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Abstract: In this paper, we have considered some properties of AW (k)-type curves on the
dual unit sphere. We have given some relationships between the curvatures of the base
curves of the ruled surfaces in R® which correspond to the dual spherical curves of these
type. And also, we have examined the relations between the real integral invariants (the
angle of pitch and the pitch) of the closed ruled surfaces in R3 which correspond to the dual
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closed spherical curves drawn by the dual unit vectors ]Gl, N2 and ﬁg on dual unit sphere.
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1. INTRODUCTION

In a spatial motion, the trajectories of the oriented lines embedded in a
moving rigid body are generally ruled surfaces. These lines may be the axes
of the joints of spatial mechanisms or manipulators or the line of action of
the end-of-arm tooling of a manipulator. Thus the geometry of ruled surfaces
is important in the study of rational design problems in spatial mechanisms,
especially for robot kinematics. The integral invariants of line trajectories seek
to characterize the shape of the trajectory ruled surface and relate it to the
motion of body carrying the line that generates it. An z-closed ruled surface
generated by on z-oriented line fixed in the moving system is characterized by
two real integral invariants; the pitch [, and the angle of pitch A;. Recently,
based on the dual spherical curves and invariants, the differential geometry of
closed ruled surfaces has been studied in many papers, [1], [5], [8],..., [16].
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In [3], Arslan and Ozgiir considered curves of the AW (k)-type , 1 < k < 3.
They gave curvature conditions of these kind of curves.

In this study, analogously to [3], we consider AW (k)-type curves on dual
unit sphere. We investigate the curvature conditions of these kind of curves
on dual unit sphere. According to E. Study transference principle, we give
the curvature conditions of the base curve of the ruled surface in R? which
corresponds to the curve on the dual unit sphere.

Finally, we investigate the relationships among the geometric invariants
of closed ruled surface in R? which corgesp(lnds to Ehe dual closed spherical

—~ o~

curves drawn by the dual unit vectors N1, No and N3 on dual unit sphere.

2. BASIC CONCEPTS

DEFINITION 2.1. If @ and a* are real numbers and €2 = 0, the combination
A = a+ea* is called a dual number where € = (0, 1) is a dual unit.

W. K. Clifford defined the dual numbers and showed that they form an
algebra, not a field. The pure dual numbers ea* are zero divisors, (ea*)(eb*) =
0. No number ea* has an inverse in the algebra. But the other laws of
the algebra of dual numbers are the same as the laws of algebra of complex
numbers. This means that dual numbers form a ring over the real number
field. For example two dual numbers A = a + ea* and B = b + b* are
added componentwise A+ B = (a+b) +(a*+b*) and they are multiplied by
A-B = ab+¢e(a*b+ab*). For the equality of A and B, wehave A=B < a=1»
and a* = b* [4].

The set of dual numbers is denoted by D. The set D3 = D x D x D is
a module over the ring D. It is clear that any dual vector X in D3 , consists
of two real vectors & and z* in R®. The elements of D3 are called the dual
vectors.

DEFINITION 2.2. Let X and Y be two dual vectors. Then the inner prod-
uct of them is defined as follows

(X,V) = (@5 +e (@59 + (7,57) -

DEFINITION 2.3. For a given dual vector X , the norm is defined by

> = 2 o z, o .
%)= (X X) =gl + 550, 520
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DEFINITION 2.4. The set
{X=z+e* : ||IX] = (1,0), 77" e R*}
is called dual unit sphere in D3.

THEOREM 2.1. (E. Study) A unit vector X = &+ex* on unit dual sphere
corresponds to one and only oriented line in R3, where the real part & shows
the direction of the line and the dual part #* shows the vectorial moment of
the unit vector ¥ with respect to origin [7].

According to E. Study Theorem a differentiable curve X on the dual unit
sphere, depending on a real parameter s, represents a differentiable family of
straight lines in R? which is called as ruled surface.

If the dual unit spheres K and K ' respectively correspond to a line space
H and H then K /K " corresponds to a spatial motion which will be denoted
by H/H ". Then H is the moving space with respect to the fixed space H "

During the one-parameter closed spatial motion H/H ' each fixed line of
the moving space H, generally, generates a closed ruled surface in the fixed
space H' [11].

Let K be a moving dual unit sphere generated by a dual orthonormal
system

{X}, XQ—H, X3 XlAXQ}, X}:@‘i‘&%’_:k 1=1,2,3
X1

and K' be a fixed dual unit sphere with the same center. Then the derivative
equations of the dual spherical closed motion with respect to K'-sphere of the
K-sphere are

dX; = ZQJX Q) =wl(t) +ew’(t), O =-QF, tel, i=1,23
The dual Steiner vector of this closed motion is defined by
E:j{\ﬁ,\ﬁ:zﬁJrsz& (2.1)

where U = Q%X’} + Q%Xg + Q%Xg is the instantaneous Darboux vector of the
motion. According to E. Study transference principle the differentiable dual
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closed curve X;(t), t € I C R, is considered as a closed ruled surface in R?
and denoted by xi-c.r.s..
A dual invariant which is called the dual angle of pitch of x1-c.r.s. is given
by o
Ax, = —(D,X1) = Ny, — €ly, (2.2)

in [8], [9] in terms of the real integral invariants.

3. MAIN RESULTS

In this section we discuss the curves of dual AW (k)-type on dual unit
sphere, similar to curves of AW (k)-type in R which are studied in [3]. We
denote these type curves by DAW (k)-type.

(For more details for AW (k)-type curves see also [2]).

Let I'(s) = 9(s) + 7*(s) be a unit speed spherical curve on the dual unit

sphere and {‘7'1, ‘72, 173} be the dual Frenet frame of . The Frenet formulas
of T are defined:

dvi 0 k1 0 Vi
d‘;; - —21 22 ‘72 (31)
dVs 0 —ky O Vi

where Vi =0 —i—sv_;f, 172 = vy + 52}3 and 17'3 = v3 + 51%‘, K1 = K1 + ek} and
Ko = Ko+ eks are the Frenet curvatures of I'.
From (2.1) and (3.1) the dual Steiner vector of this closed motion is

—

D= ¢ Rali+ 5V (3.2)

PROPOSITION 3.1. Let T' : I C R — D3 be a unit speed spherical curve
on the dual unit sphere with arclength parameter s. Similar with Proposition
3 in (3], we have

=W, (3.3)
I = k1 Va, (3.4)
f/// = —23‘71 + 2/1‘72 + 2122‘7;3, (35)

’

—~ —~/ -

= -2 A3 A” —~ A2 4 A/A —~ o~
£ — —3k1kVi+ (=K1 + K] — K1ko)Va+ (2K K2+ K1k9) V3 (3.6)

where primes denote differentiation with respect to s.
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Notation: Let us write

N1 = /£1V2 (37)

]\_fg = :‘;;‘72 + //;1//;2‘7:;, (38)

" /

3 ~ ~ AQ = /-\l ~ g
1+ Ry — K1kg)Va+ (2K 1Ko+ K1kg)V3 (3.9)

- —

where N1 = nj + enj, Na = n + end and N3 = n3 + eni.

DEFINITION 3.1. The unit speed spherical Frenet curves on the dual unit
sphere are

i) of type DAW (1) if they satisfy N3 = 0,

ii) of type DAW (2) if they satisfy

|No||* Ny = (N, Na) Ny, (3.10)
iii) of type DAW (3) if they satisfy

| N1 ||* N3 = (N3, N1) Ny (3.11)
From Definition 3.1 we may give the following propositions.

PROPOSITION 3.2. The unit speed spherical curve is of type DAW (1) if
and only if

~ ~3 ~ =2

2k Ko+ Kikg = 0. (3.13)

Separating the relations (3.12)-(3.13) into real and dual parts, we have

Ky — K3 — kyKRs =0, (3.14)
2k Ky + Kikg = 0 (3.15)

and
kY —3K2KY — KIKS — 2K KoKS = 0, (3.16)

/

gk} + 24k + Kokl + K1y = 0. (3.17)
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PROPOSITION 3.3. The unit speed spherical curve is of type DAW (2) if
and only if

~'2~ —~ A ~~ o~ ~4~ ~2-~3

2K Ko+ K1K kg = K1 K1Ko — K1 K2 — K1 Kq. (3.18)
Separating the relation (3.18) into real and dual parts, we have
Dk PRa + K1k Ky = Ky K1k — Kikg — KIKD (3.19)

and

’ ! ’

/
’ ! ’ ! ’
26Ky + AR KT Ko + K1k RS + 1KoK} + KK} Ky (3.20)

/

” ” " p
4 3 3 2.2
= KKKy + KK K2 + K1K] Ko — K1KS + 4K Kok] — 2K1KTKS — 3KTKSKS.

PROPOSITION 3.4. The unit speed spherical curve is of type DAW (3) if
and only if

’ /

2k ko + K1kg = 0. (3.21)
Separating the relation (3.21) into real and dual parts, we have
2k kg + Kiky = 0 (3.22)

and
! I

kigk} + 265k + Kokt + K1k = 0. (3.23)

From (3.15) and (3.22) we may give the following result.

COROLLARY 3.1. The right helicoids are of type DAW (1) and DAW (3)
on the dual unit sphere.

By solving differential equation (3.15), we have
2. .
Kik2 = ¢ = const.
So we get the following result.

COROLLARY 3.2. There is the relation k3ky = ¢ = const. between the
curvatures of the base curves of the ruled surfaces in R? which correspond to
the dual unit speed spherical curves of DAW (1) and DAW (3)-types.
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— — —

Let us consider the dual unit vectors N1, No and N3 which are fixed in the
moving Frenet frame {Vl, Vo, Vg,} and expressed as follows:

]/\?1 = ]\_[,1 — _é
[ V1]
= N ~ ot
Ny = —2 = A(r Vo + 51 raVh) (3.24)
[ V]|
;\ N’ —~ A// — PR = /_\//_\ — A/ =
N3=—2 =B ((/41 — /ﬁ}? - nlmg)VQ + (2K K2+ /1152)‘/'3)
|| V3]
where
A= 1 € ( ) a= (/1,2 + 52/@2)% b=k, KI*/ + K2KkoKS + K1k K2
a 2 1 152 ) 1K1 1R2K9 112
and

B= % o e (i) » €= ((’1/1/ — K] — 5153)2 + (2f€/1/12 + ﬁ1nl2)2>§

" 3 2 * 2 x * 2 *
= (k] — K] — K1K3)(K] — 3RIK] — K]K5 — 2K1K2K3)

S

’ ’

+ (261 K2 + K1ko) (2K2KT + 265K, + Kokl + K1KS)

Now, we consider dual spherical closed curves drawn by the dual unit

—~

vectors N1, Ny and N3, during the one-parameter dual spherical closed motion
K/K . According to E. Study transference principle these curves correspond
to closed ruled surfaces in R3. Our aim is to investigate the relationships
among the integral invariants (the pitch and angle of pitch) of these closed
ruled surfaces which correspond to dual spherical closed curves.

According to the equations (2.2), (3.2) and (3.24) the dual angles of pitch

of the closed ruled surfaces drawn on K’ by the dual unit vectors ﬁl, ]Gz and
]/\?3 may be written as follows,
Ag = ~(D,Ny) (3.25)

= ~( RV R TR) =0
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and similarly

A~ = Ak1kroAy;, (3.26)
N2
Ao = B2k Ko+ K1kq)Ay,. (3.27)
3
Separating the relations (3.25)-(3.27) into real and dual parts, we have
Ay, =0,
" (3.28)
ln, =0,
KR1KR2
)\nz - 1 U3a
( + I€1K2 2
(3.29)
K1K35 + Hll-iQ br1ks K1K9
- — 7| At ————— s,
(k7 +w1R3)2 (K7 + KTK3)2 (k{ + KiK3)?
2%, Ko + /@1/@,
Ans = 1 5 2 T
((lil — K3 — K1K3)" + (2K) K2 + K1Ky) )2
Qkgky + 265K + Kokl + K1k}
lng = ( ; 1 +
((/{'1' — K} — k1K3)” + (2K K2 + K1ky) )2 (3.30)
d(2/€/11€2 + Fdlli;) A\
" 2 ’ 2 ﬁ) s
((Hl — K3 — k1K3)" + (261 K2 + K1kg) )2
n 2K k2 + K1kg L.

(S

” 2 ’ 7\2
((/@1 — K} — k1K3)" + (2K K2 + K1ky) )
Thus, we may give the following propositions.
PRrorOSITION 3.5. The ruled surface which correspond to the dual spher-

ical closed curves drawn by dual unit vector Ny is cylinder (developable
surface).

PrOPOSITION 3.6. The relationships among the real integral invariants
and the curvatures of the base curves of the closed ruled surfaces in R® which

correspond to dual spherical closed curve drawn by dual unit vector No and

]/\?3 can be given by equations (3.29) and (3.30).
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