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1. ALTERNATIVE RINGS AND JORDAN TRIPLE ELEMENTARY MAPS

Let R be a ring not necessarily associative or commutative and consider
the following convention for its multiplication operation: that xzy -z = (zy)z
and z-yz = z(yz) for x,y, z € R, to the reduction in the number of necessary
parentheses. We denote the associator of R by (x,y,z) = ay -z — x - yz for
x,y,z € ‘R

Let X = {z;}ien be an arbitrary set of variables. A non-associative mono-
mial of degree 1 is any element of X. Given a natural number n > 1, a non-
associative monomial of degree n is an expression of the form (u)(v), where
u is a non-associative monomial of some degree ¢ and v a non-associative
monomial of degree n —i. A non-associative polynomial f over a ring R is
any formal linear combination of non-associative monomials with coefficients
in R. If f includes no variables except x1,x2,...,Z, and a1, aso,...,a, IS a
set of elements of R, then f(a1,as,...,a,) is an element of R which results
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by applying the sequence of operations forming f to a,as,...,a, in place of
L1, L2y« 3Ly

Let R and R’ be two rings and let M : R — R’ and M* : R — R be two
maps. We call the ordered pair (M, M*) a Jordan triple elementary map of
R x R if for all non-associative monomial f = f(x1,z2,x3) of degree 3

M (00 @) +1 0 @).)
= f(M(a),z, M(b)) + f(M(b), z, M(a)) ,
M*(f(:U,M(a),y)—l— (y,M(a),:U))
= f(M*(z),a, M (y)) + [ (M"(y),a, M"())

for all a,b € R and z,y € R'.

We say that a Jordan triple elementary map (M, M*) of R x R’ is additive
(resp., injective, surjective, bijective) if both maps M and M* are additive
(resp., injective, surjective, bijective).

A ring R is said to be alternative if (z,x,y) = 0 = (y,z,x) for all x,y € R.
One easily sees that any associative ring is an alternative ring.

An alternative ring R is called k-torsion free if kx = 0 implies z = 0, for
any x € R, where k € Z, k > 0, and prime if A5 # 0 for any two nonzero
ideals 2,8 C ‘R.

Let us consider R an alternative ring and fix a nontrivial idempotent e; €
R, ie., e% = e, e1 # 0 and e; is not a unity element. Let es: R — R and
eh: | — R be linear operators given by es(a) = a — e1a and €5(a) = a — ae;.
Clearly €3 = eq, (€))% = €}, and we denote ez(a) by eza and €)(a) by aes. Let
us note that if R has a unity, then we can consider ex(=€)) =1 —e; € R.
It is easy to see that e;a-e; = e; - ae; (i,j = 1,2) for all a € M. Then R
has a Peirce decomposition R = Rq; @ Rz © Ra1 @ Raz, where R;; = e;Re;
(1,7 = 1,2), (see [3]) satisfying the multiplicative relations:

(1) S)%lji)fijl - mzl (Za]al = 1a2);

(i) KRR SRy (4,5 = 1,2);

(111) ml_ymk‘l =0 lf] 7& k and (Z ]) 7& (kvl) (ivjvkal = 1a2);
(iv) x =0 for all z;; € Ry; (i,5 =1,2; i # j).

For the case of alternative rings the notion of Jordan triple elementary
map takes the following equivalent form:
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PROPOSITION 1.1. Let R and R’ be two alternative rings and let M :
R — R and M* : R — R be two maps. The following assertions are
equivalent:

(i) the ordered pair (M, M*) is a Jordan triple elementary map of R x R’;

(ii) there is a non-associative monomial f = f(x1,z2,x3) of degree 3 such
that

M(f(a,M*(x),b)—l—f(b,M*(ﬂn),a))
= f(M(a),x,M(b)) + f(M(b),x,M(a)) ,

= [(M*(x),a, M*(y)) + f(M*(y),a, M*(x))
for all a,b € R and x,y € R'.

According to [5], “The first result about the additivity of maps on rings was
given by Martindale III in an excellent paper [6]. He established a condition
on an associative ring R such that every multiplicative bijective map on ‘R is
additive”. Jing [5] considered also the investigation of the additivity of maps
for the case of Jordan triple elementary maps on associative rings. He proved
the following theorem.

THEOREM 1.1. (JING [5]) Let R and R’ be two associative rings. Sup-
pose that R is a 2-torsion free unital ring containing a nontrivial idempotent
e1 and satisfies

eiaejRer =0 or eRejae; =0 = eae; =0 (1<4,j,k<2).

Then every surjective Jordan triple elementary map (M, M*) of R X R is
additive.

The hypotheses of the Jing’s Theorem [5] allowed the author to make its
proof based on calculus using the Peirce decomposition notion for associative
rings.

The notion of Peirce decomposition for the alternative rings is similar to
the notion of Peirce decomposition for the associative rings. However, the
similarity of this notion is only in its written form, but not in its theoret-
ical structure because the Peirce decomposition for alternative rings is the
generalization of the Peirce decomposition for associative rings. Taking this
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fact into account, in the present paper we generalize the main Jing’s Theo-
rem [5] to the class of alternative rings. For this, we adopt and follow the
same structure of the demonstration presented in [5], in order: to preserve the
author’s ideas and to highlight the generalization of the associative results to
the alternative results. Therefore, our lemmas and the theorem that seem to
be equal in written form with the lemmas and the theorem proposed in Jing
[5], are distinguished by a fundamental item: the use of the non-associative
multiplications. The symbol “-”, as defined in the introduction section of our
article, is essential to elucidate how the non-associative multiplication should
be done, and also the symbol “-” is used to simplify the notation. Therefore,
the symbol “-” is crucial to the logic, characterization and generalization of
associative results to the alternative results.

2. THE MAIN RESULT
Let’s state the main result of this paper.

THEOREM 2.1. Let R and R’ be two alternative rings. Suppose that R is
a 2-torsion free unital ring containing a nontrivial idempotent e; and satisfies:

(i) (esaej)-Rep =0 or (ejaej)R-e, =0 = eae; =0 (1<14,5,k<2);
(ii) exR - (ejaej) =0 or e -R(ejae;) =0 = eae; =0 (1 <4,5,k<2).
Then every surjective Jordan elementary map (M, M*) of R x R’ is additive.

To prove Theorem 2.1 we introduced a set of lemmas, similar to introduced
by Jing [5]. The first one is:

LeEMMA 2.1. M(0) =0 and M*(0) = 0.

Proof. M(0) = M (0M*(0)-040M*(0)-0) = M(0)0- M (0)-+M(0)0- M (0)
= 0. Similarly, we prove M*(0) = 0. 1
The following lemma is verified by direct calculations, from the conditions

(i) and (ii) of Theorem 2.1.

LEMMA 2.2. Let a = aj1 + a12 + ao1 + a2 € *R.

(i) If aijtjr =0 for each t;, € Ry (1 < 4,5,k < 2), then a;; = 0. Dually, if
triai; = 0 for each ty; € Ry (1 <4, 4,k < 2), then a;; = 0.

(ii) If a;t + tag; € %ij for every a5 € SRZ-j (1 <i,5 < 2), then tj; = 0.
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(iii) If a;it + ta;; = 0 for every a;; € Ry; (i = 1,2), then t;; = 0.

(iv) Ifajjt+taj; € Ryj for every aj; € Rj; (1 <i# j <2), thent;; =0 and
tj; = 0. Dually, ifajjt +taj; € i)%ji for every ajj € SRJ'J' (1 <i#j< 2),
then ti; = 0 and tj; = 0.

LEMMA 2.3. M and M™ are bijective.

Proof. Suppose that M(a) = M (b) for arbitrary elements a,b € R and
let us write a = a11 + a12 + ao1 + ag9 and b = by + by + bay + by, For
arbitraries t;; € R;; and sy € Ry (1 < 4,7, k,1 < 2), there are z(i,j) € R
and y(k,l) € R’ such that M*(z(i,j)) = t;; and M*(y(k,1)) = sk since M*
is surjective. It follows that

spa - tij + tija - sp = (y(k', l))a *(l’(l,j)) *(z(z,]))a M*( (k, l))
M= (y(k, )M (a) - 2(i, ) + (i, )M (a) - y(k, 1))
M= (y(k, )M (b) - 2(i, ) + 2 (i, )M (b) - y(k, 1))

= M*(y(k,1))b- M*(2(i,5)) + M*(x(i,5))b- M*(y(k,1))

= Spb -t + 10 sp .

Taking ¢ = j = k =1 and | = 2 we have sjsa - t11 + t110 - S12 = S12b - t11 +
t11b - s12, which implies that a;; = b1; and ag; = b1, by directness of the
Peirce decomposition and Lemma 2.2-(i). Now, if we take i = k =1 = 2 and
7 =1, we obtain aj2 = b1 and age = bgg. This implies that a = b and hence
M is injective. Next, let z,y € R’ such that M*(z) = M*(y). For arbitrary
elements t;; € R;; and sy € Ry, there are c(7,5) € R and d(k,l) € R such
that M*M (c(i, 7)) = t;; and M*M (d(k,1)) = sy, by the surjectivity of M*M
It follows that

ti M () s+ suM T (z) -ty
= M*M (c(i, §)) M~ () - M*M (d(k, 1))
+ MM (d(k, 1)) M~ (z) - M*M (c(i, 5)

~—_ =
8
—~
o
—
.
.
S~—
~—
N—

- M* (M(c(i,j))x - M (d(k, 1)) + M (d(k, 1)

= M*M (c(i,j)M*(x) - d(k,1) + d(k, ))M*(z) -
= M*M (c(i,j)M*(y) - d(k, 1) + d(k, 1) M*(y) -
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=M (M(C(i,j))y - M (d(k,1)) + M (d(k,1))y - M(c(i,j)))
= MM (c(i, ) M~ (y) - M* M (d(k, 1))

+ MM (d(k, 1)) M~ (y) - M*M (c(i, j))
= ti; M (y) - sp + suM " (y) - ti; -

Taking a same argument as in the first case, we can conclude that M ~!(z) =
M~(y). Tt follows that x = y and hence M* is injective.
Since M and M* are also surjective, then both are bijective. [

LEMMA 2.4. The pair (M*71 ,M~1) is a Jordan triple elementary map on
R x K.

Proof. For arbitrary elements a,b € R and z,y € R’, we have
M*(M*(a)z- M* (b)) + M* (b)z - M* ' (a))
= M*(M* (@) MM~ (z) - M*"' (b)
+ M (D)MM " (z) - M (a)
= M*M* (a)M~'(z) - M*M* (b)
+ MM ()M () - MFM* (a)
=aM Yz)-b+bM (z)-a.
Thus,
M* (aM ™Y (z) - b+bM~Y(2) - a)
= M* (a)z- M* (b)) + M* (B)z- M*(a),
by Lemma 2.3. Similarly, we prove that
M~ (&M (a) -y +yM* (a) - x)
=M Yz)a- M (y) + M~ (y)a- M~ ().

By Proposition 1.1, we infer that the pair (M* ', M) is a Jordan triple
elementary map on R x K. 1



JORDAN TRIPLE ELEMENTARY MAPS 7

LEMMA 2.5. Let a,b,c € R such that M(c) = M(a) + M(b). Then

—1

M* '(tc-s+sc-t) =M (ta-s+sa-t)+ M (th-s+sb-t)
for all t,s € fR.

Proof. For arbitrary elements t,s € R, by Lemma 2.4, we have

M* (te-s+sc-t) = M* (EM'M(c) - s + sM ' M(c) - t)
= M* ()M (c) - M* ' (s) + M* " (s)M(c) - M* (1)
= M* () (M(a) + M(b)) - M* (s)
+ M (s)(M(a) + M (b)) - M* (2)
=M ()M(a) - M*(s) + M* (s)M(a) - M* ' (t)
+ M ()Mb) - M* T (s) + M* T (s)M(b) - M (1)
=M* '(ta-s+sa-t)+M* (th-s+sb-t),

and the lemma is proved. |

LEMMA 2.6. For arbitraries a11 € R11 and bag € Rao, we have:

(i) M(a11 + ba2) = M(ai1) + M(b2);
(i) M* ' (a11 +baa) = M* '(a11) + M* " (bo).

Proof. Suppose that M(c) = M(a11) + M (az2) for some ¢ € R and let us
write ¢ = ¢11 4+ c12 + €21 + co2. For arbitrary elements to; € $Ro; and s11 € Ry,
by Lemma 2.5 we have

M* (tare - s11 + s11c-tor) = M* (barar1 - s11 + s11a11 - £21)
+ M*il(tmbm - 511+ s11ba2 - ta1)
= M (ta1a11 - s11) -
This implies that to1c- s11 + s11¢- to1 = to1a11 - $11. It follows that t91¢11 -

$11 + S11¢12 - to1 = to1aq1 - S11, and so ¢11 = a11 and c19 = 0, by directness of
the Peirce decomposition and Lemma 2.2-(i).
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Now, for arbitrary elements t15 € Ri2 and s9o € Rog, by Lemma 2.5, we
obtain

—1 —1
M* (tiac- so2 + sp2¢-tia) = M™  (t12a11 - S22 + s22a11 - t12)
1
+ M*  (ti12ba2 - S22 + S22b22 - t12)
1
= M"* (tiaba - 522).

It follows that t1oc - S99 + S99c - t12 = t12b92 - S92, which implies t19¢o9 - So9 +
5922C21 -tlg = t12b22 + 599, and so Co1 = 0 and Co9 = b22. Therefore, C = ajl +b22.
By Lemma 2.4 we can infer that (ii) holds. NI

LEMMA 2.7. For arbitrary elements a1 € R12 and ba; € Ro1, we have:

(i) M(ai2 + b21) = M(a12) + M (b21);
(1) M* " (a1s + bar) = M* ' (ar2) + M* (bay).

Proof. Suppose that M(c) = M(a12) + M (b21) for some ¢ € R and let us
write ¢ = ¢11 4 c12 + €21 + coo. For arbitrary elements o7 € $Ro1 and s11 € Ry,
by Lemma 2.5 we have

M*il(tmc 811+ S11¢ - to1) = M*il(tzlam - S11 + s11a12 - to1)
-1
+ M*  (ta1bo1 - s11 + s11b21 - t21)
-1
=M* (snai2-ta),

which implies that to1¢ - s11 + s11¢- to1 = S11a12 - to1 resulting in t91c171 - S11 +
s11€12 - ta1 = s11a12 - to1. It follows that ¢i1 = 0 and ¢12 = a9, by directness
of the Peirce decomposition and Lemma 2.2-(i).

Now, for arbitrary elements t15 € 12 and soo € FRog, by Lemma 2.5, we
obtain

—1 —1
M* " (ti2c - so2 + soac - t12) = M™  (t12a12 - S22 + s22a12 - ti2)
1
+ M* (ti12ba1 - s22 + S22b21 - t12)
1
= M"* (sg2b21 - t12),

which implies t126-822+8220-t12 = Sggbgl'tlg resulting in t12622'822+822621't12 =
822b21 . t12. It follows that o1 = b21 and Co9 — 0.
By Lemma 2.4 we can infer that (ii) holds. NI
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LEMMA 2.8. Let a;; € Ry and bj; € Ry (1 <i#j <2). Then
(1) M(aii + bij) = M(asi) + M(bi);
(i) M*  (ag +bij) = M* (ay) + M* (byj) .
Proof. Let us consider ¢ € R such that M (c) = M (ai;) + M (bi;) and let us

write ¢ = c11 + c12 + c21 + c22. For arbitrary elements t;; € R;; and d;; € Ryj,
by Lemma 2.5 and Lemma 2.7-(ii) we have

_ w1
M* l(tiic . dij + dijc . tz’i) =M (tiiaii ) dij + dijaz'i : tii)
w1
+ M (t“’bij : dij + dijbij ) tz’z’)
w1
=M"  (tiiai; - dij + tizbij - dij + dijbij - tis) .

It follows that tiic . dij + dijC . tii = tiiaii . dij + tiibij . dij + dijbij . tii which
yields

tiiCii - dij +tiicij - dij + dijcij - tii + digcji - tis = tiiii - dij +Liibij - dij + dijbij - ti; .

By directness of the Peirce decomposition and Lemma 2.2-(i), we have ¢;; = a;;
and cj; = 0.

Now for arbitrary elements t;; € Rj; and d;; € Rj;, by Lemma 2.5 and
Lemma 2.7 we have

* %1
M 1(75]-1'6 . djj + dij . tji) =M (tjiaii . djj + djjaii . tji)
-1
+ M (tibig - djj + djjbij - i)
w1
= M" (tjibij - djj) ,

tji = t;;bi; - d;j; which results ¢;; = b;; and ¢j; = 0. Consequently, ¢ = a;; + b;;.
By Lemma 2.4 we can infer that (ii) holds. N

The following lemma can be proved similarly as in the Lemma 2.8. There-
fore we omit its proof.

LEMMA 2.9. Let a;; € R;; and bji € %ji (1 <i#j< 2). Then
(i) M(am' + bji) = M(a“) + M(bﬂ),
(if) M (aii +bja) =M™ (ait) + M (bja).
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LEMMA 2.10. The following hold:

M (a12522 + bi2coa - s22) = M (a12522) + M (biacas - 822)

(
M*fl(a12822 + biacag - S22) = M (a12892) + M* (b12022 - 5922);
M(
)+

M (ag1511 + c22b21 - s11) = M (a21811) + M (ca2ba1 - s11);

)
)
i)
) M* ' (agisi1 + caabar - s11) = M* (agis11) + M* ' (cagbar - s11) -

Proof. First at all, let us note that

a12522 + biacag - 522 = (e1 + bi2) (@12 + c22) - 522 + s22(a12 + c22) - (e1 + b12) .
Hence
M (a12822 + brzcaz - 522) = M ((e1 + b12)(a12 + c22) - s22
+ s92(a12 + ¢22) - (e1 + b12))
— M ((e1 + bia) M*M* ' (a1s + c22) - 529
+ 322M*M*71(a12 + ¢22) - (e1 + b12))
= M(e1 + bia) M*  (a12) - M(s22)
+ M(eq + bia) M* ' (¢22) - M(s2)
+ M(s92)M* (a1a) - M (e + bi2)
+ M(822)M*71(C22) - M(e1 + b12)
= M ((e1 4 bi2)ars - s22 + s22a12 - (€1 + b12))
+ M ((e1 + b12)caz - 522 + 522022 - (€1 + b12))
= M(ai2522) + M (bi2ca2 - S22) -

Similarly, we obtain M(a21511 + c99bo1 - 811) = M(aglsll) + M(bQQCQ]_ . 511)
from the identity

az1511 + c22b21 - s11 = (a21 + c22)(e1 + ba1) - s11 + s1i(er + b21) - (ag1 + c22) .

By Lemma 2.4, we can conclude that (ii) and (iv) follow from (i) and (iii),
respectively. |

LEMMA 2.11. (1) M(am + b12622) = M(alg) + M(blgcgg);
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(ii) ]\4*71 (a12 + 1)12622) = ]\4*71 (alg) + ]\4*71 (blgcgg);
(ili) M (a21 + ca2bor) = M(a21) + M (c2b21);
(iv) M* (a1 + caobo1) = M* ' (ag1) + M* " (cagbay).
Proof. Suppose that M(d) = M(ai12) + M (biacoz) for some d € R and let

us write d = dy1 + di2 + d21 + doo. For arbitrary elements t1; € 911 and
S92 € Moo, by Lemma 2.5 and Lemma 2.10-(ii), we have

M*_l(tnd - 899 + S9od - t11) = M*_l(tuam - 822 + S22a12 - t11)
+ M* (tr1(bracas) - 522 + s22(b1acan) - 111)
- M*_l(t11a12 - 592) + M (tll(bl2622) ’ 822)
- M*il(tuau - 592) + M ((t11b12)622 ‘ 322)
=M (t11a12 - s22 + t11(b12caz) - s22) -

Therefore t11d - so2 + s92d - t11 = ti11a12 - S22 + t11(b12C22) - S22 which implies
ti1diz - S22 + s22da1 - t11 = t11a12 - S22 + t11(b12c22) - s22. It follows that dig =
a12+b12c99 and do; = 0, by directness of the Peirce decomposition and Lemma
2.2-(i).

Now, for arbitrary elements ¢;;, s;; € Ry; (i = 1,2), by Lemma 2.5 again,
we obtain

x—1 *1
M* (tid - 54+ sud - ti) = M™  (tyais - si + Sia12 - ti;)
w1
+ M (tii(biacaz) - sii + sii(bracas) - tii) = 0.

It follows that t;;d- si; + s4;d-t; = 0 which implies 2d;; = 0 resulting in d;; = 0.
Therefore, d = a2 + b1acos.

Similarly, we prove (iii).

By Lemma 2.4, (ii) and (iv) follow from (i) and (iii), respectively. I

LEMMA 2.12. For any a2, bia € Ri2, we have:

(1) M(ai2 + bi2) = M(a12) + M(b12);
(i) M* ' (a12 +bia) = M* ' (a12) + M* " (by2).

Proof. Suppose that M(c) = M(ai2) + M(b12), for some ¢ € R, and let
us write ¢ = c11 + c12 + co1 + o2 € R. For arbitrary elements ¢1; € $R1; and
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S92 € Mg, by Lemma 2.5 and Lemma 2.11-(ii) we have

—1 —1
M* (tiic- sg2 + spac-t11) = M™  (ti1a12 - S22 + S22a12 - ti1)
1
+ M*  (t11b12 - s22 + s22b12 - t11)
—1 —1
=M" (tnaiz-s22)+ M* (t11b12 - s22)

1
= M* (ti1a12 - S22 + t11b12 - $22) .

It follows that ti1c - S99 + S99c - t11 = t11a12 - S22 + t11b12 - S92 which implies
t11C12 - S22 + S92C21 - t11 = t11a12 - S92 + t11b12 * S22 resulting in c1o = a2 + b12
and ¢cg1 = 0.

Now, taking a similar argument in the demonstration of the previous
lemma, we can show that ¢; =0 (i = 1,2). Therefore, ¢ = a2 + bi2.

By Lemma 2.4, we can infer that (ii) holds. I

Similarly, we have the following result.

LEMMA 2.13. For any as1,bo1 € PRo1, we have:

(i) M(ag1 + bo1) = M(az1) + M(b21);
(ii) M*_l(a21 +bo1) = M*_l(agl) + M*_l(bgl).

LEMMA 2.14. For any aj1,b11 € R11, we have:
(1) M(all + bll) = M(all) + M(bll);

(i) M* ' (ar1 + b)) = M* (ay1) + M* " (byy).

Proof. Suppose that M(c) = M(ai1) + M(b11), for some ¢ € R, and let
us write ¢ = ¢11 + c12 + co1 + co2 € R. For arbitrary elements t22 € SRao and
sij € Myj, we have

—1 —1
M*  (taac- sij + sijc-taa) = M™  (taair - sij + Sijain - tag)

*71
+ M*  (taabi1 - i + Sijbi1 - to2) = 0,

by Lemma 2.5, which implies that taac- s;; + s;5¢-t22 = 0. Taking i = j = 11in
the last identity, we have togoca1 - S11 4+ 51112 - t22 = 0 resulting in ¢19 = co1 = 0.



JORDAN TRIPLE ELEMENTARY MAPS 13

If we take i = 2 and j = 1, then we have t29¢99 - 591 = 0 which implies coo = 0.
Now, for arbitrary elements t15 € Ri2 and s11 € 11, we have

M*_l(tlgc - 511+ s11¢- tig) = M*_l(tman - 811 + s11a11 - t12)
+M* (tigbi - s11 + suibi - t2)
= M*_l(sllall “t19) + M*_1(811b11 “t12)
= M*71(811a11 - t12 + $11b11 - t12),

by Lemma 2.12-(ii). It follows that t19c-s11+s11¢-t12 = s11a11-t12+S11b11 12
which yields syic11 - t12 = $11a11 - t12 + $11b11 - t12. By Lemma 2.2-(i), we have
c11 = a1 + b11.

By Lemma 2.4, we can conclude that (ii) holds. 1

Similarly, we have

LEMMA 2.15. For arbitrary aso, bog € oo, we have:
(i) M(ag + baz) = M(az2) + M(b2);
(i) M* " (age + bao) = M* " (age) + M* " (ba).
LEMMA 2.16. For any ai; € Ri1, bia € Rio, and co1 € Ra1, we have:
(i) M(ai1 + b2 + c21) = M(a11) + M (bi2) + M(c21);
(ii) M* ' (a11 + bio +co1) = M* ' (ay) + M* ' (bia) + M* ' (ca1).

Proof. Suppose that M(d) = M(a11) + M(b12) + M(c21) for some c € R
and let us write d = dy; + di2 + d21 + d22. By Lemma 2.8 and Lemma 2.9,
M (d) can be represented in the following two forms:

M(d) = M(a11 + bi2) + M(ca1) (1)

and
M(d) = M (a1 + c1) + M (b12) . (2)

Hence, for arbitrary elements too € PRog and s12 € Ris, by Lemma 2.5 and
identity (1) we have

1 1
M* (tgod - s12 + s12d - tag) = M*  ((t22(a11 + b12) - s12 + s12(a11 + bia) - to2)
*—l
+ M* (tagcor - s12 + s12021 - t22)

1
= M* (tagco1 - $12),
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which implies that tood - s19 + s12d - tog = togcoy - s12. It follows that t92ds; -
S12 + S12d22 . t22 = t22€21 + 812 which yields d21 = C21 and d22 = 0. NOW, for
arbitrary elements t1; € P11 and sg; € Rap, using Lemma 2.5 and Lemma
2.9-(ii) and identity (2) we have

—1 1
M* (t11d - so1 + so1d - t11) = M™ (t11(a1n + ca1) - s21 + s21(a1n + c21) - t11)
1
+ M*  (t11b12 - s21 + s21b12 - t11)

1
=M* (so1a11 - t11 + t11b12 - s21) s

which implies that t11d - s91 + s21d - t11 = S21a11 - t11 + t11b12 - s21. It follows
that t11d12 - s21 + s21d11 - t11 = s21a11 - t11 + t11b12 - s21 Which yields d11 = a1y
and di2 = byo, by directness of the Peirce decomposition and Lemma 2.2-(i).
Therefore, d = a11 + bi2 + c21.

By Lemma 2.4, we can conclude that (ii) holds. §

Similarly, we can prove the following result.

LEMMA 2.17. For any a1 € Ris, bo1 € Ro1, and cog € Roo, we have:

(1) M(a12 + ba1 + c22) = M(a12) + M (b21) + M (ca2);
(1) M* " (a1a + bor + c22) = M* ' (ar2) + M* " (ba1) + M* ' (c22).

LEMMA 2.18. For any a11 € Ri1, b1z € Rz, ca1 € Roi, and doo € NRao,
we have:

(i) M(all + b1y + co1 + d22) = M(all) + M(blg) + M(Cgl) + M(dgg),’

(ii) M*j(an + b2 + co1 +d) = M*_l(an) + M*_l(bu) + M*_l(cm) +
M* " (da2).

Proof. Suppose that

M(f) = M(a11) + M(b12) + M(ca1) + M(da2)
= M (a1 + da2) + M (b12 + c21)

for some f € R and let us write f = fi11 + fio + fo1 + foo € R. For arbitrary
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elements t11 € M1 and s12 € Rio, we have
M* ' (tinf - s12 + s12f - tn)
- M (t11(a11 + da2) - s12 + s12(a11 + da2) - t11)
+ M (t11 (b2 + c21) - s12 + s12(b12 + c21) - t11)
= M*(tian - s12)
+ M (t11b1g - s12 + s19b12 - Ty + S12¢91 - t11)
— M* " (t11a1; - s12 + t1bia - s12 4 s12b12 - t11 + 19691 - 111)
by Lemma 2.16-(ii). It follows that
tinf - s12 + s12f - t11 = t11a11 - S12 + t11b12 - s12 + S12b12 - t11 + S12001 - 11,
which implies
tiifi1 - s1i2+tifiz - s12 + s12f12 - tin + si2fo1 -t
= t11011 - 12 + t11b12 - s12 + S12b12 - t11 + S12021 - t11 -

This results in f1; = a11 and fa1 = c¢21, by directness of the Peirce decomposi-
tion and Lemma 2.2-(i). Now, for arbitrary elements ta2 € PRa2 and s91 € Ra,
we have

—1
M* (taaf - s21 4+ s21f - ta2)
1
= M"* (taz(ar1 + da2) - 521 + sa1(a11 + da2) - ta2)
1
+ M* " (t22(br2 + c21) - s21 4 s21(b12 + c21) - t22)
—1
= M* (taadaz - s21)
1
+ M* (togcor - s21 + S21b12 - tag + S91¢21 - t22)
—1
= M" (taados - S21 + taaca1 - S21 + S21b12 - taa + S21C21 - t22) .
which implies that
toof - s91 + So1f - tag = toadas - S91 + taaca1 - S21 + S21b12 - tag + S21C21 - too
resulting in
t92 fo1 - 821 +t22f22 - 21 + 521 f12 - t22 + 521 f21 - t22
= toadag - S21 + toaca1 - S21 + S21b12 - oo + S21021 - taa .

Thus f12 = b1 and f22 = dyo. Thus, we have f =ay1 +big +co1 +doa. I
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Proof of Theorem 2.1. Let us consider arbitrary elements a,b € R and
let us write a = a11 + a12 + a1 + age and b = by + by + bay + bae. Then

M(a+b) = M((a11 + b11) + (a12 + biz) + (ag1 + ba1) + (agz + b))
= M(a11 + b11) + M(a12 + b12) + M(az1 + ba1) + M (aze + bo)
= M(a11) + M(b11) + M(a12) + M(b12)
+ M (az1) + M (b21) + M (az2) + M (b22)
= M(a11 + a12 + az1 + aze) + M (b11 + bia + b21 + ba2)
— M(a) + M(b).

Thus, M is an additive map. Now, for arbitrary elements x,y € 2R/, there are
elements ¢ = ¢11 + c12 + 21 + 92 and d = di1 + dig + do1 + dog in R such
that ¢ = M*(z) + M*(y) and d = M*(z +y), by Lema 2.3. It follows that for
arbitrary elements ¢;; € R;; and si; € Ry (1 < 40,4, k, 1 < 2), we have

M(tijc- sp + spic- tiy) = M(tij (M*(z) + M*(y)) - su

+ sy (M (z) + M*(y)) - tz’j)
= M (ti; M*(x) - spr) + M (ti; M*(y) - sp1)

+ M (spM*(z) - ti5) + M (suM*(y) - i)
= M (tiyM*(x) - sp1 + s M* () - ti5)

+ M (ti; M*(y) - s+ suM*(y) - ti;)
= M(tij)x - M(sp) + M(sgr)x - M(t;5)

+ M(tij)y - M(si) + M(si)y - M(tij)
= M(tij)(x +y) - M(s) + M(si) (@ +y) - M(ti;)
(tigM* (@ +y) - s+ suM*(z +y) - tij)
(tijd - spr + spid - tij)

M
=M
which implies that

tijc - Spr + spic -ty = tijd - S + sid -ty . (3)
Taking i = j = k =1 and | = 2 in the last equality, we obtain
t11c11 - S12 +t11c12 - S12 + S12C12 - t11 + S12C21 - t11

= t11d11 - S12 + t11di2 - S12 + S12d12 - t11 + S12do1 - t11,
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which implies that c;; = di; and co; = do;. Now, if we take 1 = j =k = 2
and [ = 1 in the identity (3), then we obtain

t22C21 - S21 + 122022 - S21 + S21C12 - t22 + S21C21 - 22

= toaday - 521 + taadaa - S21 + s21d12 - t22 + Sa1d21 - tan .

By directness of the Peirce decomposition and Lemma 2.2-(i), we have c15 =
d12 and cgg = doo. It follows that ¢ = d and so M*(z +y) = M*(z) + M*(y).
The prove is complete. |

For the case of Jordan triple elementary maps on prime alternative rings
we have the following result.

COROLLARY 2.1. Let R be a 2 and 3-torsion free unital prime alternative
ring containing a nontrivial idempotent and let R’ be an arbitrary alternative
ring. Then every surjective Jordan triple elementary map (M, M*) of R x R’
is additive.

Proof. Since R is prime, it is easy to check that the conditions (i) and
(ii) of Theorem 2.1 hold true, by [2, Theorem 2.2]. Now the proof goes
directly.
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