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Abstract: Tt is well known that the construction of Voronoi diagrams is based on the notion of
bisector of two given points. Already in normed linear spaces, bisectors have a complicated
structure and can, for many classes of norms, only be described with the help of topological
methods. Even more general, we present results on bisectors for convex distance functions
(gauges). Let C, with the origin o from its interior, be the compact, convex set inducing a
convex distance function (gauge) in the plane, and let B(—z, z) be the bisector of —x and z,
i.e., the set of points z whose distance (measured with the convex distance function induced
by C) to —z equals that to z. For example, we prove the following characterization of the
Fuclidean norm within the family of all convex distance functions: if the set L of points x in
the boundary AC of C that create B(—z,z) as a straight line has non-empty interior with
respect to OC, then C' is an ellipse centered at the origin. For the subcase of normed planes
we give an easier approach, extending the result also to higher dimensions.
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1. INTRODUCTION

It is well known that for the construction of Voronoi diagrams the notion
of bisector of two given points is fundamental. To construct bisectors in
Fuclidean spaces is an elementary task, but to investigate them in general
normed spaces can be, from the geometric and topological viewpoint, very
difficult, since bisectors can even be full-dimensional sets. For results on
bisectors and Voronoi diagrams in normed linear spaces we refer to the survey
[14]. Here we want to prove some new theorems on bisectors for convex
distance functions, which are more general than respective statements for
norms. More precisely, for a planar convex body C' taken as unit ball of a
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C
Figure 1: A planar convex body and the corresponding gauge.

convex distance function (gauge) we show the following: If the set L of all
points x in the boundary of C that create their bisectors B(—x,z) (see the
definition below) as straight lines has nonempty interior with respect to that
boundary of C, then C'is an ellipse centered at the origin. An easier approach
to that characterization of Euclidean geometry, which is also available for
higher dimensions, is applied to the subcase when C' is centrally symmetric
with respect to the origin, i.e., when the gauge v¢ (see the definition below)
is a norm.

Let C C R? be a convex body (i.e., a compact, convex set with non-empty
interior intC') satisfying o € intC', and 0C be the boundary of C. The gauge
(or Minkowski functional) ¢, defined by

Yo R? —» R
x —inf{A > 0: x € \C},

has the following properties (see Figure 1 and, for instance, [7, p. 128-130]):

1. vo(x) >0 Vo eR2

2. y¢(x) = 0 if and only if z is the origin o,

3. v¢(Ax) = Me(x) Yr e R2 )\ >0,

4. yo(z +y) < yolz) +yc(y).

The convex distance function dc(-,-) induced by C' is then defined via
~vo(x) by:

do(y, =) = ye(r —y).

Clearly, dc (-, ) satisfies the following properties.
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1. de(y,z) =do(y + z,x +2) Vz,y,2 € R?
2. de(ay,ax) = ade(y,z) Ya > 0.

Notice that dc(-,-) is not necessarily symmetric, i.e., in general do(p,q) #
dc(g,p). The distance function de(-,-) is symmetric if and only if C' is sym-
metric with respect to the origin o, in which case y¢ is a norm.

By [p, q] we denote the segment (possibly degenerate) between two points
p,q € X, by [p,q) the ray with starting point p passing through ¢ (p # q),
and by (p, q) the line passing through p and ¢ (p # q).

For each point 2 € 9C, we denote by 2~ the point in which the ray [z, 0)
intersects OC'. Also, each point x € 9C' is associated with a number pu, > 0
such that = = —pu,x. Let u and v be two linearly independent points in 0C.
Then we call the set

arc(u,v) := {Au+pv: \,pu>0}NoC

the (minor) arc of OC connecting u and v. Let L be the set of points = in
0C such that B(—z,z) is a straight line, where B(—x, ) is the bisector of —x
and x, which is defined by

B(—z,7):={z € R? 1 dc(~z,2) = dc(z,2) }.

More generally, the bisector B(p,q) of two distinct points p and ¢ is defined
by
B(p,q) = {2z € R? : dc(p,z) = dc(q, 2) }.

Due to various applications (such as Voronoi diagrams, see [5], [12], and
[13]), bisectors are deeply studied in Computational Geometry. But also in
Minkowski Geometry they play an increasing role; see [8], [9], [14], and [16].
Of course, since the convex distance function is not necessarily symmetric,
there are other ways to define bisectors. For example, we can put the set

B'(-wz,z):={z ¢ R? : dc(z,—x) = de(z,2)}.

to be the bisector of the points —x and x. One can easily verify that B(—z, x) =
—B'(—x,x).

The set L introduced above can be empty, even if C' is symmetric with
respect to the origin. Such an example can be found in [10, Example 2.1].
The aim of the paper is to show that, if the interior of L with respect to 0C
is not empty, then C is an ellipse centered at the origin.
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In Section 2 we deal with the general planar case, namely when C' is not
necessarily symmetric with respect to the origin. Extending our investigations
also to higher dimensions, we study in Section 3 the special case when C is
symmetric with respect to the origin o. Benefiting from recent results in
Functional Analysis, our approach in Section 3 is much easier. It is also
working for the case when C' is the unit ball of an infinite dimensional real
normed linear space, in which case C' is a bounded closed (but not compact)
convex set with non-empty interior, which is symmetric with respect to the
origin.

2. THE GENERAL CASE

The results in this section hold for R2. We note that if € L, then
= = —pgzx € L, which can be easily seen from the following equality:

B(— iz, pa) = pa B(—2, ).

The following lemma describes the relation between the structure of a
bisector and a property of 0C.

LEMMA 2.1. (cf. [13, Lemma 2.1.1.1, Corollary 2.1.1.2]) Let  be a point
distinct from o. Then B(—z,x) is homeomorphic to a line if and only if there
is no non-trivial segment contained in OC and parallel to (—z, x).

By Lemma 2.1, if B(—z,x) is homeomorphic to a line, then the two sup-
porting lines of C' which are parallel to the line (—z,z) intersect C, in each
case, in precisely one point.

LEMMA 2.2. If x € L, then there exist precisely two points n, and s; in
O0C such that the lines ny + (—x,x) and sy + (—x,x) are the two supporting
lines of C' which are parallel to (—x,x). Moreover, o € [ny, ss|.

Proof. First, since B(—x,z) is a straigth line, there exist precisely two
points n, and s, in 9C such that the lines ny + (—z,z) and s, + (—z,z) are
two supporting lines of C'. For each point z € B(—x, z) we have the inequality

a(z) :=do(—x,2) =dc(o,z + x) < dc(o,z) + 1. (1)
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Also, we have

de(o,2) = dc<0, %(z +x)+ %(z - :U))
< dc (o, %(z +2)) +deo, %(z ~ ) (2)
_ %dc(—x, )+ %do(x, 2) = %a(z) + %a(z) ~ al2)

From (1) and (2) it follows that

L2 de (0’ a(lz)z) = dCCl(C;foz’)zJ)r 1

1
a(z)

Thus, when d¢ (o, ) tends to infinity, d¢ (0, z) tends to 1. In the meantime,

since a(z) = do(—=x, z) = do(x, 2),
1

do <0, @@J + 1‘)) =dg (0,

Thus ﬁz is the midpoint of the chord [a(lz) (z+x), a(lz (z — z)] of C which
is parallel to (—z, x).

Denote by H; and H, the two open halfplanes bounded by (—z,z) and
containing n, and s, respectively. If {z,}22, is a sequence contained in
H} N B(—x,x) such that dc(o, z,) tends to infinity, then —#2~ tends to n,

(2n)
since [ 2’@5 , 2’6;5] is a chord of C parallel to (—z,z), whose midpoint af;n)

~

has distance to the origin tending to 1. Similarly, if {2,}32, is a sequence
contained in H; N B(—z,x) such that dc(o, z,) tends to infinity, then a(zgn)
tends to s,.

Next we show that o € [n,, s;|. Suppose that this is not true. Then we can
suitably choose a pair of lines [ and [’ from the following four lines: the two
supporting lines of C' which are parallel to (n,, s;) and the two lines parallel to
(ng, s;) and passing through x and —z, respectively. “Suitably” here means
that the other two lines lie between them. Without loss of generality, we
may assume that [ and o are separated by the line (n,,s,). We denote by
X" the halfplane bounded by [ which does not contain C. From foregoing
discussions, there exist two points z; and 29 in B(—xz,x) such that z; lies
in the halfplane bounded by (—z,z) containing n,, and z lies in the other
halfplane containing s,. These two points z; and 2o can be chosen so that
m and m are “sufficiently close to” n, and s, respectively. Here
“sufficiently close to” means that the rays [o,z1) and [o, z2) both intersect .
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Also, the numbers d¢(0,21) and de(o, 22) can be chosen large enough such
that 2y and 29 are both in X*. Then the line (z1,29), which is precisely
B(—=x,z), intersects the line (—z,x) but does not touch the relative interior
of the segment [—x, z]. This is impossible and leads to a contradiction. [

By Lemma 2.2, we can associate each x € L with two points n, and s,
such that

1. ng + (—z,z) and s, + (—x,z) are the two supporting lines of C' which
are parallel to (—x, x);

2. ng is contained in the part of 9C that connects  with ™ counterclock-
wise.

LEMMA 2.3. If x € L, then

Proof. First we show that B(—=z, x) is parallel to the line (n,, s,). Suppose
to the contrary that this is not true. Let {2} C B(—=x,z) be a sequence, which
is contained in the halfplane bounded by (—z, ) and containing n,., such that

ILm dc (o, zn,) = co. We claim that

. Zn
i ey Bkl
Zn
a(zn)

which is a contradiction to the fact that tends to ny (cf. the proof of

Lemma 2.2). Otherwise,

where p is the point of intersection of the lines (ng,s;) and B(—z,z). By
Lemma 2.2, 0 € [ng, sz|. It follows that the lines (ng, s;) and B(—=x,z) coin-
cide, which is a contradiction.
Next we show that ;Z tx € B(—z,z), which follows directly from the
equations
1— g 2y 2
dc(a:, T MIQ:) =do (0, 1y qua:) =17 uxdc(o, — Uz )
22
1+ Kz 1+ Uz

de (o, x)
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Figure 2: The definition of ref,(z).

LEMMA 2.4. If x € L, then, for each number € R,

do (o, - 12‘;:{; + ﬁnz) — do (o, 1+2uf + an). (3)

Proof. From Lemma 2.3 and the relation o € [n,, s,] it follows that, for
each number § € R,

1— g,
x4+ fn, € B(—z,x).
it fn, € B(-r.x)
Thus
— Ha l_ﬂx
d (0, T+ pn —:U)zd (o, T+ fn +x>,
C 1_‘_”33 /3 T C 1+,Uz 6 T
from which (3) follows. 1
Let z be a point in L. For any point z = az+ fny = ——az~ + fn, € R2,

Ha
set (see Figure 2)

—Laz+ Bng, a<O0,

ref,(z) = { Ha

axr” + PBng, a > 0.

LEMMA 2.5. Let = be a point in L. Then, for each point z € R?, we have

1. refy (refy(2)) = z,
2. dc(o0,2) = de(o,ref,(2)).
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Proof. Assume that z = ax + fn,.

)

ref, (— H%a:c + Bng), a <0,
refy(—pgax + Bnyg), o >0,

ref, (ref, (z)) = {
= ax + fng.

2) If a < 0, then, by Lemma 2.4,

1+dec<0_ 2a B 2 n)
21tz Do ldpe o l4pg
L+ ( 2 B 2pg )

clo, r— —- Ny
2ty 14 g a 1+ pg
=dc (o, ~ Ly ﬁnz)

T

= dc (o, ref(2)).

dc(o,ax + fng) = —a -

= —Q -

If a > 0, then

1 2 2
dcfoom + fng) = a- P de (o 2o 02 )
I @ I

2 14 py 14 py
1T+ pe 2z B 2
=q«- d (0,— T+ —- n)
2 © 1+ py a 1+p, °

= dc(O, — Mz O + Bnm)
= dc (o, refy(2)).

If a« =0, then
dc (0, 2) = de(o, Bng) = de (o, refy(2)).

LEMMA 2.6. If x and y are two linearly independent points in 0C and

arc(x,y) C L, then there exists a number -y such that

arc(ng, ny) = Yoarc(sg, sy)-

Proof. We note that, since C' is a convex curve, for each smooth point
w € arc(ng,ny) there exists a unique point z € arc(x,y) such that w = n,.

Let f1(6)(cos(0),sin(8)) (0 € [01,02]) and f2(6 + 7)(cos(6 + 7),sin(6 + 7))
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(0 € [01, 02]) be the polar equations of arc(n,, n,) and arc(s, s, ), respectively.
Then

(4)

holds for all 6 € [0;, 0] with a countable set of exceptions. By integration,
(4) yields

f10) _ fo6+m) , VO € [01,02).

f1(01)  f2(01 + )

Thus

HO) o)
f2(0+7)  fo(Or + )

, V0 € [0, 04)].

Hence there exists a number g such that arc(ng,ny) = yoarc(sz, sy). 1

To continue our discussion we need the forthcoming Lemma 2.8, which
proves a seemingly obvious fact. In its proof we use the following lemma from
[13].

LEMMA 2.7. (cf. Lemma 2.1.2.13 in [13]) For three points ai, a2, a3, we
have B(a1,a2,a3) := B(a1,a2) N B(ai,a3) = 0 if and only if either ag is
contained in the interior of the set F'G1o or ag lies on one of the boundary
line segments of F'G12 and the tangent to C, where this line segments stems
from, does not contain a boundary line segment of 9C.

LEMMA 2.8. Let C C R? be a convex body containing the origin o in its
interior, and d¢(+,-) be the convex distance function induced by C. Then, for
any two pairs of distinct points a1 and ao, ag and a4 such that the segment
[a1, ag] is not parallel to [as, a4], B(a1,a2) and B(as,as) cannot be two parallel
straight lines.

Proof. Suppose to the contrary that B(ai,as) and B(as,a4) are two par-
allel straight lines. First, observe that for any o > 0 and any vectors p, q, z,
the following equalities hold
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Figure 3: F'G13 is the shaded region.

Blap+ z,aq+ z) = {w : do(ap + z,w) = do(ag + z,w)}
{1 1)

= {w : d(;(p, é(w - z)) =dc (q, é(w - 2))}
= {ow + z: dc(p, U) = dO(Qa U)}

= o{v : de(p,v) =de(q,v)} + 2

= aB(p,q) + z,

Thus we may assume, without loss of generality, that a4 = ay.

Next we take some terminology from [13], to apply Lemma 2.7. Without
loss of generality we assume that the line (aj,ag) is horizontal. Let ¢12 and
d12 be the top and bottom point of C; := C + a1, respectively; to; and do; be
the top and bottom point of C5 := C' + ag, respectively; and let U and L be
the upper and lower common supporting lines of C; and Cs, respectively.

Let T51 be the steepest tangent to Cs at ts1, and let Tio be the least steep
tangent to C at t12. Correspondingly, let D1o be the steepest tangent to C
at dio, and let Do; be the least steep tangent to Cy at doj.

We consider the four cones with apex a; defined by the lines through aq
parallel to 112 and D19, respectively. Let Fo denote the cone bounded by the
line parallel to D1s from above and by the line parallel to T2 from below, and
let GG12 be the opposite cone. Analogously we have Fy; and Go; with apex as.
For brevity let FG12 denote the set G2 U (Fia N Fy1) U Go1, see Figure 3.
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On the line (aj,a3) there is precisely one point a such that the bisectors
B(ai,a2) and B(aj,a) intersect. Since the lines (a1, az2) and (a1,a) do not
coincide, there exists a point af distinct from a on the line (a1, a)\FGia.
Then B(ai,az,a) := B(ai,a2) N B(ai,ay) = 0, since B(ay,as) is a straight
line parallel to B(a1,as). This is a contradiction to Lemma 2.7. 1

LEMMA 2.9. If x lies in the closure of the interior of L with respect to 0C,
then p, = 1.

Proof. First suppose that z is in the interior of L in dC. Then there exist
two linearly independent points u,v € L such that

x € arc(u,v) C L.

If n, = ng, then, by Lemma 2.2, s,, = s,. By Lemma 2.3, B(—u, u) is parallel
to B(—x, ), which is in contradiction to Lemma 2.8. Thus n, # n,. Similarly,

Ny F Nyg.
Without loss of generality, these two points u and v are chosen such that

ny = refy(ny,) and ny, = ax + Bng,
where a;, 8 > 0. Then from the definition of ref, it follows that
Ny = — gz + fng.

Lemma 2.6 shows that there exists a number 9 > 0 such that

arc(Sy, Sy) = —yoarc(ny, ny). (5)
Thus
Su = =0y = —Yox — YNy
and
Sy = =0 = YoHz QT — Y0 Mg

From (5) it follows that the line (s,,s,) is parallel to the line (—z,z). By
Lemma 2.1, {sy, sy} = (Su,sy) NOC. Since sy, s, € OC, by the definition of
ref,, and Lemma 2.5 we have

Yoz O — Yofng = 8y = refy(sy) = refy(—yoor — Y0 8n;)

1
— —oaz — Y0Bna,
iz
which implies that u, = u% Thus p, = 1.

One can easily verify that u, is continuous with respect to . Thus, for
each point y in the closure of the interior of L with respect to 0C, p, = 1. 1
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B(—z,x)
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Figure 4: A bisector B(—x,x) which is a line not passing through the origin.

COROLLARY 2.10. If z € 9C' lies in the interior of L in dC, then

1. B(—=z,z) contains the origin,
2. ref,(z) = —ax + pn, holds for any point z = ax + fn,, and

3. ref, is linear.

Proof. 1) Since, by Lemma 2.3,

1— pg
1+ pg

x € B(—z,x),

it follows from Lemma 2.9 that o € B(—z, ).

2) This is an easy consequence of the definition of ref, and the fact that
pe = 1.

3) Let z1 = ayx + Bing and z9 = agx + fan, be two arbitrary points in
R?, and \,~ be two arbitrary real numbers. Then

refy(Az1 + v22) = ref, (Ao + yaz)z + (AB1 + vB2)ng)
= —(Aa1 +yaz)z + (AB1 + vB2)n,
= Aref (o1 + Bing) + yref,(cox + Bony)
= Arefy(z1) + yrefz(22).

This implies that ref, is linear. |
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Remark 2.11. Without further assumptions, B(—z,z) being a straight
line does not imply that B(—x, ) is a straight line containing the origin. Here
is an example: Let C be a convex body in R?, the polar coordinate p = p(f)
of whose boundary JC' satisfies the following conditions (cf. Figure 4):

1. For each 0 € [0,7/2] and each 0 € [37/2,27), p(f) = 1.
2. For each 0 € (7/2,7), p(f) = sin(arctan(3 tan(r — 0)))/sin(r — #). And
p(m) = 3.

3. For each 6 € (7,37/2), p(#) = sin(arctan(3 tan(f — 7)))/sin(f — 7).
Let z = (=3,0) and o' = (—1.5,0). We claim that B(—z,z) is the straight
line o’ 4+ ((0,1), (0, —1)).

In fact, for any z € o’ + o, (0,1)), the polar angles 6 and ¢’ of vectors z — x
and z — (—x), respectively, satisfy 0 € [0, 7/2) and

lz=dllg _ _llz=0dllg llz=0dlg

tan @ = = ——tan,

l—z ol lz=dlp [—2—dlp 3

where ||p — ¢||; stands for the Euclidean distance between two points p and
q. Then

1 1
¢’ = m + arctan (— gtan9> =7 — arctan (§ tan@) € (g,ﬂ']

For any point z € (o' + [0, (0,1)))\{0'}, the polar angle ¢’ of z — (—z) is in
(m/2,7). In this case we have the equation

, __ sinf
o) = sin(m — 0')’
It follows that
dolw2) _lz—aly o0
do(—a,z) p(0) 2= (=2)lg
B |z — x| g sind sin(m —6")  p(60)
Iz = (—2)|| g sin(r — 0) sin 0 p(0)
_ 2=l sin(w =6 p(?)
Cz=dlp sing o p(0)

=1.

For the case of o/, the polar angle of o' — (—z) is . Thus

E=,

de(w,0) |0 —aly  p(m) 15 3
de(-2.0) ~ p0) o (oly 1 45
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which implies that o € B(—xz,z). Hence

o' +1o,(0,1)) C B(—z,x).
In a similar way, the inclusion

"+ [0, (0,-1)) C B(—z,x)
can be proved. Hence

' + <(O7 1)7 (07 _1)> - B(—.I',l')
Notice that, by Lemma 2.1, B(—x, z) is homeomorphic to a straight line. Thus
B(—.ﬁ, .%') = 0/ + <(07 1)7 (07 _1)>

Also, it can be seen from Figure 4 that, even if B(—x, z) is a straight line, the
set of midpoints of chords of C', which are parallel to (—z, x), is not necessarily
contained in a line.

LEMMA 2.12. If x € OC lies in the interior of L with respect to 0C and y
is a point in L, then ref,(y) € L.

Proof. From Lemma 2.5 and Corollary 2.10 it follows that

do(—y, 2) = do(y, 2)}
— (= dofo.z+3) = delo.z ~ 1)}
c(o, ref,(z +y ) = dc(o, ref,(z — y))}
={z: dc(o,ref(z) + ref,(y)) = dc (o, ref,(2) — ref,(y)) }
de( —refy(y), ref,(2)) = do(refy(y), refL(2)) }.
Thus
refz (B(—y,y)) = B( — refa(y), refa(y)).
Since ref, is linear, B(—ref,(y),refz(y)) is also a straight line. Therefore

ref,(y) € L. 1

THEOREM 2.13. If the interior of L with respect to OC' is not empty, then
C is an ellipse centered at the origin.
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Proof. If L = OC' then, by Corollary 2.10, 0 € B(—xz, ) holds for every
x € 0C. This implies that C' is symmetric with respect to the origin o. This,
together with the assumption that B(—x,z) is a straight line for each point
x € 0C, implies that C is an ellipse centered at the origin (cf. [4, pp. 26-28]).

Thus we only need to show that L = 0C'. If this is not true, then there
exists a point z € JC\{L}. It follows that z~ is also not in L. Let z € L
be a relative interior point of L with respect to dC, and L, be the maximal
connected component of L containing x. Then L, is contained in one of the
open halfplanes bounded by the line (27, z). Hence there exist two points
u and v in OC such that the closure of L, is arc(u,v). Now we know that
the interior of —arc(u,v) with respect to OC' is contained in L. Let u’ be
a point in the relative interior of arc(u, %) with respect to 0C. By
the definition of ref,/, the line (ref,/(—z), —x) is parallel to the line (—u’, u’).
Thus ref,/(—z) & arc(u,v). Moreover,

ref (arc(—u’, —x)) = {refu/ (y) : y € arc(—u/, —a:)} = arc(refu/(—x),u').

From Lemma 2.12 it follows that arc(u’, ref,/(—x)) C L. This contradicts the
fact that L, is the maximal connected component of L containing z. 1

3. A CHARACTERIZATION OF INNER PRODUCT SPACES

In this section, C'is the unit ball Bx of a real normed linear space X with
norm ||-||, whose unit sphere is the boundary of Bx and denoted by Sx. In
this situation, C is a closed bounded convex body (which is not necessarily
compact) with o as interior point and center of symmetry. A normed linear
space is called a Banach space if it is complete. A Banach space X is a
Hilbert space if the norm ||| is compatible with an inner product on the
linear space X. Although we study the general case when X is not necessarily
finite dimensional, our method belongs to the geometry of finite dimensional
Banach spaces (or Minkowski spaces, cf. [15], [14], and the monograph [18]).

Some notions of generalized orthogonality types in normed linear spaces
are needed for the discussion in the sequel. Let x and y be in X. We say that
x is Isosceles orthogonal to y if the equality

lz +yll = llz =yl

holds, and for this situation we write x | y; x is said to be Roberts orthogonal
to y if the equality
e+ ayll = llz — oy
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holds for any number o € R, and we write L i y for this case. The implica-
tion
Ve,ye X,z lpy = =z L7y

is trivial while its reverse, namely
Ve,ye X, x Ly = x Lry,

forces X to be an inner product space (cf. [10], [4], [2], or [3]). In other words,
isosceles orthogonality is in general not homogeneous. We notice that

B(—z,z)={z€X: |z—z|=|z+2|}={z€X: z Lz}

We also need the notion of Birkhoff orthogonality. z is said to be Birkhoff
orthogonal to y if the inequality

[z + Ayl = [|]

holds for any number A € R, and in this case we write z L g .

Geometrically,  Lp y means that, when ||z |ly|| # 0, there exists a line
which contains z, is parallel to the line passing through —y and y, and supports
the disc of radius ||z|| centered at o in the two-dimensional subspace spanned
by z and y (cf. Figure 5). One can also verify the implication

Ve,ye X, z Llpy = = Lpuy.

For more information about the structure of bisectors, also in view of
relations to properties of generalized orthogonality types (especially isosceles
and Birkhoff orthogonality), we refer to [14], [16], [8], and [9].

Still we denote by L the set of points z in Sx such that B(—z,z) is a
hyperplane. Notice that, since By is symmetric with respect to the origin,
B(—=x, ) always contains the origin o.

A subset R of a topological space T is said to be rare in T if the interior
of the closure of R in T is empty.

An operator on a real Banach space of the form s¢ e+ : ¢ — x — 2e*(z)e
is called a reflection, where e € X and e* € X* (the dual space of X) satisfy
e*(e) = 1. For a point e € Sy there exists at most one e* € Sx« such that
Seex is an isometric reflection. When there exists such an e* we say that e
is a vector of isometric reflection and that e* is the isometric reflection func-
tional associated to e. We refer to [17], [6], and [1] for more about isometric
reflections and isometric reflection vectors.
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Figure 5: Birkhoff orthogonality.

LEMMA 3.1. Let X be a real Banach space, e € Sx, €* € Sx=, and s¢ e
be a reflection. Then s+ is an isometric reflection if and only if

elrpH:={x: z € X,e*(z) =0}

Proof. First we recall that ¢ L p y = x Lp y holds for any x,y € X.
Now suppose that s ¢ is an isometric reflection. Then for any point z € H
and any real number a we have that

Seer(€ 4+ az) = az —e.
Since s¢ e+ is a linear isometry, we have
le +az| = [[e — az]|,

which implies that e L g z. Thuse 1L p H.
Now suppose that e L g H holds. Clearly, H is a hyperplane of X. Then
for any point y € X there exists a point z € H such that y = e*(y)e+ z. Then

[se.es (W = lle”(y)e + 2 — 2¢™(e"(y)e + 2)e]|
= [z —e"Wel = lle* (e + =l = llyll

which implies that s, .« is an isometry. 1

LEMMA 3.2. Let e be a point in Sx. If B(—e,e) is a hyperplane, then e
is an isometric reflection vector.
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Proof. Let H be the hyperplane B(—e, ). First we show that e Lz H. For
each point z € H = B(—e,e), it is clear that e L z. Since H is a hyperplane
passing through the origin o (this is because o € B(—e, e)), we have

{Az: XeR} C H.

Thus e L7 Az holds for each number A € R, which implies that e L p z. Since
z is arbitrary in H, e 1L p H.

Note that the relation e 1 p H implies that e 1 g H. Then there exists a
point e* in Sx~ such that e*(e) = 1 and (cf. [11, Theorem 2.1])

H={x: zeX,e*(z) =0}
Then s+ is a reflection and
elp{zr: xe X, e (z) =0}

By Lemma 3.1, s¢ ¢+ is an isometric reflection and e is an isometric reflection
vector. I

Remark 3.3. The reverse of Lemma 3.2 is not true. Take, for example,
the normed (or Minkowski) plane X = (R?||-||). Let e = (1,0). Then e is
an isometric reflection vector. To see this, we put e = (1,0). Then e* € Sx+,
e*(e) =1, and

e Lp{N0,1): NeR} ={z: z € X,e"(x) =0}.

However, B(—e, e) is not a hyperplane, but even a set with nonempty interior
(cf. Figure 6).

LeMMA 3.4. (cf. [6]) A Banach space X is a Hilbert space if and only if
the set of all isometric reflection vectors in X is not rare in Sx.

The following is the result that we announced.

THEOREM 3.5. A Banach space X is a Hilbert space (or, Bx is an ellip-
soid) if and only if the set L is not rare in Sx.

Proof. The necessity is obvious, so we only need to show the sufficiency.
By Lemma 3.2, the set L is a subset of the set of isometric reflection vectors
in X. Since L is not rare in Sx, the set of isometric reflection vectors is also
not rare in Sx. Then it follows from Lemma 3.4 that X is a Hilbert space. |
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Figure 6: B(—e,e) is not a hyperplane.

In the following we extend Theorem 2.13 to higher dimensional cases. Now
we assume that C C R™ (n > 2) is a convex body containing the origin o in its
interior. Let L be the set of points x € 9C such that B(—x, x) is a hyperplane.
Then we have the following theorem.

THEOREM 3.6. If the interior of the set L with respect to OC' is not empty,
then C is an ellipsoid centered at the origin.

Proof. By Theorem 2.13 we only need to deal with the subcase when n > 2,
and by Theorem 3.5 it suffices to show that C' is centered at the origin. Indeed,
if this is true, then ||-|| = ¢ is a norm on R™ and the interior of the set L
with respect to Sx = 9C' is not empty. By Theorem 3.5, X = (R",||]|) is a
Hilbert space and Bx = C' is an ellipsoid.

Let x be an interior point of L with respect to dC', and z be an arbitrary
point in OC such that = and z are linearly independent. We denote by X, .
the two-dimensional subspace of R"™ spanned by x and z, and by Cj the
intersection of C' and X, .. Then it is clear that = is an interior point of
L N 0Cy with respect to 0Cy. By Theorem 2.13, Cp is an ellipse centered at
the origin. This implies that {—z, —2z} C 0Cy C JC'. Since z is arbitrary, it
follows that C' is centered at the origin. |
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