sup o | f(re)|” dt < +oc.
0<r<1 27T Jo

For A € D, the reproducing kernel (Szegd kernel) of H? is the function k) € H>
such that f(\) = (f, ky) for every f € H?. The normalized reproducing kernel

ky is the function 22—, It is well known that k) (2) = (1 — Xz) ' The set

A
lexll2

of bounded linear operators on the Hilbert space H is denoted by B(H).
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For ¢ € L*(T), where T = 0D = {{ € C : |[¢| = 1} is the unit circle,
the Toeplitz operator T, with symbol ¢ is the operator on H 2 defined by
T,f = Pi(¢f); here Py is the orthogonal projection from L*(T) onto HZ.
Note that if ¢ € H* (the set of all bounded analytic functions on D), then
T, is just the operator of multiplication by ¢ on H 2,

For A € B(H?), the Berezin symbol (transform) of A is the complex valued
function A on D defined by

AN = <A@A,E,\>.

It is well known (see Zhu [24], Engli$ [8] and Karaev [14]) that ip = ¢, where
© denotes the harmonic extension of ¢ into the unit disc D.

Often the behavior of the Berezin transform of an operator provides im-
portant information about the operator itself. For example, it is well known
(see, for instance, Zhu [24], Fricain [9] and Yang [23]) that in most functional
Hilbert spaces of analytic functions, including Hardy and Bergman spaces, the
Berezin symbol uniquely determines the operator, that is A = B if and only if
A = B. It is also known (see Nordgren and Rosenthal [19]) that compact op-
erators on the so-called standard functional reproducing kernel Hilbert spaces
are completely characterized by the boundary behavior of Berezin symbols of
their unitary orbits.

In the present paper we mainly study some new applications of Berezin
symbols. In particular, the Berezin transform is used in approximation prob-
lem for H*°-functions (see Theorem 1 in Section 2). In Section 3 of this
article, we study the asymptotical multiplicatively of the Berezin symbols. In
Section 4, we consider the Riccati equations of the form

XAX+XB-CX =D

with bounded operators A, B, C, D on the Bergman space L2 (D) and study the
solvability of such operator equations on the Toeplitz algebra 7 which is the
C*-subalgebra of B(L2) generated by {T, : g € H*}. Section 5 characterizes
the compact truncated Toeplitz operators (which are defined by A, = Pg, T, |
Ky for any symbol ¢ € L*°(T) and inner function #) in terms of Berezin
symbols. One important subclass of truncated Toeplitz operators is the class
of model operators (My), p € H*, of Sz. -Nagy and Foias. In Section 6,
we give in terms of the so-called Berezin set some localizations of spectrum of
model operators ¢(My) by proving that J((p(Me)) C Ber ((p(Me)). Section 7
describes the reducing subspaces of n-tuple of invertible operators on a Hilbert
space H, which is important in the invariant subspace problem for H.
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Before giving the results of this paper, let us introduce some necessary
notations. The symbol H* = H*°(ID) denotes the Banach algebra of functions
bounded and analytic on the unit disc D equipped with the norm || f||, =
sup,cp |f(2)|. A function § € H* such that |6(¢)| = 1 almost everywhere in T
is called an inner function. It is convenient to establish a natural embedding
of the space H? in the space L? = L?(T) by associating to each function
f € H? its radial boundary values (bf)(¢) := lim,_;- f(r¢), which (by the
Fatou Theorem [12]) exist for m-almost all ¢ € T; where m is the normalized
Lebesgue measure on T. Then we have

H*={felL?: f(n)=0, n<0}

where f(n) = Jr C" f(¢)dm(¢) is the Fourier coefficient of the function f. We

denote

sz{f€L2:f(n):0,n20}

If p € L*° = L*>°(T), then the Hankel operator H,, is defined by H,f = P_¢f,
f € H?, where P_ = I — P,. The harmonic extension of function ¢ € L™ is
denoted, as before, by the symbol ¢, and the space of all bounded harmonic
functions on D is denoted by h*°(ID). For any inner function  the model space
is defined by Ky = H?>Q0H?.

The Berezin set and Berezin number of the operator A € B(H?) is defined
respectively by

Ber(A) = Range(ﬁ) = {g()\) : A € D}

and N
ber(A) :=sup {|A(\)| : A € D}.
The symbol W (A) denotes the numerical range of the operator A € B(H?),
and w(A) its numerical radius (see Halmos [11]):
W(A) = {(Az,2) : [z, = 1}
w(A) = sup { [(Az,z)| : [|z], = 1}.

2. APPROXIMATION OF H®-FUNCTIONS

In this section we consider an approximation problem for H°°-functions
© on level sets of inner functions # using Berezin symbols of some operators
associated to ¢ and 6.
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THEOREM 1. Let ¢ € H™,|lp|l,, < 1, be any function, and § be any
nonconstant inner function. For any nonzero A € {I;} := {B € B(H?) :
BTy = Ty B} (the commutant of the Toeplitz operator Ty) we denote

Nyo,a = To(I — ATyTy)

For any arbitrary but fixed € € (0,1), let L.g := {z € D : |0(2)| < €} be an
e-level set of 6. Then

Hgo —N, ,Q,AHLM(LS’&) < EQbGT(A).
In other words,

e — NSD,GvAHLOC(LE’G) =0(%) ase =0

~ 2\4
Proof. Let ky(z) = % be the normalized reproducing kernel of the
Hardy space H?. Then we obtain:

N%Q,A(A):< @eAkA,kA> < (I - ATgTa)k,\,k:)\>

< T kx, k > <TAT9T9/<:,\,k,\>
(50}~ (A0 )
xs @(A)lﬂ> 90N <Ak:A,T;9EA>
() = eW)|IN)[* (Aka. )

= (V) (1~ BV AN)

thus

Neo,a(\) = o(A) (1= 10N * A(N))

for all A € D. From the last formula we obtain that

|2(N) = Npo,aW)] = [AN] [N O < llpll o ber(A) ()]
< ber(4)|6(A)]*

for all A € D. In particular,

[p(A) — Nog,a(N)| < ber(A)e?
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for all A € L. g, and hence

Hgo — N%@AHLW(LE,Q) < ber(A)E?, 0<e <1,

which proves the theorem. |

In the next section, we give another application of the operator Ny, 4.

3. ON THE ASYMPTOTIC MULTIPLICATIVE PROPERTY OF THE BEREZIN
SYMBOL ON THE HARDY AND BERGMAN SPACES

This section focuses on the asymptotic multiplicative property of the
Berezin symbol Aofa given operator A on the Hardy and Bergman spaces.

Recall that the Berezin symbol is called asymptotically multiplicative on
B(H () ) if limy_g0 (AB(X) — A(A\)B())) = 0.

Note that a complete investigation of a multiplicative property of the
Berezin symbol A of a given linear operator A : H () — H (Q), where H ()
is a functional Hilbert space of analytic functions on a region €2 in C", ap-
parently, was started by Kili¢ in [17]. Namely, Kili¢ showed that (see [17,
Theorem 1) AB = AB for all B in B(H (Q)) if and only if A is a multipli-
cation operator M, where ¢ is a multiplier; moreover, ¢ = A. In particular,
Kili¢ proved [17, Corollary 2] that if A is a bounded operator on the Hardy
space H?, then ZE()\) = A(\)B()) for all B in B (H?) if and only if A is an
analytic Toeplitz operator T, ¢ € H*. Moreover, ¢ = A.

Here we will prove that if T, (¢ € L>(T)) is any Toeplitz operator on the
Hardy space H? and B is an arbitrary operator on H?, then limy_, (TTP_B()\) —

@(A)B(X)) = 0. A similar result is proved also for the Bergman space opera-
tors. (For practical results on when the Berezin symbol is asymptotic multi-
plicative on B (L2), see Axler and Zheng’s paper [4]). Our argument mainly
is based on the following lemma (see Engli$ [7, Theorem 6] and Karaev [14,
Lemma 1.1]) which shows that the normalized reproducing kernels ky of H?
are, loosely speaking, asymptotic eigenfunctions for any Toeplitz operator T,
p € L>(T).

LemMA 1. Let ¢ € L*(T) and let ¢ be its harmonic extension (by the
poisson formula) into D. Then T ky — @(A)ky — 0 radially, i.e.,

o =0

liII% HTSD/]{\T@“ — 6(7"6“)7{7\7,6“
N

for almost all t € [0, 2m).
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THEOREM 2. Let ¢ € L*(T), and A € B(H?) be an arbitrary operator.
Then

(ToAM) ~ To(N)AN) — 0
as A — T radially.

Proof. Since ip = @, by applying Lemma 1, we have:
T,AN) - T, AW = <T@AEA, Fa) = 80 <A%A, )|
- b ) (a0

- <Ak,\,T kx — BO\E >’

IN

A s B0

IN

Al | 758 — BB, — 0
as A — T radially, which proves the theorem. |

It is not difficult to see that in case A = Py, where E C H? is an arbitrary
closed subspace, Theorem 2 essentially improves Proposition 2.3 of [15]. Before
stating our results in the Bergman space, we will begin by recalling some
notations and well known facts.

Let dA denote Lebesgue area measure of D, normalized so that the measure
of D equal 1. Recall that the Bergman space L2 = L2(D) is the Hilbert space
consisting of the analytic functions on D that are also in L?(D,dA). For
z € D, the Bergman reproducing kernel is the function ky(z) = (1 — Az)~?2
The normalized reproducing kernel for the Bergman space L2 is denoted by

7<:\>\( ) = I3 ?IZ) For A € B(L?), its Berezin symbol (transform) is the function

A on D defined by A(\) = (Aky, k). For u € L™(D,dA), the Toeplitz
operator T, with symbol u is the operator on L? defined by T, f = P(uf),
where P is the orthogonal projection from L?(D,dA) onto L2.

The Berezin transform @ of a function u € L*>°(D, dA) is defined to be the
Berezin transform of the Toeplitz operator T}, i.e., u = Tu, and hence

() = /D u(2)[Ex(2) [ dA(2)

The Berezin transform of a function in L>° = L*°(D, dA) often plays the same
important role in the theory of Bergman spaces as the harmonic extension of
a function in L>°(T) does in the theory of Hardy spaces.
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Following by Axler and Zheng [4], note that the Toeplitz algebra 7 is
the C*-subalgebra of B(L2) generated by {T, : g € H*}. We let U denote
the C*-subalgebra of L>°(D,dA) generated H*. It is well known (see [4,
Proposition 4.5]) that U equals the closed subalgebra of L>° generated by the
set of bounded harmonic functions on D. Although the map w — T, is not
multiplicative on L*°(D,dA), the identities T;; = Ty, T3T,Tf = Tgus hold for
allu € L>® and g, f € H*. This implies that 7 equals the closed subalgebra of
B(L?) generated by Toeplitz operators with bounded harmonic symbols, and
that 7 also equals the closed subalgebra of B(L2) generated by {T} : u € U}.

It is well known that (see Ahern, Floers and Rudin [1] and Englis$ [7]) a
function in L*°(D, dA) equals its Berezin transform if and only if it is harmonic.

The following two results are due to Axler and Zheng (see [3, Corollary 3.4
and Corollary 3.7]).

LEMMA 2. If u € U, then u — u has nontangential limit 0 at almost every
point of OD.

LEMMA 3. If w € U, then the function \ — HTu,u(A)EAHLQ has nontan-
gential limit O at almost every point of 0.

Now we are ready to state our results concerning Bergman space operators.

THEOREM 3. Let u be a bounded harmonic function on D, and A : L2 —
L2 be an arbitrary bounded operator. Then the function

T A — T,(N)A()
has nontangential limit 0 at almost every point of 0.

Proof. As mentioned above, ﬁ = % = u. Then, by using Lemma 3, we
obtain:

ToA(N) — Tu(A)E(A)] - ‘<TUAEA,EA> —u(N) <AEA,EA>’

= {4k T, )| < 14)

T—U_U(A)k;AHLg 0

as A approaches to JD nontangentially for almost all points of dD, which
proves the theorem. |
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THEOREM 4. Let u € U, and A € B(L2) be an arbitrary operator. Then
the function - L
TuAN) — Tu(N)A(N)

has nontagential limit 0 at almost every point of JD.

Proof. Since T,(A\) = @(A), using Lemmas 2 and 3, we have:

jﬂ&m—jumﬁgw:ﬂ@@ﬁhk>—mm<M5ﬁQ‘

:‘<AEA,T ()m>\<uAn Tz,
u(N)+(u(A) - u(A))E ‘ L2
< |14 (HI’ kAH +—H((A))Z&)Lg>

ok

~ a1 (|

as A tends to D at almost every point of JD, which proves the theorem. |

) +Mm—mm)ﬁo

4. ON SOLVABILITY OF THE RICCATI EQUATIONS

The present section is devoted to the solvability of Riccati equations on
the Toeplitz algebra 7 defined previously in Section 3.
We will consider Riccati equations of the form

XAX+XB-CX-D=0 (1)

with bounded operators A, B, C, D on the Bergman space L2(D).

We recall that the solvability of Riccati equations in concrete operator
classes is one of the important problems in operator theory. Namely, if Py
denotes the set of all orthogonal projections from a Hilbert space H onto its
closed subspaces and A € B(H) is an arbitrary operator, then the existence
of a nontrivial solution of the Riccati equation

XAX = AX

in Py is equivalent to the solution of the well-known invariant subspace prob-
lem in the Hilbert space H.
The main result of this section is the following theorem.
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THEOREM 5. Let B = Tf, C = T, be Toeplitz operators on L2, where
u,v € H® are nonconstant functions, and let A and D be linear bounded
operators on the Bergman space L. Let T, v € B(L?) be a Toeplitz operator
with o € U.

(a) If T,, is a solution of the Riccati equation (1), then the function

AN (BN)? + (1) = v(N)FA) — D(A)

has nontangential limit 0 at almost every point of T =0D.

(b) Assume that the following two nonzero nontangential limits Ap(¢) :=
limy et A(N) and Dy (¢) == limy et D()) for almost all ¢ € T exist and
verify

(@) = v(Q)* + 4A4n(Q) Drt(C) = 0 )
for almost all ¢ € T. If T,, satisfies the Riccati equation (1), then
(Du©))
— 4 | IS
#lo) ' (Ant(O)

for almost all ( € T.

Proof. (a) If T,, € B(L2) is a solution of equation (1), then considering
that the Berezin symbol uniquely determines the operator on the Bergman
space L2, for every A\ € D we have:

0= <(T AT, + T,TF — T,T, D)k:A,kA>
- <T AT, kA,k:A> + <T T*@A,E,\> <T T k:A,kA> < >
- <AT Fx, T kA> <T k:A,kA> <T T, b > <Dk:A,k:A>
= (A((T, = BNk + EOVEA) Tbr ) + (V) — ()T
- <A k), Tp k:,\> () (Aky, Tk —:()\)lﬂ +$(A)kk>
+ (u()) ) 5(N)
:< e l@A> ()\) <AkA, N )kA>
+ (@(A)) + (u(X) = v(A)B(A) = D)
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AN BN + @) = vW)EN) = DO) = (A(Tay-okn). Tk )

e Mo
+ PN (Akx, Ty 5y k)

for all A € D. It is easy to see that Lemma 2 and Lemma 3 imply that the
function \ — HTw—ﬂ ,\)k:,\H ;> has nontangential limit 0 at almost every point

of T. Then we have from equality (3) that

AN (E0)* + (@) = v(0)F(A) ~ DY)
< NANTAN Ty aonEall 3 + IAllber(T,) | T,

sookall =0

at almost every point of T, which proves (a).

(b) If Ty, is a solution of the Riccati equation (1), then by Lemma 2 and
item (a), we obtain that ¢(¢) = ¢(() exists at almost every point ¢ € T and
satisfies

At(Q#*(€) + (T(¢) = v(¢))@(¢) = Dne(¢) =0

for almost all ¢ € T. This equality can be written as

2 _ 2 ~ ~
A E(C) - U(C) _ (U(C) - U(C)) + 4Ant(C)Dnt(<)
eld) (*O(O PR ) } 1Zn(0) |
which gives by virtue of condition (2) that
_v(Q) —u(Q)
" 2 _ _5nt(o

- 1
which implies that ¢(¢) = % <§LE8> * for almost all ¢ € T. This proves (b).
nt

The theorem is proved. |

Now we will consider the solvability of the following equation in the set of
Toeplitz operators on the Bergman space L2:

XiTy + XoTp, + -+ X1y, =1,
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where T,,,,© = 1,2,...,n, are given Toeplitz operators on the Bergman space
L2. Again, by applying Lemmas 2 and 3, we will prove here the following
theorem.

THEOREM 6. Let ¢1,@a,...,pn € U. If there exists functions 1,1, . .
1y, € U such that

* )

TwlTﬂﬁl —+ -+ TwnTwn =1,

where Ty,,T,,(i = 1,2,...,n) are Toeplitz operators on L2, then

essinf (lp1]+ -+ lpn]) > 0
Proof. Since
T¢1T901 + - +T1Z1nT90n =1,

we have:

—_~— —_—~—

1= Ty, Ty N+ 4 T, T (V) = (T T ) + -+ 4 (T, Ty o )
= (ToiJon T ) + -+ (Tp B T )
_ <T¢17<:\>\,il(/\)%> ot <T%Ek,in(x)ﬁk> + <T¢1EA,TE1EA - il(A)%A>
o (T or, T, By — 0, (V)
= B NT V) + -+ SN, ) + (T T = o)

Tt <T%’”’ Tm—in(x>k*>

=P (N)GIA) + -+ U (N Bn(N) + <T<p1k» Tm’@

4t <T¢nkA,Tm )\>
Therefore
L [BIE ] + -+ [Fa N [8a)] + [Tl | T
1Tl |y
< |G MBI+ + [PV |[BaN)] + o1l oo Hme L2
+ llenll poo Hkak‘ L2
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By applying Lemmas 2 and 3, we have that the functions A\ — HTWE)‘ H 12
(¢ =1,...,n) have nontangential limits 0 at almost every point of T (this claim
can be considered as the Bergman space analog of Engli§’s result [7, Theo-

rem 6]). Then we have from the last inequality that

1< [ Q[1(Q)] + - + [ (Q)|[n(Q)]
< Nl oo (ry |01 + -+ + ¥l oo (ry |00 (O]

for almost all { € T, which shows that

1

X >0
max{ ||Tr[}l||LOO('H~) 01 <1< n}

essint(Jo1 Q)]+ + [ea(€)]) 2

which proves the theorem. |

5. A CHARACTERIZATION OF COMPACT TRUNCATED TOEPLITZ OPERATORS

In this section we characterize compact truncated Toeplitz operators in
terms of Berezin symbols. Namely, we will prove the following theorem.

THEOREM 7. For ¢ € L®(T), let T, : H*> — H? be a Toeplitz operator
and A, := PyT, | K¢ be a truncated Toeplitz operator, where Py := Pk, =
I — TyT5 is the orthogonal projection of H 2 onto Kg. Then A, is a compact
operator if and only if

~ U_lKg
)\hnjlf <PU1K9U_1A¢U ) ()\) =0

for all unitary operators U € B(H?).

Proof. Let us set B := A,Py. Clearly B € B(H?). For every unitary
operator U € B(H?), we have that

U'BU =U A PU = (UT'ALU) (U PU) = U AU Py,

By considering that Py-1x,kx = ky-1g, 5 for every A € D, where ky(z) =
(1 — Xz)~ ! is the reproducing kernel of the Hardy space H? and ky-1g,a 1s
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the reproducing kernel of U1Ky, we have:

U-TBU()) = <U‘1BUEA,EA> - <U‘1A¢UPU_1K9E,\,EA>
1

[\

= (1= [\*) (U AUky 15, Pu-1ic ki + (I = Py, )k )

== (1 - ’)\|2) [<U_1AAPU]£U*1K9,>\>kalKg,)\>
+ (U A Uky—1 ¢y 0o (I — Py-1g¢,)ka) |-

(UV A UPy-1p¢,kx, kx)

It is not difficult to see that
<U_1A<pUkU*1K9,)\a (I - PUflKo)k:)\> =0.
Indeed,
(U AUk, 5, (I — Py-1gc,) k)
= (AU (U'PU) ky,U — U (U PU) ky)
= (A, PyUky, (I — Pp)Uky) =0
because A,PyUky € Ky and (I — Py)Uky € 6H?. Thus

—_—~—

ULBUN) = (1= |A?) (U A Ukp-1x, 20 k15, 00

=(1-A?) |‘kU*1K9,/\H§ <U_1A90U7€\U*1K9,)\7/]C\UflKg,A>
——— UK,
= (1= AP) [fho- a3 U140 (),

or L . e UKy
U-1BU(\) = (1 — |\l ) HkalKg,,\HQU_lAch (N

for all A € D. On the other hand,

ko-1ryally = | Pr-tico ka3 = (P, ons in)

= kall3 (Porrae, Fas )
1 ~

= —— Py, (A
1—|A|2 U 1K9( )

and hence ) B
A= M) Jkr-1monlly = Po-1k,(A), A€D
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Therefore

—_— U_lKg

U-1BU (\) = Py1g, NUTALU (A), (AeD) (4)

for all unitary operators U € B(H?). It is clear that B € o (H?) (the
Schatten-Neumann ideal of compact operators on H?) if and only if A, €
00o(Kp). Then, by virtue of a well known theorem due to Nordgren and Rosen-
thal [19, Theorem 2.7] and equality (4), we assert that A, is compact in Kjy
if and only if

lim, (Py1g,(\).UTALU(N)) =0

for every unitary operator U € B(H?), which proves the theorem. i

6. SOME RESULTS FOR THE SPECTRA OF MODEL OPERATORS
©(Mp) AND TOEPLITZ OPERATORS

One of important subclass of truncated Toeplitz operators is the class of
model operators ¢(Mjy) of Sz-Nagy and Foias [22] defined by

©(My)f = Po(of), f € Ko,

for every function ¢ € H*.
In this section, we give in terms of the Berezin set some localizations of
spectrums of model operators p(Mjp). Namely, we will prove that o (¢(Mg)) C

Ber(ga(Mg)). We also localize the numerical range of Toeplitz operators on
the Bergman space L2.

Before giving our results, let us give some necessary definitions, notations
and auxiliary results, which can be found, for example, in the book [18, Chap-
ter 3] of Nikolski.

Let 6 be an inner function. By the spectrum o(6) of § we mean the
complement (with respect to the whole closed disc D) of the set of all points
A, A € D, such that the function % can be continued analytically into a (full)
neighborhood of .

Furthermore,

Z0):={r eD: 6\ =0}

is the set of all zeros of 6 and supp p denotes the support of the measure (any
measure) fi.
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If 6 = B.exp ( - gfz d/f(()) is the canonical factorization of 6, then

o(6) = Z(8) U supp p* = {A eD: lm 0(C)] = o}
¢(—A, CeD

and

o(Mg) = o(0), op(My) =o(6) "D = Z(0),

where My = Pyz | Ky is the model operator.
Spectral mapping theorem for ¢(My) says that if 6 is an inner function
and ¢ € H*, then

(o)) = {c e Coint (1)1 + lota) - cal) =of )

THEOREM 8. For every ¢ € H* and inner function 6 we have o (p(My)) C
Ber(p(Mp)) and o, (p(Mp)) C Ber(p(Mp)).

Proof. Since the reproducing kernel of the subspace Ky = H? S 0H? is the
function

kpa(2) = W

and i; = 1; for every function ¢ € L>(T), where Ty, is the Toeplitz operators
on the Hardy space H?, it is not difficult to prove that (see, Karaev [14])

A = (M) 2 TR ) = T (()=000) ()

for all A € D, which shows that

Ber(p(Mp)) = Range (11|9|2(g0 = 9;@)) .

It follows from formula (6) that

P

o(2) = (1= 10 ()17 ) o(My)(2) + 0(2)00(2). (7)

Formula (5) means that

() = {¢ € € lim () = ¢ A€ o(0)}.

z—A
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Then it follows from (7) that

lim  p(z) =¢
z— A, A€o (0)

if and only if

—_—

z— A, A€o (0)

which clearly means that for every ¢ € o(p(My)), ¢ € Ber(p(Mp)), that

is o(¢p(Mp)) C Ber(p(Mp)). Since o(X) = (p(Mp))(N) for every X € Z(0)
(see formula (7)) and op,(¢(Mp)) = ¢(Z(H)), we obtain that op,(¢(Mp)) =

P

©(My)(Z(#)), and hence o,(p(My)) C Ber(¢(Mp)), which completes the
proof of theorem. |

THEOREM 9. Let Ty, ¢ € L*°(D), be any Toeplitz operator acting on the
Bergman space L%, and let W(T,,) denote the numerical range of T,,. Then

W(T,) C clos U Range(|g|2<p), (8)
g€E(L2)1NH>

where (Lg)l ={fel?: 11l 2 = 1} is the unit sphere of the space L2 and

|lg|? ¢ is the Berezin transform of the function |g|* ¢ € L°°(D).

Proof. Let ky(z) = (1- ])\]2)(1 — A2)~2 be the normalized reproducing
kernel of the Bergman space L2(DD). Then for every f € (L2); N H> we have:

(Tof. 1) = (P(of). f) = (of. f) = / (=) |f (=) dA(2)
= [P [Ra()aA) = (T, ko o)

—_—

— o1 F%(0) € Range(o |f1),

and therefore, (To.f, f) € Uge(r2),nme Range(¢ 1912), and thus (T, h,h) €

closUge(r2y,nme Range(p \9\2) for every h € (L?)1, because H* is dense in
L2. This gives inclusion (8). The theorem is proved. [

Since o(T,) C W(T,), the following is an immediate corollary of inclu-
sion (8).
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COROLLARY 1. o(Ty,) C closUye(r2),nmeo Range(gp\g\Q) for every Toep-
litz operator T, with ¢ € L*®(D), on the Bergman space L2.

7. ON THE REDUCING SUBSPACES FOR n-TUPLE OF
INVERTIBLE OPERATORS

Let H be a separable complex Hilbert space and A be a bounded linear
operator on H. We recall that a reducing subspace of A is a common invariant
subspace F C H for A and A*, that is AE C E and A*E C FE, or equivalently,
AE C E and AE* Cc E+, where EL := HO E.

In the present section, we will consider the n-tuples of invertible operators
(A1, Az, ..., A,) and describe in terms of normal operators their reducing
subspaces.

Note that the study of common invariant subspace of pairs (Ni, Na) of
nilpotent operators N1, No of index 2 on H plays a key role in the problem
of the existence of nontrivial invariant subspace for Hilbert space operators.
Namely, one of the equivalent forms of the invariant subspace problem for
Hilbert spaces is the following (see [21, Theorem 1]): any operator on a Hilbert
space H has a nontrivial closed invariant subspace if and if only every pair
of nilpotent operators of index two on H has a common nontrivial invariant
subspace. In [2], the reader can find many results concerning the existence of
common invariant subspace of some quadratic operators (see [2, Theorem 3
and Corollary 9]. For more related results see also [16]).

Before giving our results, we recall that every invertible operator A € B(H)
induces an inner automorphism a4 of B(H) defined by

aa(X):=AXA™Y X e B(H).

THEOREM 10. Let (A1, Ag,...,A,) be a n-tuple of invertible operators
A; € B(H),i =1,2,...,n and E C H be a closed nontrivial subspace (i.e.,
{0} # E # H). Then E is a reducing subspace for the n-tuple (A1, Aa, ..., Ay)
if and only if there exist an integer k > 2 and a nonzero operator T' € B(H)
such that:

(a) aq,(T)=TF (i = 1,2,...,n);7

(b) T is a normal operator with R(T) = E and o(T) C {z € C: 2% = 2}.

Proof. If E C H reduces Ay, As,..., Ay, then PpA; = A;Pgp (i = 1,2,
...,n), where Pg is an orthogonal projection onto E, that is, P%Ai = A;Pg,
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or ayu,(Pg) = P2 (i =1,2,...,n). From this, by setting k = 2 and T = P,
immediately follows the necessity of the theorem.

Conversely, from the equalities a4,(T) = T* (i = 1,2,...,n) (see con-
dition (a)) it is easy to obtain that o(T*) = o(T). Then, by using condi-
tion (b), we have that o(T%) = {z*:2 € o(T)}, and hence o(T" — T) =
{z¥ —2z:2€0(T)} = {0}. Since T¥ — T is a normal operator, this means
that 7% — T = 0 (because for the normal operator its norm and spectral
radius coincide), that is 7% = T. By considering this, from (a) we have

TAZ:AZT, (1:1,2,,n) (9)
Then, by Fuglede-Putnam theorem we have

TA: = AT, (i=1,2,...,n) (10)

The equalities (9) and (10) imply that R(T) is a reducing subspace for the set
(A1, Ag, ..., A,), and thus by condition (b) E is a reducing subspace for the
n-tuple (Aj, A, ..., Ay). The theorem is proved. N

COROLLARY 2. Let 0 be an inner function other than a linear fractional

transformation, T,,09,7 = 1,2,...,n, be the invertible Toeplitz operators on
H? with p; € L*(T), i = 1,2,...,n, and E C H? be a nontrivial closed
subspace. Then E is a reducing subspace for the n-tuple (Ti5,00, - - -, T, 00) if

and only if there exist an integer k > 2 and a nonzero operator T € B(H?)
satisfying

(a) ar,,,(T)=TF (i=1,2,...,n);

b) T is a normal operator with R(T) = E and o(T) C {z € C: zF = 2}.
(b) p

We recall that the existence of nontrivial reducing subspaces of Toeplitz
operators Ty¢ is proved by Nordgren for ¢ € H* [20, Theorem 2] and by
Karaev for ¢ € L*>(T) [15, Theorem 1].

COROLLARY 3. Let Ny, No,...,N, € B(H) be nilpotent operators and
E C H be a nontrivial closed subspace. Then E is a reducing subspace for
the n-tuple (N1, No, ..., Ny,) if and only if there exist an integer k > 2 and a
nonzero operator T' € B(H) such that:

(a) aryn, (T) =TF (i = 127n)

b) T is a normal operator with R(T) = E and o(T) C {z € C: zF = 2}.
(b) p
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In conclusion, we recall that in [10] Halmos has shown that if H is finite-
dimensional, then every invariant subspace of nilpotent operator N on H is
the range of an operator from the commutant of N, i.e., E € Lat(N) if and
only if E = XH for some X € {NV} . For infinite dimensional H the finite
dimensional invariant subspace of nilpotent operator N is described by Barraa
and Charles in [6]. Namely, they have shown that every finite-dimensional
E € Lat(N) is the range of an operator from the commutant {A'} of A. The
hyperinvariant subspaces of nilpotent operators in Banach space are described
in [5].
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