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Abstract: We classify the subspaces of each real four-dimensional Lie algebra, up to auto-
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1. INTRODUCTION

In this paper we classify the subspaces of each (real) four-dimensional
Lie algebra; two subspaces I'y and I's of a Lie algebra g are equivalent if
there exists a Lie algebra automorphism 1 € Aut(g) such that ¢ -I'y = I's.
The subspaces are enumerated and partitioned into the subalgebras (which
are not ideals), the ideals, the subspaces generating proper subalgebras, and
the full-rank subspaces (i.e., those subspaces generating the entire Lie alge-
bra). Furthermore, the quotients by the one-dimensional fully characteristic
ideals are determined. The decomposable algebras are covered in Section 2
while the indecomposable algebras are covered in Section 3. The classifica-
tion procedure (utilizing computer algebra for verification of completeness and
nonredundancy) is described in Appendix B; a typical proof is also supplied.

We prefer to use (a modified version of) the enumeration of the four-
dimensional Lie algebras due to Mubarakzyanov ([16]), similar to that used
by Patera et al. ([18, 17]); details are given in Appendix A. Also, we shall
find it convenient to represent these algebras as subalgebras of gl(n,R), n <4
(matrix representations of low dimensional Lie algebras are given in [11]).
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For each Lie algebra, the corresponding enumeration of subspaces is cata-
logued as follows:

SA: subalgebras (which are not ideals)
I: ideals (which are not characteristic)
CI: characteristic ideals (which are not fully characteristic)
FCI: fully characteristic ideals
GSA: subspaces generating proper subalgebras
FRSS: full-rank subspaces.

(A characteristic ideal is an ideal which is invariant under all derivations
whereas a fully characteristic ideal is one which is invariant under all auto-
morphisms.) We refer to this partitioning of the subspaces as the subspace
structure of the Lie algebra. Unless stated otherwise, each listed subalgebra is
Abelian. For example, the oscillator algebra g}, has the following subspace
structure:

SA: (E9), (E4), (F1,E9), (E1,Ey)
FCL: (Er), (E1, B E3) =g31

GSA: (B, Ej)

FRSS <E2,E4> 5 <E1,E2,E4> 5 <E2,E3,E4> .

(Here Ey, Eo, E3, By is a basis for g4 and (-) denotes the linear span.) This
means, for instance, that any subalgebra of gl (which is not an ideal) is
equivalent to exactly one of the Abelian subalgebras (Es), (Ey), (Eq, E3),
and <E1, E4>

In Section 4, we briefly explore to what extent a classification of the sub-
spaces of a given Lie algebra g can be projected (resp. lifted) to a quotient
(resp. extension) of g. A few remarks conclude the paper.

2. DECOMPOSABLE ALGEBRAS

2.1. ALGEBRA @21 @ 2¢;1 (TRIVIAL EXTENSION OF aff (R)). The Lie
algebra

g2.1 @ 291 = =whk) +zEy +yE3s+ 2By @ w,x,y,z€R

oo & o
o
ow o o
n o oo
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has nonzero commutator relations [Ep, Es] = Ey and center {0} @ 2g;. The
group of automorphisms is given by

alp ag 0 0
0 1 0 O
0 a3 a4 as
0 ag a7 as

Aut (92.1 @29) = ai,...,ag € R, al(a4a8 — a5a7) 75 0

THEOREM 2.1. The Lie algebra g2.1 ® 2g1 has the following subspace
structure:

SA: <E2> s <E1 + E4> , <E2, E4> R <E1 + E3, E4> , <E2, Eg, E4>
I: (Eg), (B1,Ea) = go1, (B, E1), (E1,E2E) =ga1©g
FCI: <E1> , <E3, E4> , (El, Es, E4>
GSA: <E1 + Ey, E2>
FRSS: <E1 + E3,E2,E4>.

g2.1 D 2g1 is a fully characteristic extension of the three-dimensional Abelian
Lie algebra 3g;. Indeed,

0O 0 00 0 0
w —x 0 0

q: 921D 2g1 — 391, 0 0 y 0 — 10 y O
0 0 0 =z 00 =

is a Lie algebra epimorphism with kernel kerq = (E}).

2.2. ALGEBRA 2go1. The Lie algebra

0 0 0 O
w —z 0 0
2001 = =whk +xEy+yE3+ 2By w,z,y,2 €R
0 0 0 O
0O 0 gy —=z

has nonzero commutator relations [Ey, Fs] = Ei, [E3, E4] = E3 and trivial
center. The group of automorphisms is given by

1 a2 0 0 0 0 a3z a4
0 1 0 O 0 0 0 1
0 0 az aq ’ ar a 0 0
0 0 0 1 0 1 0 O

S

Aut (292_1) =

S al,...,a4 €R, alag#()}.
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THEOREM 2.2. The Lie algebra 2gs1 has the following subspace struc-
ture:

SA: <E4> R <E1 + E3> , <E1 + E4> , <€E2 + E4>
(Ev, Esa), (E2,E4), (E1+ E4,E3) = g2
(E1,nEy + Ey) = g2, (E1+ Es,Ey+ Ey) = goy
(E1, Eo, Ey) = g1 @ g2.1
CIL: (E1), (B, Eq) = 821, (E1, Eo, E3) = g1 ® g2.1
w
(Ev,uBs + Ey, E3) = g5 4"
FCI: (Ey, E3), (E1,E2+ E4, E3) =933
(E1,—EBa + Ey, E3) = g3 4
GSA: <E1 + Ej3, E4> , <E1 + Ey, E2> , <E1 + E3,vFEs + E4>
FRSS: <E1 —|—E4,E2—|—E3> , <E1,E2 +E3,E4>, <E1 —|—E3,E2,E4>.

Here e,v,n,u #0, -1 <e <1, -1 <~v <1, =1 < p < 1 parametrize
families of distinct (nonequivalent) subspaces.

2g2.1 has no fully characteristic one-dimensional ideals.

2.3. ALGEBRA @31 @ g1 (TRIVIAL EXTENSION OF THE HEISENBERG AL-
GEBRA). The Lie algebra

931D g1 = =whk +xEy +yE3+2E; © w,z,y,z€ R

oo oo
coow &
N O oo

O O O 8

has nonzero commutator relations [FEs, E3] = E; and center (Ej, E4). The
group of automorphisms is given by

asar7 —agaz a1 as ag

0 az ag 0
Aut(gs1 @ g1) = 0 az ai 0
0 as ag aiop

tay,...,010 € R, (a2a7 — a6a3)a10 7£ 0}

THEOREM 2.3. The Lie algebra g31®g:1 has the following subspace struc-
ture:
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SA: (B, (Es,Ed)
I: (Es4), (E1,Eo), (E1,E3 E3) =931, (E1,E Ey)
FCL: (E)), (E.,E)
GSA <E2, E3>
FRSS: <E2, E’37 E4>

g3.1 @ g1 is a fully characteristic (central) extension of the three-dimensional
Abelian Lie algebra 3g;. Indeed,

SRR IR

q:931D g1 — 391, Y — |0y O
00 0 0 00 »
00 0 2

is a Lie algebra epimorphism with kernel ker ¢ = (E).

2.4. ALGEBRA g32 @ g1. The Lie algebra

0 0 00
Dgr= y Oowaﬁ—xE—i—E—i—zE'wx zeR
932901 =19 1|, —y oy o]~ 1 2T YLs 4 1 W, T, Y,
0O 0 0 =z
has nonzero commutator relations [Es, E3] = Ey — Es, [Es3, F1] = Ep and

center {0} @ g;. The group of automorphisms is given by

ay ag as 0
0 a]; aq 0
0 0 1 0
0 0 as ag

Aut(gg,g @gl) = ta,...,a6 € R, ajag 75 0

THEOREM 2.4. The Lie algebra gs.o®g1 has the following subspace struc-
ture:

SA: E > <E3> <E1 + E4> , <E2 + E4>
Ei,E3) = go1, (Eo, Ey), (E3,Ey)

E17 E2 + E4> <E1 + E47 E2> ) <E17 E3a E4> = g2.1 © g1

I: Ei,Es, E3) = g3
GSA: FEs, > <E1 + Ey, E3>
FRSS: Eg + E4, E3)

(
(
2
FCI: (E1), (E4), (Ei,Es), (Ei,E)), (Ei,FEy Ey)
(
(
(

Ey,Es,Ey), (E1+ Ey4,Es,E3), (Ei,E2+ Ey, E3).
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Clearly g32 @ g1 is a trivial fully characteristic (central) extension of g3 2.
However, it is also a fully characteristic extension of gs.1 ® g1. Indeed,

0 0 8 8 0 0 O

q:932D91 — 921 D g, Y — |z y 0
w =y y 0 00 2
0O 0 0 =z

is a Lie algebra epimorphism with kernel ker ¢ = (E}).

2.5. ALGEBRA g33® g1- The Lie algebra

0 0 00O
Dy = yoo—wE—i—xE—f—E—i—zE'wx z€R
g33D g = w 0y 0] 1 2 T YLy 4 W, T, Y,
0 0 0 =z
has nonzero commutators [Es, F3] = —FEs, [E3, E1] = E1 and center {0} ®g;.

The group of automorphisms is given by
a; ag as 0
a4 a5 Qg 0
0 0 1 O
0 0 ay asg

Aut(gg,g D gl) = D ai,...,ag € R, (a1a5 — a2a4)a8 7& 0

THEOREM 2.5. The Lie algebra g33®g1 has the following subspace struc-
ture:

SA: <E3> , <E1 + E4> R <E1, E3> =g21, <E3, E4>
(Er, B2 + Ey), (E1,E3,Fy) =921 001
L (E1), (E1,Ey), (E1,Ez E3)=g33
FCI <E4> y <E1,E2> 5 <E1,E2,E4>
GSA: <E1 + Ejy, Eg)

FRSS <E17E2 +E4,E3>.

Clearly gs.3 @ g1 is a trivial fully characteristic (central) extension of gs 3.

2.6. ALGEBRA g}, ® g1 (TRIVIAL EXTENSION OF THE SEMI-EUCLIDEAN
ALGEBRA). The Lie algebra

034 Do = s w,x,y,z €R

o8 & ©
o
|
<
N o oo
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has nonzero commutator relations [Eq, F3] = Ey, [E3, E1] = —FE3 and center
{0} @ g1. The group of automorphisms is given by

aq a9 as 0
gay oa1 a4 0
0 0 o O
0 0 as  ag

Aut (g3 ®g1) =

Dap,...,a6 €ER, o= =+1, (a%—a%)aﬁ#()}.

THEOREM 2.6. The Lie algebra g3 ;@®g1 has the following subspace struc-
ture:

SA: (E1), (BE3), (BE1+Es), (E1+E2+ Ey)
(Ev,Es), (Es,E4), (E1,Ey+ Es), (E1+ Eo,E3) = g2,
(Er+ E2, By + Ey), (E1+ E2, E3, E) =g21® g1

I: (En, B2, E3) = g3,4
CI: <E1 =+ E2> , <E1 =+ EQ, E4>
FCI: <E4> , (El, E2> , <E1, Es, E4>

GSA: (Er,Es), (E1+ Ey+ Ey4, E3)

FRSS: <E1 + Ey, E3>
(

E\,E3,Ey), (Ev,Ex+ Ey4, E3), (Ei+ Ey Ei+ Ey4, E3).

Clearly g3, @ g1 is a trivial fully characteristic (central) extension of g9 ,.

2.7. ALGEBRA g§, @ g1. The Lie algebra

0 O 0 0
o _ w ay —y 0f
93.4@91_ T —y ay 0 'w7$7ysz]R
0 O 0 =z
has nonzero commutators [Esy, B3] = Ey — aEs, [E3, E1] = aF; — Ey and

center {0} ®g;. Here a >0, a # 1. (When a = 0, we recover g3, P g1 and
when a = 1, we recover go1 @ 2g;.) The group of automorphisms is given by

ay ag as 0
as a1 a4 0
0 0 1 0
0 0 as Qag

Aut(gg, ®g1) = ay,...,a6 €R, (a? —a3)ag # 0
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Remark 2.7. Aut(gg, @ g1) is a subgroup of Aut(gl, @ g1). Indeed,
Aut(gl , @ g1) decomposes as a semidirect product of subgroups

Aut(gl, @ g1) = Aut(g5, @ g1) » {diag(1,0,0,1) : o = £1}.

Accordingly, the classification of the subspaces of g5, @ g1 is very similar
to that of g3, @ g1. Indeed, any subspace of g§, @ g1 is equivalent to a
subspace with the same formal expression as that of one of g3, ® g1, up to a
transformation diag(1l,0,0,1), o = £1.

THEOREM 2.8. The Lie algebra g5 ,®g1 has the following subspace struc-
ture:
SA: <E1> <E3> (El + E4> R <E1 + Ey + E4> , <E1 — FEy + E4>
(E1,Es), (B3, Ey), (E1,Ex+Ey), (Ey+ E3 E3)=ga:
(E1 — Eo, B3) £ go1, (E1 + Ea, E1 + Ey), (E1 — Ez, By + Ey)
(E1 + Eo, E3,Ey) = g1 ® g1, (E1— FEz, B3, Ey) =go1 g
(Er, B, E3) = 954
FCI: <E > <E1 + E2> <E1 — E2>
(E1,E9), (Ey+ E9,Ey), (Ey— E9,Ey), (FEy,Es Ey)
(E1,E3), (B + Eo+ By, E3), (E1— Ey+ Ey, E3)
<E1 +E4,E3> (El,Eg,E4> , <E1,E2 +E4,E3>
(E1+ Eo, By + Ey, E3), (E1 — Ea, By + Ey, E3).

GSA:
FRSS:

Clearly g§, @ g1 is a trivial fully characteristic (central) extension of g§,.
However, it is also a fully characteristic extension of go1 @ g1. Indeed, the
mappings

R I K

q1: 954 D01 — 921 D01, vy — lw—z (a+1)y 0
z —y ay 0

0 0 z

10 0 =z L _

R N KR

G2 1 954 B 91 — 921 B 91, oy — w4z (a—1)y 0
z -y ay O

0 0 z

00 0 2] L .

are Lie algebra epimorphisms with kernels kerq; = (E7 4+ F3) and kergy =
(Ey — Es9), respectively.
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2.8. ALGEBRA g3 ;@ g1 (TRIVIAL EXTENSION OF THE EUCLIDEAN ALGE-
BRA). The Lie algebra

0O 0 0 O

0 _ w 0 —y 0]

93‘5@917 z y 0 0 . w7‘rayvz€R
0O 0 0 =z

has nonzero commutator relations [Fs, B3] = Ey, [E3, E1] = E2 and center
{0} @ g1. The group of automorphisms is given by

al a as 0

—oay 0a1 Q4 0

Aut (935 D gl) = 0 0 o 0
0 0 as ag

Cay,...,a6 €R, (a2 4 a3)ag #0, 0 = :l:l}.

THEOREM 2.9. The Lie algebra g3 -@®g; has the following subspace struc-
ture:

SA: <E > ) < > <E1 + E4> ) <E1?E4> ) <E37E4> s <E1; E2 + E4>
I: <E1,E2,E3> _935
FCI <E > <E1, E2> <E1, EQ, E4>
GSA:  (E\, E3)
FRSS: <E1 +E4,E3> <E1,E3,E4> , (El,EQ —|—E4,E3>.

Clearly g3 @ g1 is a trivial fully characteristic (central) extension of g9 .

2.9. ALGEBRA g55 @ g1. The Lie algebra

0 O 0 0

o _ w ay —y 0f

g3.5@gl_ T y ay 0 . wwrvyszR
0 O 0 =z

has nonzero commutator relations [Eo, F3] = E1 —aFs, [E3, E1] = aF + E,
and center {0} @ g;. Here a > 0. The group of automorphisms is given by

al a2 as 0
—a2 a1 a4 0
0 0 1 0
0 0 as ag

Aut (g55 @ g1) = Cay,...,a6 € R, (a2 4 ad)ag # 0



50 R. BIGGS, C.C. REMSING

Remark 2.10. Aut(g§s @ g1) is a subgroup of Aut(gls; @ g1). Indeed,
Aut(g) 5 @ g1) decomposes as a semidirect product of subgroups

Aut(gd s @ g1) = Aut(g§s @ g1) x {diag(1,0,0,1) : 0 = £1}.

Accordingly, the classification of the subspaces of g5 @ g1 is very similar
to that of g3; @ g1. In fact, the classification of subspaces turns out to be
formally identical.

THEOREM 2.11. The Lie algebra g5s @ g1 has the following subspace
structure:

SA: <l§ >, <1§3> <l§1 +-124>, (121,124>, <l§3,1?4>, <121,132 +—f§4>
I (E1, Bo, E3) = g5 5
FCI: (E > (El, EQ) , <E1, Es, E4>
GSA: (Eq, E3)
FRSS: <E1 +E4,E3> <E1,E3,E4> , (El,EQ +E4,E3>.

Clearly g% @ g1 is a trivial fully characteristic (central) extension of g§ 5.

2.10. ALGEBRA @36 ® g1 (TRIVIAL EXTENSION OF THE PSEUDO-ORTHOG
ONAL ALGEBRA). The Lie algebra

zZtw r—y
936 D g1 = {lx%y 2ol s w iy, z € Ry =gl(2,R)
2 2

has nonzero commutator relations [Eo, B3| = Ey, [Es, E1| = Es, [Ey, Es] =
—FEj3, and center {0} @ g1. The group of automorphisms is given by

ks
o O O

Aut(gs.6 © g1) = :9€S0(2,1), as €R, ag #0

000 ag
where
SO(2,1):{96R3X3 g Jg=J, detg:l}, J = diag(1, 1, —1).

THEOREM 2.12. The Lie algebra g3¢ © g1 has the following subspace
structure:
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SA: (E1), (E3), (E1+Es3), (Ei1+Es), (E3+Ey)
(E1+ E3+ Ey), (Ei,Ey), (E3,Ey), (Ei,Ey+ E3) =gy
(Eo+ E3,E4), (E1+ Ey4, By + E3) = g2,
(E1+ E3,E2, Ey) = go1 @ g1
FCI <E > <E1, EQ,Eg) = 03.6
GSA: <E1, E2> , <E1, E3> , <E1, Es + E3 + E4>
FRSS: <E1, E2 =+ E4> s <E1, E3 =+ E4> , <E1 =+ E4, E3>
(B2 + Ey, B0+ E3), (E1, E2,Ey), (E2, E3,Ey)
(E1, Eo, E3 + Ey), (Ey+ Ey,Ey, E3), (Ey+ E3, Ey, By + Ey).

Clearly gs3¢ @ g1 is a trivial fully characteristic (central) extension of gsg.

2.11. ALGEBRA g37 @ g1 (TRIVIAL EXTENSION OF THE ORTHOGONAL
ALGEBRA). The Lie algebra

0 w —x 0
B —w 0 y 0]
93.7@91— T —y 0 0 . waxvyazeR
0 0 0 =z

has nonzero commutator relations [Eo, B3| = Ey, [Es, E1| = Es, [Ey, Es] =
E5 and center {0} @ g1. The group of automorphisms is given by

9

o O O

Aut (g37 @ g1) = :9€S0(3),a1 €R, a4 #0

0 0 0 aq
where SO (3) = {g eR¥>3 : gTg =13, detg = 1}.

THEOREM 2.13. The Lie algebra gs7 @ g1 has the following subspace
structure:

SA: <E1> <E1 + E4> R <E1, E4>
FCI: <E > <E1, EQ, E3> = a3.7
GSA <E1, E2>
FRSS: <E1,E2 +E4> <E2,E3,E4> , <E1 + E4,E2,E3>.

Clearly gs7 @ g1 is a trivial fully characteristic (central) extension of g3 7.
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3. INDECOMPOSABLE ALGEBRAS

3.1. ALGEBRA g41 (ENGEL ALGEBRA, CENTRAL EXTENSION OF THE
HEISENBERG ALGEBRA). The Lie algebra

0 2 O w
0 0 2z z—=x

g41 = 00 0 y =wk) +zFEy+yFEs+ zE; : w,z,y,2 € R
0 00 0

has nonzero commutators [Eq, B4 = E1, [Es, E4] = E5 and center (Ej). The
group of automorphisms is given by

al a% asas G4 as
0 ajas a3 ae
0 0 a1 a7
0 0 0 a2

Aut(g4_1) = D ai,...,a7 € R, a1a27é0

THEOREM 3.1. The Lie algebra g4.1 has the following subspace structure:

SA-' <E2> ) <E3> ) <E4> ) <E17 E3> P <E17 E4> 5 <E2a E3>
(B1, Ba, By) = 931

FCI: (Ev), (BE1,E2), (FE1, E, E3)

GSA: (

FRSS <E3,E4> y <E1,E3,E4> 5 <E2,E3,E4>.

g4.1 is a fully characteristic (central) extension of the Heisenberg algebra gs ;.
Indeed, the mapping

w

0 2 0 0
0 0 2 z—x yor
q:941 = 93.1, 000 vy — |0 0 =z
0 00 0 000
is an epimorphism with kerq = (E1) = Z(g4.1)-

3.2. ALGEBRA g{,. The Lie algebra

=wFEi+xFs +yEs+ 2E4 : w,x,y,2z € R}
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has nonzero commutators [Eq, Ey| = aFE, [Es, By = Ea, [E3, E4) = Es+ E3
and trivial center. Here a # 0. (We note that o = 0 corresponds to the Lie
algebra g3 o @ g1.) If a # 1, then the group of automorphisms is given by

aj 0 0 a4
0 az a3z as
@ — .
Aut (g3 o) = 0 0 a ag| ' ag,...,a6 € R
0 0 0 1]
If a =1, then we have
_al 0 aq aﬁ_
ay_ ) |a2 a3 as ar|
Aut (g55) = 0 0 as as| ai,...,ag €R
0 0 0 1]

3.2.1. CAsSE a # 1

THEOREM 3.2. The Lie algebra g§,, o # 1 has the following subspace
structure:

SA: <E > <E4> <E1 + E2> s <E1 + E3> , <E1, E3>

(Er, Eq) = g21, <E2, Ey) = 921, (E1+ Eq, E3), (B + E3, Es)
(By, B, Ey) = g3,, (2, B3, Ey) = g3

FCI: <E > <E2> <E1,E2> 5 <E2,E3> s <E1,E2,E3>

GSA: <E3 > R <E1 + Es, E4>

FRSS: <E1 +E3,E4> <E1,E3,E4> ,<E1 +E2,E3,E4> ,<E1 +E3,E2,E4>.

Hereﬁzi‘f—g when —1 < a <1 and 8= O‘—H when |o| > 1.

059, a # 1 is a fully characteristic extension of the Lie algebra g3 2. Indeed,
the mapping

—az 0 0 w 0 0 0
o 0 —2 —oaz oax
0 0 0 0

is an epimorphism with kerq = (E;). If —1 < a < 1, then g§, is a

fully-characteristic extension of g§.4 where 8 = 12

1+
. 1—
q:952 = 934"

Indeed, the mapping

]
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—az 0 0 w
0
0 —Z —az ax o+
0 0 -z Y
O 0 0 0 w-y

is an epimorphism with kerq = (Eb).

REMSING

0 0
—12(a+1) —iz(a-1)
—52(a—=1) —iz(a+1)

If | > 1, then gf, is a fully-

characteristic extension of g§_4 where g = g—fl Indeed, the mapping q :
atl
932 — 054"
D e o 0 0 0
— | w+y s2(a+1) 3z(a-—1)
0 0 —= —w4y za—-1) —iz(a+1)
0 0 0 0 2 2

is an epimorphism with kerq = (FE3).

3.2.2. CASEa =1

THEOREM 3.3. The Lie algebra g , has the following subspace structure:

(E1, Eq) = g2.1,
(B2, E3, Eq) = g32

(E2, E4) = g2

SA: <E3> ) <E4> ) <E17 E3> s
(E1, Bo, Ey) = 933,
I: <E1> s <E2, E3>
FCI: (E,), (E1,E9), (E1,FEs E3)
GSA: (Ey, E)
FRSS: <E1, E3, E4>

gi, is a fully characteristic extension of the Lie algebra g33. Indeed, the

mapping
-z 0 0 w 0 0 o0
1 0 —2 —2 =z
q:919— 933, 0 0 —z y — |y —z O
w 0 -z
0O 0 0 O

is an epimorphism with ker ¢ = (FEj»).
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3.3. ALGEBRA g43. The Lie algebra

—z 0 0 w
0 0 —z =«

g43 = 0 0 0 =wk) +zEy+yEs+ 2By © w,x,y,z € R
0O 0 0 O

has nonzero commutator relations [E1, F4] = Ei, [Es, E4] = Ey and center
(E9). The group of automorphisms is given by

al 0 0 ay
0 az as a
Aut(g4,3) = 0 02 a;’ GZ tay,...,a06 €R, ajas #0

0 0 0 1
THEOREM 3.4. The Lie algebra g4.5 has the following subspace structure:

SA: E3), (Ei), (E1+Es), (Ei+E3)
E\,Es), (E1,Es) =921, (E2, E4),
E\+ Es, E3), (E\+ E3,E3), (Es Es,E4) = g3

(
(
(
I: (En,Ea,Ey) = g21 @ 01
(
(
(
(

FCI: (Ey), (Es), (E1, E2), (FEs2,Es), (FEi,FEs E3)
GSA: FEs, > <E1 + Es, E4>
FRSS: E1 + Es, E4> <E1, Es, E4>

E\+ Ey, E3,Ey), (E\+ E3,Ey Ey).

g4 is a fully characteristic extension of the Lie algebra gsi. Indeed, the
mapping

0 w 0
0O 0 —z =z y
q:943 — 93.1, — |0 0 2z
0O 0 0 y 00 0
O 0 0 O

is an epimorphism with kerq = (Fj). The Lie algebra g43 is also a fully
characteristic (central) extension of the Lie algebra go1 @ g1. Indeed, the
mapping

—z 0 0 w 0 0 0
0 0 —z =«

q: 943 — 92.1 D g1, — lw —2z 0
0 0 0 vy 0 0
00 0 0 y

is an epimorphism with kerq = (Es) = Z(g4.3)-
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3.4. ALGEBRA g44. The Lie algebra

—z —z 0 w
0 —2 —z =x
gi4 = 0 0 -z y =wE) +zEy+yEs+2E) : w,x,y,2z €R
0 0 0 O
has nonzero commutator relations [Ei, Fy] = Ei, [E2,E4 = E; + Eo,

[E3, E4] = E9 + E5 and trivial center. The group of automorphisms is given
by

a; az a3 aq
0 ajy ag as
0 0 a] ag
0 0 0 1

AUt(g4.4): Pai,...,a5 € R, a17é0

THEOREM 3.5. The Lie algebra g4.4 has the following subspace structure:

SA: (E2), (E3), (Eu)
(E1,E3), (B, Ey) =go1, (E2, E3), (B, Ez Ey) =g32
FCI: (Ey), (Er, E3), (E1, Ey E3)
GSA: (B9, Ey)
FRSS <E3, E4> 5 <E1, Eg, E4> 5 <E2, Eg, E4>

g4.4 is a fully characteristic extension of the Lie algebra gso. Indeed, the
mapping

—z —2 0 w 0 0 0

) — C oS — =0

q:944 — 932, 0 0 -z y _ygc z —z
0 0 0 O

is an epimorphism with ker ¢ = (Ey).

3.5. ALGEBRA gJ¥. The Lie algebra

—z 0 0 w

7 0 —az 0 y
gzg’?: 0 0 Bz oz =wk) +zEy+yEs+ zE, . w,z,y,2 € R

0 0 0 0
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has nonzero commutator relations [Ey, Ey] = Ey, [Fa, E4| = Es, [Es, E4] =
akFs and trivial center. Here —1 < a < 8 < 1, af # 0 or a = —1,
0 < 8 < 1. We note that

a 1 18
) ~ ) ) ~Y ’ ) ~Y ala 17 ~Y 71»
ars =ayy, el =ely. el e s’ =ar’
1
I o
1Y o 0,0 ~ 1,0 ~
05 = 034901, 945 = g2.1 D 291, 945 = 0933D o1

If a#1, §#1 and a # B, then the group of automorphisms is given by

al 0 0 aq

, 0 a9 0 as
At =0 0 a a
0 0 0 1

D at,...,a6 € R, ajasag #0

If a# 1 and a = 3, then the group of automorphisms is given by

aj 0 0 ag

0 az ag a
Aut (gj?) = 0 a;2>, a; a; D ay,...,as € R, aj(agas — agaq) # 0
0 0 0 1

If a#1 and 8 =1, then the group of automorphisms is given by

ar a3 0 ag
ag aq 0 a7
0 0 a5 asg
0 0 0 1

Aut (92‘55) = D ap,...,as € R, (ajaq — azag)as # 0

If « =1 (and = 1), then the group of automorphisms is given by

ay a4 ay aio

ay as as a o1 G4 a7
2 as ag aix
Aut (g@F) = tal,...,a2 €R, lag a5 a 0
(945) 45 ag as aio 1y+-+,012 ,laz as ag| #
as ag a
0 0 0 1 3 %699

3.5.1. CASE a# 1, f#1, a#p

THEOREM 3.6. The Lie algebra gif, o # 1, B # 1, a # 8 has the
following subspace structure:
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SA: E > <E1 + E2> , <E1 + E3> , <E2 + E3> , <E1 + Fo + E3>
E1,Ey) = g2, (B2, Ey) = go1, (B3, Ey) = g0, (E1+ Ea, Es)

Ei + E3, E») <E1,E2+E3>7 (Eh — Eo, Ey + Ey + E3)

(
(
(
Tie
(B1, By, Ey) & 934 . (Bv, B3, Ey) =933, (B2, E3,Ey) =93,
FCI: (E1), (E2), (Es)
(Ev, Eo), (E1,E3), (Eq,E3), (Ei, Es, E3)
<E'1 + FE», E4> <E1 + Ej, E4> , <E2 + Ej, E'4>
(E1+ Ey+ E3,Ey), (E1,Ex+ E3,Ey), (Ei1+ Es, Es, Ey)
<E1 +E2,E3,E4> <E1 —EQ,El +E2+E3,E4>.

GSA:
FRSS:

Here x = O‘—Jrﬁ if a4+ >0 and X——g_ig if a+p5<0.

If a4+ 5 >0, then gz’ﬁ is a fully characteristic extension of the Lie algebra
cx+ﬁ

g¥4 with x = 2. Indeed, the mapping g : 658 = 054"

0 0 w 0 0 0
—Z0 T

0 0 g ol |UTE T2t yE-atp)
0 0 0 0 _% %Z(—Oé—i-ﬁ) —%Z<Ol 6)

is an epimorphism with kerq = (Fy). If a4+ 8 < 0, then gZ’f is a fully

characteristic extension of the Lie algebra g, with x = %_“g Indeed, the
a+ﬁ
mapping ¢ : 94 5 — 3. 4 J
—Oz 0 8 w 0 0 0
0 go‘ N |yv+%s —32(a+B) 2(a—p)
el vy te-p) —fae+s)
0 0 0 0 YTE 2 2

is an epimorphism with ker g = <E1> The Lie algebra 94 isa fully character-
1+a

istic extension of the Lie algebra g . Indeed, the mapping q : g3 5 — 934,
0 a0y [0 0 :
0 - ;Z — lw+y  —iz(l4+a) —3z2(-1+a)
0 0 00 —w+y —5z(-1+a) —35z(1+a)
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is an epimorphism with kerq = (FE3). Furthermore, gz’g is also a fully
148 1+8
characteristic extension of g3,”. Indeed, the mapping ¢ : 9?.’5/8 — 934,
o i 0y 0 0 0
s | wta —12(14+8) —iz(-1+p)
0 0 —ZIB X 1 1
0 0 0 0 —w+zr —5z2(-1+8) —352(1+p)

is an epimorphism with ker g = (F3).
3.5.2. CASE a#1, a=p

THEOREM 3.7. The Lie algebra gZ_f, a # 1, a = B has the following
subspace structure:

SA: (Es), (E1+Eq), (B, L) = 921, (E2, Ey) = g2.1
(E1+ Es, E3), (E1,Es Ey) = g3, (Ea, E3,Ey) =g33
I: (E9), (E1,FE3)
FCI: <E1>’ <E27E3>) <E1aE23E3>
GSA: <E1 + Es, E4>
FRSS: <E1 + Es, Es, E4>

g4a,’56 , a« =1, a = is a fully characteristic extension of the Lie algebra gs3.
Indeed, the mapping

0 —zo 0 N 0 0 0
q:g35 — 033, S o —za 0

0 0 —za =z =%y 0 —

0O 0 0 0 a s

is an epimorphism with kerq = (E1).
3.5.3. CasE a# 1, =1

THEOREM 3.8. The Lie algebra gi‘.’g, o # 1 has the following subspace
structure:
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SA: (Eq), (Ern+Es), (BB =g21, (B3 E1) =021,
+o¢
(Er, B2+ E3), (E1, Ea,Ey) =933, (E1,E3,Es) = g3,°
I: <E > <E1, E3>
FCI <E3> <E1,E2> s <E1,E2,E3>
GSA: <E1 + Es, E4>
FRSS: <E1, Es + Es, E4>
1 1+a
g45, a£1lisa fully characteristic extension of the Lie algebra g;7,*. Indeed,
1+o¢
the mapping ¢ : g3’ 5 — 034",
P B U . ’
0 o i — | x4ty —iz(0+a) —izx(-1+a)
0 0 0 0 —z4+y —32(-14a) —32(14aq)

is an epimorphism with kerq = (F7).
3.5.4. CAsE a=1

THEOREM 3.9. The Lie algebra g}ljé has the following subspace structure:

SA: (Eq), (E1,Es) =921, (E1,E2 Es) =933
I.’ <E1> ; <E1, E2>
FCL (1, Es, Es).

Every subspace of g4 5 1s a subalgebra; hence g4 5 admits no proper full-
rank subspaces Also, g4 5 has no one-dimensional fully characteristic ideals.
Hence g g 5 is not a fully characteristic extension of any three-dimensional Lie
algebra.

3.6. ALGEBRA g5%. The Lie algebra

oz 0 0 w
ws )| 0 =Bz —2 —y
946 0 z -8Bz x
0 0 0 0

=wFE| +xFEs+yFEs+2Ey @ w,x,y,2 € R}
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has nonzero commutator relations [E1, E4] = «aF, [Fa, Ey] = BEy; — Es,
[Es, B4 = Eo + SE3 and trivial center. Here o > 0 and 8 € R. (We note
that ggg = ggﬁg @ g1 and 946 ~ g6 5.) The group of automorphisms is
given by

al 0 0 aq
0 a2 a3z as 2, 2
Aut (g5°5) = Cay,. .. R
ut (g7 ) 0 —as ay ag ai,...,ag € R, aj(az +a3) #0
0 0 o0 1

THEOREM 3.10. The Lie algebra 945 has the following subspace struc-

ture:
SA: (E9), (E4), (E1+Es), (FEi,Es),
(By+ Ea, E3), (E2,E3,E4) = g'ﬂ,
FCI: (Ey), (Fs,E3), (F1, Ey E3)
GSA <E2 >
FRSS: <E1 +E2,E4> <E1,E2,E4> , <E1 +E2,E3,E4>.

gi’ﬁ is a fully characteristic extension of the Lie algebra gs’5

mappings

q1: QZ_’(? - 95.57

g2 05 = 055,

are epimorphisms with ker ¢, = (E

3.7. ALGEBRA g47.

ga7 =

—za 0 0 w -
0 -2 -z -y . 0 _25
0 z —z8 =z ‘Z _
0 0 0 0 ] L
—za 0 0 w | -
A ] T e
0 z  —zf x ;
0O 0 0 0 Y
) and kergo = (E1).
The Lie algebra
—2z —y x 2w
8 _Oz :2 i Cw,x,y,z €ER
0 0 0 ©0

6]

0

—Z

—Zﬁ

(E1, Ex) = g2

Indeed, the

5<0
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has nonzero commutators [Eq, E3| = E1, [Ei1, E4] = 2E), [E2, E4] = Es,
[Es, E4] = Eo 4+ E3 and trivial center. The group of automorphisms is given
by

a? —ajaz ajay — (a1 +az)as as
0 aq as a4
AUt(g4'7) - 0 0 aq as
0 0 0 1

tay,...,a5 € R, a17é0}.

THEOREM 3.11. The Lie algebra g47 has the following subspace struc-
ture:

SA.‘ <E2> 5 <E3> y <E4> N <E1, E3>
(Br, Es) = go1, (Ea,Ey) =go1, (E1,Ey Ey) =03,
FCI: <E1> s <E1, E2> 5 <E1, EQ, E3> = g3.1
GSA: <E2, E3> s <E1 + Es, E4>
FRSS: (Es,E4), (E1,Es,E4), (Es, E3,FEy).

ga7 is a fully characteristic extension of the Lie algebra gso. Indeed, the
mapping

0 0 O

D Qa7 — 0 == ==z 0
q:947 — 932, 0 0 —2 y Y

T z —Z

is an epimorphism with kerq = (F7).

3.8. ALGEBRA gj3 (CENTRAL EXTENSION OF THE SEMI-EUCLIDEAN AL-
GEBRA). The Lie algebra

=wk) +zEy+yEs+2Fy : w,x,y,z € R

©
ol
00—
I
O O O
O w8
ow £
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has nonzero commutator relations [Eq, F3] = Ey, [E2, E4] = Eq, [Es3, Ey4] =
—F3 and center (E7). The group of automorphisms is given by

ajas ajas a2a4 as —ajas —asa4 —aiaz as

_ 0 a 0 a 0 0 a a
1\ 1 4 1 4
AUt(g4'8) - 0 0 a as ’ 0 a9 0 as
0 0 0 1 0 0 0 -1

tai,...,as € R, alag%O}.

THEOREM 3.12. (CF. [2]) The Lie algebra g, has the following sub-
space structure:

SA: <E2> , <E2 + E3> s <E4> R <E1, E4>
(B2, Eq) = g21, (E1,Ba+ E3), (E1, B Ey) =g21©m
CI: <E1, E2>
FCI: <E1> y <E1, EQ, E3> = g3.1
GSA: <E2, E3> R <E1 + EQ, E4>

FRSS: <E2+E37E4> ) <E27E3aE4> ) <E17E2 +E37E4>-

g;é is a fully characteristic (central) extension of the semi-Euclidean algebra
se(1,1) = g3 ,. Indeed, the mapping

0 =z w 0 0 O
q:g;é%gg/p 0 z y|lr—|z+y 0 -z
0 0 O r—y —z 0
is an epimorphism with kerq = (E;) = Z(gys)-
3.9. ALGEBRA g{g. The Lie algebra
—(14+a)z = w
gig = 0 —az y| =wEi+zEy+yEs+z2Ey :w,z,y,z € R
0 0 0
has nonzero commutator relations [Fs, E3] = Ep, [E1,Ey) = (1 + a)FEn,

[Eo, E4] = E», [Es,F4] = aFs3 and trivial center. Here —1 < a < 1. If
a # 0 and « # 1, then the group of automorphisms is given by
aja —aiaz asa4 A

0 al 0 ayq
AUt(gZS) = 0 0 as aas
0

0 0 1

D a1,...,a5 €ER,ajag #0
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If a=0 or =1, then

ajaz a3 G204 aj

0 a 0 a
Aut(gg.g) = 0 01 a 04 fay,...,a5 €R, aras #0
0 0 0 1

aijaz — agy —ai1az -+ asle a204 — azay as

0 a a a
1 1 7 4
Aut(gyg) = 0 - as as
0 0 0 1
Dal,...,a7 €R, alag—a6a77§0}
respectively.

3.9.1. CASE a#0, a#1

THEOREM 3.13. The Lie algebra g{g, o # 0, o # 1 has the following
subspace structure:

SA: (E2), (BEs), (Ei), (BE2+ Ej)
(E1, Ey) = go1, <E2,E4> Sgo1, (B3, FEy) =g21, (E1,E2+ E3)
+3 a
(B, Ba, Ex) & gy o (By, By, By) = gl
FCI <E > <E1a E2> <E17 E3> ) <E17 EQ, E3> =931
GSA: <E2, E3> <E1 + Eo, E4> s <E1 + Es, E4>
FRSS: <E2 +E3,E4> <E2,E3,E4>, <E1,E2 +E3,E4>.
lta
9%g, @ #0, a#1 is a fully characteristic extension of the Lie algebra g3,

1+«

Indeed, the mapping ¢ : g3g — 954",

—z(l1+a) = w 0 0 0
0 —za y|— | z+y —-iz(1+a) iz(1-q)
0 0 0 —z4+y 32(l-a) —3z(1+a)

is an epimorphism with ker ¢ = (Fy).
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3.9.2. CASE a=0

THEOREM 3.14. The Lie algebra gl¢ has the following subspace struc-
ture:

SA: (E2), (E3), (Ei), (E2+E3), (Es+Es), (E1,Ey) =g
(B2, E4) = 921, (E3,E4), (E1,Ex+E3), (B, E3+Ey) =g2
(E1,E3,E4) = go1 @ g1

I: <E1,EQ,E3+E4> =932
FCI <E > <E1, E2> <E1, E3>
<E17E27E3> =931, (E1,Eq, Ey) = g33
GSA: <E > <E1 + Es, E4> , <E‘27 Es + E4>
FRSS: <E2 +E3,E4> <E1,E2 +E3,E4> s <E2,E3,E4>.

95 is a fully characteristic extension of the Lie algebra go1 @ g1. Indeed, the
mapping

—z T w 0O 0 O
q: 928 — g2.1 D g1, 0 0 y|lr—|z —2 O
0 0 O 0 0

is an epimorphism with kerq = (F1).

3.9.3. CASE aa=1

THEOREM 3.15. The Lie algebra g}y has the following subspace struc-
ture:

SA: (E2), (Es), (E1,Ei)=go1, (B2, Ea) =021, (Ei,EsEs) =g,
I: < 1,E2>
FCI: <E > s <E1, Eg, E3> = g3.1
GSA: <E1 + Es, E4> <E’27 E3>
FRSS: <E2, Eg, E4>

gl ¢ is a fully characteristic extension of the Lie algebra gs3. Indeed, the
mapping

-2z x w 0 0 0
q:9ig — 033, 0 —z ylr—ly —2 0
0 0 O r 0 -z

is an epimorphism with kerq = (E1).
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3.10. ALGEBRA g}y (OSCILLATOR ALGEBRA, CENTRAL EXTENSION OF
THE EUCLIDEAN ALGEBRA). The (oscillator) Lie algebra

0 —z y —2w

0 0 =z
0 _ vy | _ .
99=410 —» 0 =whk) +aEy +yb3+ 2By : w,z,y,2 €R
0 0 0 O
has nonzero commutator relations [Eq, E3] = Ey, [E2, E4] = —Es3, [E3, E4] =

E5 and center (Fj). The group of automorphisms is given by

o (a% + a%) —oa1a4 + a2a5 —a1a5 — 0a2a4 a3

0 a a a

0\ _ 1 2 4

Aut(gyg) = 0 —oas oaq as
0 0 0 o

:al,...,a5€R,a%+a%7é0, a:il}.

THEOREM 3.16. (CF. [9]) The Lie algebra g%y has the following sub-
space structure:

SA: <E2> ) <E4> ) <E17 E2> ) <E17 E4>
FCI: <E1> s <E1, EQ, E3> = g3.1

GSA <E2, 3>

FRSS: (Es9,E4), (FE1,Es Ey), (Es, Es, Ey).

9]y is a fully characteristic (central) extension of the Euclidean algebra
se (2) = g 5. Indeed, the mapping

0 —x —2w

Y
. . 0 0 = oy 0 0 O
q: 949 — 935, 0 s 0 2 — | 0 —Z
0 0 0 0 y = 0
is an epimorphism with kerq = (F;) = Z(gY,).

3.11. ALGEBRA g§g9. The Lie algebra

—2az —x Y —2w
o 0 —az z Y
19 = 0 -z —az oz
0 0 0 0

=wk; +cFEe+yFEs+ zFEy © w,x,y,z € ]R}
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has nonzero commutator relations [Fs, E3| = E1, [E1, Ey] = 2aE1, [Es, Ey] =
aFy — Es, [Es, Byl = E2 + aF3 and trivial center. Here a > 0. The group
of automorphisms is given by

ai+a3 hr iz a3
Al =4 | o Mmoo
0 0 0 1

x1 = —ag(aayg —as) — ay(ag + aas)

x9 = ai(aayg — az) — az(ag + avag)

ai,...,as €R, a?+ai#0

THEOREM 3.17. The Lie algebra g§y has the following subspace struc-
ture:

SA: (Ea), (Ea), (E1,E2), (Ei,Es) =g
FCI: (E1), (E1,Es, E3) =931

GSA: <E27E3>

FRSS: <E27E4>5 <E17E2aE4> ) <E27E35E4>-

949 is a fully characteristic extension of the Lie algebra g§;. Indeed, the
mapping

—2az —=x Y —2w 0 0 0
C 959 — 0% 0 ez 2 Yol -z oz
47849 7 835 0 -z —az y
0 0 0 0 r —z —az
is an epimorphism with kerq = (F1).
3.12. ALGEBRA g419. The Lie algebra
-y z x
g4.10 = —z —y w| =wk +xE+yE3+z2E; : w,x,y,z€R
0O 0 O

has nonzero commutator relations [E1, E3] = Ey, [Es, E3] = Eo, [E1, Ey] =
—FEs, [Es, E4) = Ey and trivial center. The group of automorphisms is given
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by

al ga2 as O Q4
—a2 oay a4 —0das
0 0 1 0
0 0 0 o

Aut(g4,10): Day,...,aq €R, 0 ==+1, al#O

THEOREM 3.18. The Lie algebra g4.10 has the following subspace struc-
ture:

SA: <E > <E3> <’YE3 + E4> s <E1, E3> =921, (Eg, E4>
CI: <E EQ, 77E3 =+ E4> = g3 5
FCI: <E > <E1, EQ, E3> = 03.3, <E1, EQ, E4> & gg5
GSA:  (Ey,vEs+ Ey)
FRSS: <E1 + FEy, E3> <E1, Es, E4>.

Here v > 0 and n > 0 parametrize families of equivalence representatives,
each different value yielding a distinct (nonequivalent) representative.

g4.10 has no one-dimensional ideals.

4. QUOTIENTS, EXTENSIONS AND EQUIVALENCE

We briefly explore the relation between the subspaces of a Lie algebra g
and the subspaces of an extension g of g. It turns out that if g is a fully
characteristic extension of g, then a classification of subspaces of g can easily
be obtained from a classification of subspaces of g. Conversely, in some cases
a partial classification of subspaces of g may be obtained from classification
of subspaces of g. Throughout, let ¢ : g — g be an epimorphism (i.e., g is
an extension of g by kerq).

LEMMA 4.1. If T' is a subspace (resp. subalgebra, ideal, full-rank sub-
space) of g, then q(I") is a subspace (resp. subalgebra, ideal, full-rank sub-
space) of g. Likewise, if T' is a subspace (resp. subalgebra, ideal, full-rank
subspace) of g, then ¢~ '(TI') is a subspace (resp. subalgebra, ideal, full-rank
subspace) of g.

Proof. We prove only the assertion that if I' is a full-rank subspace of g,
then ¢~!(I") is a full-rank subspace of g (proofs for the other assertions are
rather straightforward). Suppose I' is a full-rank subspace of g and suppose
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¢ }(T) is not a full-rank subspace of g. Then there exists a proper subalgebra
h of g such that kerq C ¢~ '(I') C h C g. Hence q(q~ (")) C q(h) and so
I' C q(h). Therefore Lie(I') = g C q(b), ie, q(h) = g. Let A € g\h.
There exists B € h such that ¢(B) = q(A). Hence ¢(A — B) = 0 and so
A—BekergCh. As A— B and B are both in h we have that A € b, thus
yielding a contradiction. |

We can therefore lift and project subspaces by means of the epimorphism gq.
Next we investigate the compatibility of the automorphisms with the quotient

map q.

PROPOSITION 4.2. Let @E € Aut(g). There exists ¢ € Aut(g) such that
qo1 =1 oq if and only if 1p(ker q) = kergq.

Proof. Suppose @(ker q) = kerq. As q is surjective, there exists a linear
map p : g — g such that ¢gop = idg. We claim that ¢ = qoqup is an
automorphism of g satisfying the requirements. Let A € g. We have that
q- w p-qg-A=gq- w (A+B)=gq- - A+q- w B for some B € ker¢. Hence,
as ¢(kerq) = ker g, it follows that ¢- ¢ pq-A=q- ¢ A and so Yogq = qoz/}
It remains to be shown that 1/ is an automorphism. We have

V- [AB] = [¢- A4 Bl =(qod) (p-[A,B] ~ [p- Ap- B))
for A,B € g. However, q-(p-[A,B] —[p-A,p-B]) =0 and so p-[A,B] -
[p-A,p-B] € kerq. Thus ¢ - (p-[A,B] —[p- A,p- B]) € kerq. Therefore

(qo)-(p-[A, B]—[p-A,p-B]) = 0. Hence ¢ is a Lie algebra homomorphism.
Moreover

(qotop)(A) =0 <= (Yop)(A) €kerq <= p(A) € kerg
<~ (qop)(A)=0 <= A=0.

Therefore kerty = {0} and hence v € Aut(g).

Conversely, suppose there exists 1) € Aut(g) such that ¢ o )= P oq. Let
A € kerq. We have (qo9)(A) = (¢ 0q)(A) = ¥(0) = 0. Hence ¢(A) € kerg.
Consequently, J(ker q) =kerq. 1

COROLLARY 4.3. For every ¥ € Aut(§), there exists 1 € Aut(g) such
that q ot =) oq if and only if ker q is a fully characteristic ideal of g.

COROLLARY 4.4. Suppose ker q is a fully characteristic ideal of g. If T';
and T'y are equivalent, then ¢(I'1) and q(T'2) are equivalent. (Equivalently,
if q(T'y) and q(T'2) are not equivalent, then neither are I'y and T'3.)
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We now show that one can project classifications of subspaces, subalge-
bras, ideals, and full-rank subspaces; the subsequent theorem deals with lifting
classifications.

THEOREM 4.5. Suppose ker q is a fully characteristic ideal of g. Further,
suppose I';, i € I is a complete enumeration of class representatives for
subspaces (resp. subalgebras, ideals, full-rank subspaces) of g. Then q(T;),
i € I is a complete enumeration of class representatives for subspaces (resp.
subalgebras, ideals, full-rank subspaces) of g.

Proof. Let T be a subspace of g. Then ¢~!(T') is a subspace of §. Hence,
as Iy, i € I is complete, there exists i € I such that ¢~!(I') is equivalent
to I';. Consequently, by Corollary 4.4, T' is equivalent to ¢(I';). The same
argument holds when I' is a subalgebra, ideal, or full-rank subspace. |

Remark 4.6. The enumeration ¢(I';), ¢ € I may have redundancies even
if T';, 4 € I is nonredundant.

THEOREM 4.7. Suppose Aut(g) o ¢ C q o Aut(g). Further, suppose T,
i € I is a complete enumeration of class representatives for subspaces (resp.
subalgebras, ideals, full-rank subspaces) of g. Then for any subspace (resp.
subalgebra, ideal, full-rank subspace) T of § there exists i € I such that T
is equivalent to a subspace I of ¢~ 1(I;) satisfying q(I") = T);.

Proof. Let T' be a subspace of g. We have that ¢(I') is a subspace of
g and so there exist ¢ € I and an automorphism 1 € Aut(g) such that
Y- q(T) =T;. As Aut(g) o ¢ C g o Aut(g), there exists 1) € Aut(g) such that
hoqg=gqo @Z Thus gq - 1Z(F) =T, and so @(F) C ¢ (). Accordingly, T is
equivalent to a subspace I = @(F) of ¢71(T';) which satisfies q(I'") =T;. |

We collect the fully characteristic four-dimensional extensions of each
three-dimensional Lie algebra in Table 1. Each three-dimensional Lie alge-
bra has a four-dimensional fully characteristic extension. Hence, the classi-
fication of subspaces (resp. subalgebras, ideals, full-rank subspaces) of the
thee-dimensional Lie algebras may readily be reobtained from the classifica-
tion obtained in this paper. A few illustrative examples follow.
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Table 1: Complete list of 4D fully characteristic extensions of 3D algebras

3D algebra Fully characteristic 4D extensions
301 9219201, 931Dm
g2.1 @ g1 932D g1, 934D o1, 0%g
g3.1 g4.1
93.2 932 @ g1, 070, 044, 0937, Oig
a#l
03.3 033001, 012 045
a#l
094 o B0, os
954 03, @01, 080, 055, 913, 9is
a#0,a1
935 935 © 01, 92,97
955 085 @01, 81%, 0%
93.6 93.6 D g1
93.7 937D g1

EXAMPLE 4.8. The Lie algebra g4 is a fully characteristic (central) ex-
tension of the Euclidean algebra se (2) = g9 -. Indeed, the mapping

_ b

8 0$ Z N 00 0 L

q192.9—>9357 0 —=» 0 3;' — |z 0 —z| =zE1+yEy+ zE3
00 0 0 y 2 0

is an epimorphism with kerq = (E1) = Z(gl,). Any subalgebra of g3, is
equivalent to exactly one of the subalgebras:

{0}7 <E1> ) <E2> ) <E4> ) <E17 E2> ) <E17 E4> ) <E17 E27 E3> ) 92.9'

Consequently, any subalgebra of gJ - is equivalent to at least one of the fol-
lowing subalgebras:

{0}, {0}, (Ev), (Es), (E1), (Es), (E1,E2), g3s.

Once one has verified that (E;) and (F3) are not equivalent, one then has
that any subalgebra of g3 is equivalent to ezactly one of the following sub-
algebras:

{0}7 <E1>7 <E3>7 <E1>E2>v ggﬁ'
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ExaAMPLE 4.9. We consider again the fully characteristic extension ¢ :
09 — gJ5 of the Euclidean Lie algebra. Any ideal of g is equivalent to
exactly one of the following ideals:

{0}, (Er,E), ¢35

Hence any ideal of g}, is equivalent to an ideal I of one of the following
ideals

(E1), (F1, B9 E3), g%

satisfying q(T') = {0}, q(IV) = (Ey, Ea), or q(I") = g 5, respectively. Indeed,
it turns out that these are the only ideals (apart from the trivial one) of g3 ,.

EXAMPLE 4.10. The Lie algebra g} , is a fully characteristic extension of
the Lie algebra gs3. Indeed,

—z 0 0 w 0 0 0

1 0 -2z —z =x
q:952 — 933, — |y —z O
0 0 —z2 vy w0 .

0 0 0 O

is an epimorphism with ker ¢ = (FE>). Any proper full-rank subspace of g},
is equivalent to (Fi, Eq, E4). We have q((E1, Ea, E4)) = g3.3. Hence, g33
has no proper full-rank subspaces.

EXAMPLE 4.11. The Lie algebra g3 is a fully characteristic (central)
extension of the semi-Euclidean algebra g9, = se (1,1). Indeed, the mapping

1
q: 048 — 9%.47

0 = w 0 0 0 ) o
0 z yl—|z+y 0 —z|=(x+y)E1+ (x—y)E2+ zE3
0 0 O x—y —z 0

is an epimorphism with kerq = (E;) = Z(g;é). Any full-rank subspace of
g;é is equivalent to exactly one of the following subspaces:

(B> + BE3,Eq), (E2,Bs,Eq), (E1,By+ E3,Eq), gy

Hence any full-rank subspace of g5 411 is equivalent to at least one of the fol-
lowing subspaces:

<E17E3>7 gg.47 <E17E3>7 gg4

Consequently, any proper full-rank subspace of g3 i is equivalent to <E1, E’3>.
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5. FINAL REMARKS

A classification of subalgebras (but not all subspaces) of four-dimensional
Lie algebras was obtained in [18], up to inner automorphism. This classifica-
tion has been employed by several authors (especially in the field of mathe-
matical physics, see e.g., [12, 15, 19, 20, 21]). For instance, in [19] the (fully
characteristic) ideals are identified among the subalgebras; these ideals are
then used in finding a complete set of inequivalent realizations of real Lie
algebras (of dimension no greater than four).

It turns out that equivalence up to automorphism (as studied in this paper)
is considerably weaker than equivalence up to inner automorphism. The main
reason for our interest in the classification of subspaces is in connection with
geometric control and sub-Riemannian structures on Lie groups. More pre-
cisely, the classification of full-rank subspaces of a Lie algebra yields a classifi-
cation of the invariant (bracket-generating) distributions or the homogeneous
invariant control affine systems on the corresponding simply connected Lie
group (cf. [7, 2, 8, 3]).

A. CLASSIFICATION OF LOW-DIMENSIONAL LIE ALGEBRAS

The classification of three- and four-dimensional (real) Lie algebras is
well known (see, e.g., [14], [19], and the references therein). We prefer to
use (a modified version of) the enumeration of these Lie algebras due to
Mubarakzyanov ([16]), similar to that used by Patera et al. ([18, 17]), which
is complete and nonredundant. However, in the three-dimensional case, we
use the commutator relations in the Bianchi-Behr form ([13]).

A.1. THREE-DIMENSIONAL LIE ALGEBRAS. In terms of an (appropriate)
ordered basis (FE1, E9, F3), the commutator operation is given by

[Eq, B3] = mE] — a By
[E3, 1) = a By +ngEs
[E4, Eq] = n3Es.

The (Bianchi-Behr) structure parameters «,n,ng,ng for each type are given
in Table 2.
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Table 2: Bianchi-Behr classification of 3D Lie algebras

. o
25 % F s s
S £ & =2 2 2 &
52 58 8% 4
£ = 5
Type Bianchi o« ny ns n3 P & 3 é 2 3 &
301 I 0 0 0 0 ¢ o e o o R3
go1 @ gy 111 1 1 -1 0 e o o aff(R) & R,
9;13.4
g3.1 II 0 1 0 0 ¢ e e e o b3
g3.2 A% 1 1 0 0 e o o
93.3 Vv 1 0 0 0 e o o
gg_4 VI 0o 1 -1 0 e e o o se(1,1)
954 VI, 20 1 -1 0 o o o
a9 5 VIl 0 1 1 0 e . s5¢(2)
955 VII, o>0 1 1 0 o o
3.6 VIIT 0 1 1 —1 e o sl(2,R),
50(2,1)
3.7 IX 0 1 1 1 e ° 5u(2)7
50(3)

A.2. FOUR-DIMENSIONAL LIE ALGEBRAS. We distinguish between the
decomposable (as direct sums of lower-dimensional Lie algebras) and indecom-
posable algebras. There are twelve types of decomposable algebras (in fact,
ten algebras and two one-parameter families of algebras) and twelve types of
indecomposable algebras (in fact, seven algebras, three one-parameter families
of algebras, and two two-parameter families of algebras). In terms of an (ap-
propriate) ordered basis (F1, E2, F3, E4), the commutator relations for each
four-dimensional Lie algebra are given in Table 3.

We collect some basic properties for each algebra in Table 4. For each
algebra g, the quotient g/ Z(g) is displayed when Z(g) is nontrivial. We also
list all fully characteristic ideals of codimension one. Furthermore, we indicate
those algebras that admit an invariant scalar product (abbreviated ISP), i.e.,
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a nondegenerate bilinear form (-,-) satisfying (A4, [B,C|) = (|4, B],C) for all

A/ B,Ceg.

Table 3: Four-dimensional Lie algebras (commutator relations)

Type

Non-zero commutators

Parameter

491

g2.1 D 291

2g2.1

[E1, Bo] = E

[E1, Bo] = E

(B3, Ey) = E3

931D M
g32D M
Ga3®0
Haoe
Ba®on
s 0o
BP0

936 D g1

937 D g1

[E27 ES] = El

[E2, E3] = Ey

[E», E3] = Ey — B

[E2, E3] = —E>
[EZa ES] = El

[E‘Z, Eg] = E1 — E2

[E27E3] = El
[EQ,ES] = E1 — (IEQ

[E27 E3] = El

[E?)a El] = E2

[E?)a El] = E2

[Es, E1] = By

[Es, E1] = By
[Es,E1] = —E»
[Es,E1) = aEy — E
[Es, E1] = Es

[E3, Er] =a B+ E

a>0,a#1

[Ey, Byl = —E5

[Eq, Es] = Ej
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Table 3: (continued)

Type Non-zero commutators Parameter

941 [E, E4) = Ey [Es, E4] = Es

0is  [E1, B =ab [Ea, E4] = B (B3, By ) =E2+E;  a#0

g4.3 [E1, E4) = Ey [Es, E4] = Es

4.4 [E1, E4) = Ey (B2, E4] = By + Es [E3, E4] = Eo 4 E3

o8 B . E=F By, Ed = BE By, E E N;ifafﬁé’
’ = = = 0
o5 BeRl=R B BI=0E B Bk e

057 (B Ed=aF [Ey, Byl =BFEy—FEs [Es,Ey)=FEy+BE; a>0 BeR

[E1, E4) = 2B, [E2, E4] = Es [E3, E4) = By + E3
ga7
[E, B3] = Ey

8 (B2, Bs] = By [E2, Ey] = E» [E3, E4] = —E3
[EL, Bl =(1+4a)Ey [Fs, E4] = Es By, Ba] = a B
ois -l<a<l1

[Es, B3] = Ey
92,9 [Es, B3] = Ey [E2, E4) = —E3 [E3, E4] = Es

[El,E4]IQOcE1 [E27E4]=OLE27E3 [E37E4]=E2+OLE3
fL a>0

[Es, B3] = Ey

[E1, E3] = Ey [E2, E3] = Es [E1, Bq] = —E»
g4.10
[Bs, Ey] = By
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Table 4: Four-dimensional Lie algebras (properties)

) =] 2=
33 i; g mo % < %
S S = S 2 B 5 £ =
= ] E 2 £ 2 E EZ
Type = = S E S d 2=
4g1 — {0} ° o o o o
921 D 201 301 92.1 e o o
2921 3.3, 994 — e o o
931D g1 — 2g1 ° o o ° °
932D g1 391 03.2 e o o
933D g1 391 93.3 ° ° °
934 D g 391 034 . e o o
954 Do 391 954 e o o
935D o 301 935 . o
955 © g1 391 955 e o
93.6 D g1 93.6 93.6 ] °
937 D g1 93.7 g3.7 . °
941 31 93.1 . e o o o
942 391 — a=-2 ° ° °
94.3 391 921D 01 e o o
94.4 301 — e o o
¥4 391 — a+B=—1 e o o
GZ’(’? 391 — a=—28 B£0 e
ga4.7 g3.1 — . . °
9rs 93.1 034 o e o o o
938 93.1, 93.3a=0 ° o o
92.9 g3.1 gg,s o e o
949 93.1 — ° °
94.10 93.3, 93,5 — °
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B. CLASSIFICATION PROCEDURE AND PROOFS

The classification procedure is described in Appendix B.1. Details for the
classification of a typical case is given in Appendix B.2. In Appendix B.3
and Appendix B.4 proofs are provided for the classification of subspaces of
936091 and g3 7®ge where the usual verification procedure (using a computer
algebra system) breaks down.

B.1. SUBSPACE CLASSIFICATION. The classification procedure for each
Lie algebra g is as follows. First, a standard computation yields the auto-
morphism group Aut(g) (see, e.g., [19, 10]). One then constructs class repre-
sentatives by considering the action of automorphisms on a typical subspace.
Finally, one verifies that none of these representatives are equivalent. This
procedure has been successfully applied in classifying certain classes of (affine)
subspaces of three-dimensional Lie algebras ([7], see also [4, 5, 6]) as well as
some higher-dimensional Lie algebras ([9, 1, 2]). In the four-dimensional case,
we verify nonredundancy and completeness of the classification by using a
computer algebra system (Mathematica).

Note B.1. For the sake of simplicity, we shall discuss here only the case
when the enumeration of subspaces is finite and the Lie algebra is fixed. It is
not difficult to adapt the approach for the case of an (infinite) parametrized
family of Lie algebras, or the case where the prospective enumeration contains
(infinite) parametrized families of subspaces.

Finding a prospective (finite) enumeration I'j,..., T, of subspaces is not
difficult; we provide details for Theorem 2.1 in Appendix B.2. The problem
then reduces to verifying that (a) the enumeration is nonredundent, i.e., no
two subspace I'; and I'; are equivalent, and that (b) the enumeration is
complete, i.e., any subspace is equivalent to at least one subspace I';. We
can apply simple (although computationally intensive) algorithms to verify
(a) and (b); these algorithms are described bellow.

Note B.2. For the Lie algebras g3 @ g1 and g37 ® g1 such a computer
aided verification does not work. (Due to the nature of the automorphism
groups, these algorithms become impractical to implement.) In these cases an
approach similar to that used in [4] is implemented; proofs are appended.

Any subspace I' has a basis Bi,...,Bp; we write this basis as a ma-
trix B = [Bl Bg:|. (Here each B; is identified with its correspond-
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ing coordinate column vector.) By a slight abuse of notation, we write
I'=(B) = (By,...,By). Two bases B and B’ define the same subspace ex-
actly when there exists R € GL (¢,R) such that B = B’ R. Consequently, two
subspaces (B) and (B') are equivalent exactly when there exist ¢ € Aut(g)
and R € GL (¢,R) such that B = B’ R. (Throughout, each automorphisms
¢ is identified with its matrix.)

NONREDUNDANCY. Given a prospective enumeration (B1),...,(B,) of
the ¢-dimensional subspaces (for a Lie algebra g), we wish to show that no
two subspaces (B;) and (B;) are equivalent. Formally, this is equivalent to
showing that the statement

V' Jyeau) recLer) ¥Bi=B;R (B.1)

1<i<j<n

is false. (Here Vv denotes logical disjunction.) Given the automorphism group
Aut(g) as a parametrized matrix Lie group, the truth value of (B.1) can fairly
easily be determined by using a computer algebra system.

COMPLETENESS. Given a prospective enumeration (B1),...,(B,) of the
(-dimensional subspaces, we wish to show that any subspace (B) is equivalent
to at least one subspace (B;). This will be the case exactly when the statement

VBeRdimaxt, det(BTB)£0 Jic{l,...n} IpeAut(g) JrReGL((r) ¥ B=B;R (B.2)

is true. However, in our experience (B.2) cannot be evaluated (or rather, the
evaluation does not terminate) in Mathematica, except in the one-dimensional
case. Hence, we express (B.2) in a more computationally amenable form.

As (B) = (BR) for any R € GL (¢,R), we can reduce the collection of
possible bases B € R4m8x¢ " det(BTB) # 0 for the /-dimensional subspaces.
Henceforth, we shall assume that dim g = 4.

LEMMA B.3. Any two-dimensional subspace admits a basis B € By, where

1 0 1 0 1 0 S1  S9 s1  So S1 89
By = 0 1 S1  S9 S1  S9 1 0 1 0 S3  S4
S1 S99 ’ 0 1|’ S3 S4 ’ 0 1’ S3 S4 1 0
83 84 S3  S4 0 1 S3  S4 0 1 0 1

: 81,59, 83,54 ER}.
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Proof. Let
S1 S92
s3 S
B = 3 4
S5  S6
S7 88

We have that exactly two rows of B are linearly independent (as (B) is
two-dimensional). Suppose the first two rows are linearly independent, i.e.,
§184 — S283 75 0. Then

$1 89 ) 1 0

B, o S3 S4 S1 S92 o 0 1
- - / /

S5 Sg| |83 sS4 S5 Sg

S7  Ss sk sg

for some si, sg, 55, s5 € R. Moreover (B) = (B’). The other possible bases
correspond to other combinations of rows of B being linearly independent.

Accordingly, a prospective enumeration (Bj),...,(B,) of the two-
dimensional subspaces of g is complete if and only if the statement

VBeB, Jic{1,...n} Jpeaut(e) JrecL(er) ¥B =B R (B.3)

is true. Likewise, for the three-dimensional case we have the following reduced
collection of bases.

LEMMA B.4. Any three-dimensional subspace admits a basis B € Bg,
where

—_
o
o
—
)
o
»

—
w0

[V
»

1 0 0 3
Ba— 0 1 O 0O 1 0 §1 S9  S3 1 0 0
7Y10 0 1|’|s1 s2 s3|’|0 1 0f’|0 1 o0
S1 So S3 0O 0 1 0 0 1 0 0 1
1 81,892,83 € R}.
Hence, a prospective enumeration (B1),...,(B,) of the three-dimensional

subspaces of g is complete if and only if the statement

VBeBs Jiefl,...n} JveAut(g) JreGL(R) B =B R (B.4)
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is true. In most cases, (B.3) and (B.4) can be evaluated using a computer
algebra system. However, there are a number of exceptions in which we use
different reduced collections of bases. For several algebras we used

S1 S92 1 0 1 0 1 0 S1 S92 S1 S2
B — 1 0 1 S1 S92 S1  S9 S3 S84 1 0
2 0 1’ S1 S92 ’ 0 11’ S3 S4 1 0 ’ S3 S4
0 0 0 0 0 O 0 1 0 1 0 1
:81,892,83,84 ER}.
1 0 0 1 0 0 1 0 0 $1 S2  S3
Bl — 010 S1 So  S3 0O 1 0 1 0 0
370110 0 1[7]0 1 0|’ |s1 s2 s3| [0 1 0
0 0 0 0 1 0 0 1 0 0 1
: 81,892,583 € R}

(Here we separate bases for which the fourth row is zero from those for which
it is not.) In a few cases, we used

1 0 1 0 S1 S92 1 0 S1 S2 S1 89

B! — 0 1 S1 S92 1 0 S1 82 1 0 S3  S4

2 0 0|’|0 of’[0 Of’|0 1]|’|0 1|’|1 O

S1  S2 0 1 0 1 83 S4 83 S4 0 1

1 81,892,583, 54 ER}.
1 0 0 S1 S2 83 1 0 O 1 0 0
B,,: 010 1 0 0 S1 S92 S3 0 1 0
3 00 0[O 1 0|’|l0 1 0|’|0 0 1
0 0 1 0 0 1 0 1 S1 S9 S3
: 81,892,583 € R}.

(Here we separate bases for which third row is zero from those for which it is
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not.) Finally, for g410 we used the collection

s1 s2] [1 0 1 0 1 0] [s1 O] [s1 O
B S3 84 0 1 s1 O s1 O 1 0 1 0
27001 0710 s|7|0 1710 sol’|0 1]7]10 so
1| [0 s 0 s9 0 1 0 s 0 1

: 81, 89, 83, S4 ER}.

in testing the completeness of the two-dimensional subspaces (and Bj for
the thee-dimensional subspaces). One can show that any two-dimensional
subspace admits a basis B € B’ by considering whether or not the last
two rows are linearly independent and then whether or not first two rows are

linearly independent.

SUBSPACE STRUCTURE. Given a complete and nonredundent enumera-
tion (By),...,(B,) of the subspaces of g, we wish to determine exactly which
subspaces are (Abelian or non-Abelian) subalgebras, are (noncharacteristic,
characteristic, or fully characteristic) ideals, or have full rank. An ideal n
is characteristic if it is invariant under all derivations, i.e., ¥ -n C n for
¥ € der(g). On the other hand, an ideal n is fully characteristic if it is invari-
ant under all automorphisms, i.e., ¥-n=n for ¢ € Aut(g). A subspace T is
said to have full rank if it generates the whole Lie algebra, i.e., the smallest
Lie algebra Lie(I") containing I' is g.

It is easy to determine which subspaces are (Abelian or non-Abelian) sub-
algebras and which are (noncharacteristic, characteristic, or fully characteris-
tic) ideals. We have the following characterization of full-rank subspaces (for
four-dimensional Lie algebras). No one-dimensional subspace has full rank.
A two-dimensional subspace (B), B = {Bl Bg} has full rank exactly when
the matrix

M=[Bi By [Bi.Ba [Bi.[BiBall [Ba[By, B

has full rank, i.e., det(MM ") # 0. Similarly, a three-dimensional subspace
(B), B= {Bl By Bg} has full rank exactly when the matrix

M=[Bi By By [Bi,Ba| [Bi,Bs| (B, Bs|

has full rank, i.e., det(MMT") # 0.
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B.2. PROOF FOR THEOREM 2.1 (ALGEBRA @21 @ 2g1). We prove only
the assertion that any proper subspace of go1 @ 2g; is equivalent to one
of the subspaces listed. Let I' = (a1 E) + aaFs + azEs + a4 F4) be a one-
dimensional subspace of go1 @ 2g1. Suppose aq # 0 or asz # 0. If a4 # 0,
then I' = IV = (a} E1 + a4Fs + a5E3 + Ey) for some a},ah,as € R and if
a4 = 0, then

1 0 00
0100
7’/}_0001
0 010

is an automorphism such that I" = ¢ - T' = (a} E1 4+ a4FE> + E4) for some
aj,ay € R. In either case we have that T' is equivalent to a subspace I" =
(a\E1 + abEs + a5 Es + Ey) for some al,ah, a4 € R. If af # 0, then

1 -9 0 o0
2
_lo 1 0 o0
YTl 1 g
0 1 0 —d

is an automorphism such that ¢ -I" = - (a} E1 + a4 Es + a5 Es + Ey) = (E»).
If ab =0 and a} # 0, then

iooo
1o 10 o0
¢_001—ag
0 00 1

is an automorphism such that ¢ - IV = ¢ - (a} E1 4+ a5E3 + E4) = (E1 + Ey).
If o) =ab =0, then

100 0
010 0
V=100 1 —a
000 1

is an automorphism such that ¢ - IV =4 - (a5FE3 + E4) = (E4). On the other
hand, suppose a3 = a4 = 0. If ay # 0, then

1 -4 00
2
0 1 00
Y=o 0 10
0 0 01
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is an automorphism such that ¢ -I' = ¢ - (a1 E1 + agFs) = (Es). If ag =0,
then I' = (E1).

Accordingly, any one-dimensional subspace of go.1 @ 2g1 is equivalent to
(Er), (E2), (E4), or (E1+ Ej). Completeness and nonredundancy can now
be verified as described in Appendix B.1.

Remark B.5. Alternatively, nonredundency can often be handled by iden-
tifying some basic invariants. For example, any automorphism ¢ preserves
(Eq), ie., ¥ - (E1) = (Ey). Thus (E;) is not equivalent to (Es), (Ejy), or
<E1 + E4>

Let I' = (3" a;F;, Y b;E;) be a two-dimensional subspace of ga1 @ 2g;.
Suppose E?(T') # {0}, i.e., a3+ b3 # 0. (Here E? denotes the corresponding
element of the dual basis.) We may assume that az = 1 and by = 0, i.e.,
I = <a1E1 + Es 4+ asFE3 + agF4, b1 E1 + bsEs + b4E4>. If b3 = by = 0, then
b1 # 0 and so

1
5 5 00
0 1 00
0 —az3 1 0
0 —aq 0 1
is an automorphism such that ¢ - T' = (Ey, Ep). If b3 + b3 # 0, then
T —aix 0 0
0 1 0 0
V=10 MZ;)J:IEM bglzf-lbi *bﬁbg ’ v#0
0o — ag%g +aqby b3 54
b3+b3 b2+b2  b2+b2

is an automorphism such that ¢ - T' = (E9,2biEy + E4). Hence, T' is
equivalent to (Eq, E4) if by =0 and is equivalent to (Fa, By + Ey4) if by #0
(in this case we take z = %) On the other hand, suppose E?(T") = {0}, i.e.,
I'=(a1E1 + a3FEs + agEq, b1 Ey + bsEs + by Ey). If by = asbs, then

1 00 O

010 O
Y= 0 0 1 —as

000 1

is an automorphism such that ¢ -T' = (a1 F1 + Ey4, b1 E1 + byEy) = (E1, Ey).
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If a; #0 and b3 — agbs # 0, then

1
Lo o0 0
0 1 0 0
w = 0 0 bi—aiby —agbi+aibs
ai(bs—asbs) ai(bz—asbs)
0o o0 —Lr __as _
bz—azby —bz+azby

is an automorphism such that ¢ - I' = <E1 + Ej, %El + %Eg + E4> =
(E1+ E3,E4). If a; =0 and bg — agby # 0, then

z 0 0 0
0 1 0 0
T;ZJ = 0 0 1 as 5 x 7& 0
bz—azby  —bz+azby
0 0 0 1

is an automorphism such that
P-I'= <E4,$b1E1 + E3 + b4E4> = <E4, b1 By + E3> .

Hence, I is equivalent to (E3, E4) if by = 0 and is equivalent to (E) + Es3, Ey)
if b1 # 0 (in this case we take = = %)

Accordingly, any two-dimensional subspace is equivalent to (Ej, Es),
(Eh, Ey), (B9, E4), (E3,Ey4), (E1+ Ey, Es), or (E7 + E3, E4). Completeness
and nonredundancy can again be verified as described in Appendix B.1. As a
typical example, we illustrate this computational approach to nonredundancy
for one case. Suppose (FEi,Fs) and (Ei, FE4) are equivalent. Then there
exists an automorphism

c 0 0 O
0O 1 0 O
¢_ 0 a; ag as
0 a4 as ag
such that
c 0 0 O 1 0 1 0
0O 1 0 O 0O 1f [0 Of |r1 7o
0 xr1 T2 X3 0 0 o 0 0 rs T4
0 x4 x5 x| |0 O 01

for some r1,19,73,74 € R, 7114 — 1913 #£ 0. That is,

Ty T2 rL T2
0 1| |0 o
0 3| |0 O

0 T6 T3 T4
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which is clearly impossible.

Let ' = (3" a;E;, Y biE;, > ¢; E;) be a three-dimensional subspace of go.1 ®
2g1. Suppose E%(T) # {0}. In this case we may assume az = 1 and by =
co =0. If by =c¢; =0, then

0 00
0 1 00
Y= 0 —az3 1 O
0 —agq 0 1

is an automorphism such that ¢ -T' = (Ey, E3, E4). If by #0 or ¢; # 0, and
bscqy — bacg # 0, then we may assume by = 1 and ¢; = 0 and hence

—bycs + bzcy a1 (bycs — bscy) 0 0
B 0 1 0 0
w a 0 a4C3 — a3C4 Cyq —C3
0 ag(—cs+cq) —aq(cs+cq4) c3—cy c3+ey

is an automorphism such that ¢ -T' = (Ey + Es3, Ea, Ey). If by #0 or ¢; # 0,
and bzcg —bycg = 0, then we may again assume by = 1 and ¢; = 0 and hence

1 —al 0 0
10 1 0 0
Y= 0 a4C3 — a3Cy c4 —c3
0 ag(—Cg + 64) - a4(03 + 64) c3—C4 C3+cCq

is an automorphism such that ¢ - I' = (FEp, E9, E4). On the other hand,
suppose E%(T') = {0}. Then I' = (Fy, E3, ;). Hence we have that any
three-dimensional subspace is equivalent to (FEa, F3, Ey), (E1 + Es, Ea, Ey),
(E1, Eo, E4), or (E1, Es, E4). Once again, completeness and nonredundency
can be verified as described in Appendix B.1.

B.3. PROOF FOR THEOREM 2.12 (ALGEBRA @36 @ g1). We prove only
the assertion that any proper subspace of gs¢ @ g1 is equivalent to one of
the subspaces listed. First, note that gsg¢ @ g1 admits exactly one family of
invariant scalar products (w,); in coordinates

p 0. (B.5)

oo o~
com~Oo
|
—_

T oo o
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Let I' = (3" a;E;) be a one-dimensional subspace. Suppose E*(I') = {0},
i.e., ag = 0. The pseudo-orthogonal group SO (2,1) (as a subgroup of the
group of automorphisms) acts transitively on the level sets H, = {A €
(E1,E2,E3) @ wo(A,A) = a, A # 0}. (Ha is a hyperboloid of two sheets
when o < 0, a hyperboloid of one sheet when a > 0, and a punctured
cone when « = 0.) Hence, there exists an automorphism 1 such that
w-(alEl —|—a2E2+a3E3) is either aFy € H,2, ol € H_,2,0or E1+FE3 € Hy.
Consequently, I' is equivalent to either (Ei), (Es), or (Ej+ Es3). Like-
wise, when E*(T) # {0}, i.e., a4 # 0, then T is equivalent to (F; + Ej),
(B3 + Ey), (E1+ Es+ Ey4), or (Ey). Note that wp is invariant under au-
tomorphisms (i.e., wo(1(A),¥(B)) = wo(A,B) for any automorphism );
also, E*(A) = 0 if and only if E*(¢) - A) = 0. Accordingly, no two of the
one-dimensional subspaces enumerated are equivalent.

Let T'= (Ay, A3) be a two-dimensional subspace. The sign o(I") of T' is
given by

It is easy to show that the sign of I' does not depend on the parametriza-
tion of I' and is invariant under automorphisms, i.e., o(I') = o(¢ - T') for
any automorphism v € Aut(gse @ g1) (see [4]). Furthermore, the condition
E4(T) = {0} is invariant under automorphisms. Suppose E*(T') # {0}. Then
I'N(Ey, Ey, E3) is a one-dimensional subspace. Let B € g3 @ g1 such that
(B) = T'N (Ey, By, E3). Note that for any automorphism 1 we have that
(¢ -T)N(Ey, B2, E3) = - (I' N (Ey, Eq, E3)) = (¢ - B). Hence, we have an-
other sign for I, namely &(I") = sgn(wo(B, B)). (We have that o(I") does not
depend on the parametrization for I" and is invariant under automorphisms.)
We also note that the projection of I' to g3 is a two-dimensional subspace if
and only if the same holds true for 1 -I" for any automorphism 1 of gs¢®gi.

If E4T) = {0}, then T is equivalent to (FE;, F3) whenever o(I') = —1,
I' is equivalent to (Ei, F2 + E3) whenever o(I') = 0, and T' is equiva-
lent to (E1, E3) whenever o(I') = 1 (see [4]). Suppose E*(I') # {0}. As
SO (2,1) acts transitively on the level sets H,, it follows that I" is equivalent
to <E3, a1Fy + asFo + E4> (When 5(F) = —1), <E2 + Es,a1F1 + asFEy + E4>
(when o(I') = 0), or (E1,a2E2 + a3Es + E4) (when o(I') = 1) for some
a1, az, a3 € R.

Consider the subspace IV = (Es,a1E1 +asEy+ Ey). If a1 = az =
0, then I = (E3,E4). On the other hand, if a? + a3 # 0, then IV =

wo(A1, A1) wo(Ar, Az)

o(I') = sgn ( wo(A1, A2)  wo(Asz, A2)
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<E3,cos OFE, +sinfFEy + %E4> for some 7,0 € R and

cosf sinf 0 O

_ |—sinf cosf® 0 0

v = 0 0 10
0 0 0 r

is an automorphism such that ¢ - TV = (E3, By + Ey).

Next, consider the subspace IV = (Fs + E3,a1FE1 + asFEs + Ey). If a3 =
ag = 0, then T" = (Ey + E3, Ey). If a? +a3 # 0 and o(I") = sgn(—a3) = 0,
then as = 0 and so ¢ = diag(1,1,1,a;) is an automorphism such that
Y -T' = (Ey+ E3, By + Ey). If a2 +a3 #0 and o(I') = —1, then ay # 0
and

_ a1 air
1 o a3 0
(12 a
_ | a2 2a% 2a%
1/} T la a% 1 a% 0
a2 722
0 0 0 as

is an automorphism such that ¢-I" = (Ey+ Ej, %(Eg—i—Eg) +az(Ey+Ey)) =
(B9 + E3, Es + Ey4). (Clearly the situation o(I') =1 is impossible.)

Lastly, consider that subspace IV = (E1,a2F2 + agFE3 + Ey). If ag = ag =
0, then T' = (Ey, Ey). If a3+ a3 # 0 and o(I") = sgn(a3 — a3) = —1, then
I = <E1, sinh @ Ey 4 cosh 0 E5 + %E4> for some 7,0 € R and so

0 0
coshf —sinh6
—sinh @ coshé
0 0

<

Il
oo o~
= oo o

is an automorphism such that 1 - IV = (Ey, B35+ Ey). If a3 + a3 # 0 and
o(I") = sgn(a3 — a3) = 1, then IV = <E1,cosh¢9E2 + sinh 6 E3 + %E’4> for
some 1,0 € R and so

0 0
coshf —sinh6
—sinh @ coshé
0 0

<

Il
co o+
= oo o

is an automorphism such that 1 - IV = (Ey, By + Ey). If a3 + a2 # 0 and
o(I") = sgn(a3 — a3) = 0, then I" = <E1,E2 + E3 + %E4> for some r € R
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and so 1 = diag(1,1,1,7) or ¢ = diag(—1,1,—1,7) is an automorphisms
such that ¢ - TV = (Ey, Es + E3 + Ey).

Hence, if E*(T) # {0}, then T is equivalent to (E1, E4), (E3,Es),
(Er,Ey + Ey), (E1,E3+ Ey), (E1+ Ey, E3), (Ex+ E3,Ey), (Ey,Ey+ E3+
Ey), (E1 + E4, B2+ E3), or (B2 + Ey, Es + E3). The signs corresponding to
these subspaces are given by

(Ey + Ey, E3) o=-1 G=-1
(Ey + Eq, Es + E3) o=—1 =0
(Ev, B3 + Eu) o=—1 =1
(Es, Ey) o= o=-1
(B + E3, Eu) o= =0
(Ey + Eq, Bz + Es) o =0 5 =0
(v, Ey) o= 5=1
(Ey, Ey + Es + Ey) o= 5=1
(E1, Es + Ey) o=1 G=1

Subspaces corresponding to different signs clearly cannot be equivalent. The
only pairs for which the signs match are ((Eq + Es3, Ey), (E1 + E4, Ey + E3))
and ((E1, Ea),(F1, B2+ E3+ Ey)). In these cases nonequivalence follows
from the invariant property of whether or not the projection of I' to gs¢
is a two-dimensional subspace.

Let T' be a three-dimensional subspace. Again, the condition E*(T") =
{0} is invariant under automorphisms. Suppose E*(I') # {0}. Then I'N
(E1, Eq, E3) is a two-dimensional subspace. Let B,C € g3 @ g1 such that
(B,C) =T'N(FEy, Eq, E3). For any automorphism 1 we have that (¢ -T') N
(E1,E2,E3) = - (I' N (E1, Ea, E3)) = (¢ - B,v - C). Hence, we shall define
the sign (') of T' as o(I') = o((B,C)). (We have that o(I') does not
depend on the parametrization for I" and is invariant under automorphisms.)
We also note that the projection of I' to g3 is gs¢ if and only if the same
holds true for % -I' for any automorphism 1 of g3¢ @ g1.

The orthogonal complement I't of T' with respect to w; (see (B.5)) is a
one-dimensional subspace Tt = (3 a;E;). By transitivity of SO (2,1)o (the
group of inner automorphisms) on each of the connected components of the
level sets H,, there exists an inner automorphism ¢ of gs3g @ g1 such that
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@ - I' is equal to one of the following subspaces

(Br), (B3), (Ei+Es), (E1—Es), (E4),
(E1+aEy), (Ez+aEy), (E1+E3+aEy), (Ei— E3+akEy)

for some a # 0. Hence, I' is equivalent to the orthogonal complement of
one of these one-dimensional subspaces with respect to wp; the respective
orthogonal complements are

<E27 ES, E4> ) <E1,E25 E4> 5 <E1 + E3a E27 E4> ) <E1 - E37 E2a E4> 5
(E1, Es, E3), <E2,E3, Ey — %E4> ; <E1, Es, B3 + %E4> ;
(By+ B3, By, By — 1E1), (Ei—Es, Bz, By~ LEu).

The automorphisms ¢ = diag(1,1,1,+a) serve to normalize the F4 com-
ponents. Moreover, we have that ¢ = diag(l,—1,—1,1) is an automor-
phism such that 2 - <E1 — Eg,EQ,E4> = <E1 + E3,E2,E4> and 1 - <E1 —
Es3,Ey, By + Ey) = (E1 + E3, E3, Ey + E4). Hence we have shown that any
three-dimensional subspace is equivalent to one of the seven subspaces enu-
merated in the statement of the theorem. As (Fy, Eo, F3) is the only subspace
for which E4(T") = {0}, it is not equivalent to any of the other six subspaces
enumerated. For the remaining six subspaces we have that

5_(<E27E37E4>) == 5_(<E27E37E1 + E4>) - _1
3(<E1 + E3,E2,E4>) = 3(<E1 + Es, Eo, B + E4>) =0
d((E1, Eq, Ey)) = 6((E1, B, E3 + Ey)) = 1.

Accordingly, by looking at the projection of each of the subspaces to gs3¢, we
conclude that none of the subspaces are equivalent.

B.4. PROOF FOR THEOREM 2.13 (ALGEBRA g37 @ g1). We prove only
the assertion that any proper subspace is equivalent to exactly one of the sub-
spaces listed. First note that gs7 ® g1 admits exactly one family of invariant
scalar products (w,); in coordinates

p 0. (B.6)

S O O
S O = O
o= OO
T O O O
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The orthogonal group SO (3) (i.e., the group of inner automorphisms) acts
transitively on the spheres S, = {A € (E1, E2, E3) : wo(A,A) = a}, a > 0.
We note that for any subspace I' of g37 @ g1 we have that E*(T) = {0} if
and only if E*(z-T) = {0} for any automorphism 1.

Let T'= (3 a;E;) be a one-dimensional subspace. If E*(T') = {0}, then
there exists an inner automorphism ¢ such that o-T' = (F;). If E4(T) # {0}
and a? + a3 + a3 # 0, then there exists an inner automorphism ¢ such that
¢ I'=(E1 4+ aEy) for some a # 0. Furthermore, ¢ = diag(1,1,1, %) is an
automorphism such that ¢ - (E1 + aEy) = (E1 + E4). On the other hand, if
E4(T) # {0} and a? + a3 + a% = 0, then T = (E,).

Let I' be a three-dimensional subspace. Its orthogonal complement I't
with respect to w; (see (B.6)) is a one-dimensional subspace; hence there ex-
ists an inner automorphism ¢ such that ¢ T is (Ey), (E4), or (E1 + aFEy).
Thus I' is equivalent to the orthogonal complements of one of these sub-
spaces, namely, (Ey, B3, Ey), (E1, Ea, E3), and <E1 - %E4,E2,E3>. For the
last case we have that ¢ = diag(1,1,1,a) is an automorphism such that
v (E1 — LBy, By, By) = (Ey — By, Es, E).

Let T'= (3 a;E;, > biE;) be a two-dimensional subspace of gs7 @ gq. If
E4(T') = {0}, then T is a subspace of (E1, Es, F3) and so there exists an inner
automorphism ¢ such that ¢-T' = (Fy, Fa) ([4]). Suppose E*(T') # {0}. We
may assume a4 = 0 and by # 0. Hence there exists an inner automorphism
¢ such that ¢ -T' = (Eq, Y b,E;) with b} =0 and b # 0. If 0, = b5 =0,
then ¢ T = (Fy,Ey). On the other hand if b + Vv # 0, then ¢ - T =
(E1,cos0Fy + sin0Fs + rEy) for some 6,7 € R and so

1 0 0 0
|0 cos® sinf O
v = 0 —sinf cosf O
0 0 0o 1

is an automorphism such that ¢ - ¢ -T' = (Eq, Ey + Ey).
It is a simple matter to verify that no two of the subspaces enumerated
are equivalent.
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