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Abstract: We present a new characterization of Q-point ultrafilters and use it to optimize the result
of Avilés, Martinez-Cervantes, and Rueda Zoca linking the existence of L-orthogonal sequences and
L-orthogonal elements in Banach spaces via ultrafilter limits.
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1. INTRODUCTION

The presence of subspaces isomorphic to 1 has been a central topic of
research in contemporary Banach space theory. The concepts of L-orthogonal
sequences and L-orthogonal elements have become relevant, as the existence
of a subspace isomorphic to ¢; implies, under a renorming, their existence (see
[10, [4]). Avilés, Martinez-Cervantez, and Rueda Zoca [2] inquired into the re-
lation between these concepts. In one direction they present several examples
of Banach spaces which have L-orthogonal elements but no L-orthogonal se-
quences, and in the other, they show that the existence of counter-examples
is independent of the usual axioms of set theory. In particular, they show:

(1) For any selective ultrafilter %, and any L-orthogonal sequence (& )nen
the % -lim x,, in the weak* topology is an L-orthogonal element.

(2) There exists a Banach space X, such that for any ultrafilter % not a
Q-point, there is an L-orthogonal sequence (x,)nen such that % -lim x,,
in the weak™* topology is not an L-orthogonal element.
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This suggests the question whether the assumption can be optimized. Our
main theorem answers this question in the positive:

THEOREM 1.1. (MAIN THEOREM) A free ultrafilter % on N is a Q-point
if and only if for every Banach space X and every L-orthogonal sequence
(zn)neny € X the % -limx, € X** with respect to the weak* topology is an
L-orthogonal element.

The theorem will be a consequence of Corollary and Corollary
it also involves a new characterization of ()-points in the spirit of Mathias’
characterization of selective ultrafilters (see [12, Theorem 2.12]).

The proof of the theorem requires also knowledge of measure-theoretic
properties of filters, in particular, Lebesgue filters [9]. We include a short
section (Section 3) summarizing known facts about these, in particular, to
simplify the proof of the main theorem compared to the one presented in [2].

Finally, we briefly consider a dual theory to the one that involves L-
orthogonality, this time involving ¢y [I]. We offer another result involving
Q-points that generalizes a result of the same authors.

We outline the contents of the paper. Section 2 presents the relevant def-
initions as well as basic results. Section 3 is devoted to measure theoretic
ultrafilters, the main result being Theorem which establishes the equiva-
lence between some of measure theoretic filters present in the literature and
which allows, together with Theorem to study Lebesgue filters using the
Katétov order. Section 4 is devoted to the first half of our main theorem.
In contrast with [2], we find a single Banach space and a single L-orthogonal
sequence that for any given non-@) ultrafilter 7 admits an L-orthogonal sub-
sequence which serves as a counter-example. Section 5 presents the other half
of the main theorem and an analogous result concerning cg.

2. PRELIMINARIES

Let X be a Banach space. We denote by Bx the closed unit ball of X.
(1) A sequence (zy)neny € By is called an L-orthogonal sequence provided
that for any € X, limy, o0 ||z + || = 1 4 ||z].

(2) A sequence (zp)nen € Bx is called an S-sequence if for any = € X,
lim,, o0 ||Zn + || = max{||z|,1}.

(3) Anelement z** € S¥ is called an L-orthogonal element if for any « € X,
[l + 2| = 1+ |
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(4) An element z** € SY is called an S-element provided that for any
ze X, ||z* + z|| = max{||z|,1}.

The “S-” and “L-” notions are dual in that “L-notions” are related to
embeddability of ¢; while “S-notions” are related to the embeddability of
co- The latter notions also come with a different “convex” closure operation:
Given a Banach space X, A C X and x € X we say that = is a c¢g-convex
combination of elements of A if there are tg,...,t, € R and zg,...2, € A
such that max{|to|,...,|tn|} = 1 and > ;' t;z; = . We denote this fact by
x € conve,(A).

Recall that F C P(N) is a filter if it is closed under taking supersets
and finite intersections, and contains all complements of finite sets, while not
containing the empty set. Dually, Z is an ideal if 7" = {N\I : I € I} is a
filter, i.e., I contains all finite subsets of N and is closed under finite unions
and taking subsets, and does not contain N. We denote by Z+ = {J : J ¢ T}
the set of all Z-positive subsets of N. Finally, the restriction of the ideal
(filter) toaset X is Z|x={INX : [ € Z}.

Given a and (ay)nen points in a topological space X and a filter .# C P(N)
we write .% -lim a,, = a if for any U neighborhood ofa {n € N : a,, € U} € Z.
If the sequence (a,)nen is a sequence of real numbers we write

(1) Z-limsupa, =inf{r : {neN: a, <r} € F}, and
(2) Z-liminfa, =sup{r : {(n €N : a, >} € F}.

Similarly, we can also define limit notions with respect to sequences
(Ap)nen of sets w.r.t. .# as follows

(3) Z-lim" A, ={z: {neN:ze€A,}eF}, and
(4) Z-limA, ={z : {neN:zc A} € 7}

The following is an easy observation:

PROPOSITION 2.1. Let (ay)nen a sequence of reals, (Ap)nen a sequence
of sets, and .# C P(N) a free filter,
(1) liminf a,, < %-liminf a, < .Z-limsupa, < limsup a,.
(2) Z#-lima, = a exists if, and only if, .Z#-liminf a, = .%-limsup a,, and
in this case it is equal to both.

(3) For each x, x € Z-lim" A, if, and only if, .F-limsup x4, (z) = 1;
x € .Z-lim A, if, and only if, #-liminf x4, () = 1.
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(4) Z-limsupa, = F-liminf —a,, and (F-lim" A4,,)¢ = Z-lim A¢.

We say an ideal Z C & (N) is tall if for any infinite F C N, there is I € 7
such that [I N F|= N. We call a family &7 C [N]N countably hitting if for
every collection {X,, : n € N} of countably many infinite subsets of N there
exists A € of such that for every n € N, AN X, is infinite. Notice that in
order to prove that a family .7 C [N]V is countably hitting it is enough to
prove that for any partition of { P, : n € N} of N into infinite sets there exists
A € & such that for every n € N, AN P, is infinite. This is because given
an arbitrary family {X,, : n € N} of countably many infinite subsets of N we
may apply the Disjoint Refinement Lemma to find a pairwise disjoint family
{P, : n € N} such that for every n € N, P, C X,,, P, is infinite. So, we
may find A € & such that for every n € N, AN P, is infinite. It is easy to
see this A is the desired witness for the original family. What we are calling
a countably hitting is often referred to as w-hitting.

An important class of filters are the maximal ones, called ultrafilters. An
ultrafilter Z C Z(N) is a Q-point if for every partition {F,, : n € N} of N
into finite sets there exists X € % such that for every n € N, | X N F,|< 1.
More generally (and dually), we call an ideal Z C Z(N) a Q*(N)-ideal if for
every partition {F,, : n € N} of N into finite sets there exists X € ZT such
that for every n € N, | X N F,|< 1.

Ideals are naturally pre-ordered by the Katétov and Katétov-Blass orders.
Given two ideals Z, ¢ on N we write Z <j J if there is a map f: N — N
such that for any I € Z, f~![I] € _Z, if the map is finite-to-one we write
I<kpJ.

We consider Z(N) equipped with the natural topology inherited from the
product topology of 2 via characteristic functions. Whenever we talk about
a subset of &(N) having any topological property: closed, Borel, analytic,
etc., we refer to this topology.

We shall mention two tall F,, ideals on countable sets. The first one is the
ideal

EDyip = {AQA : EIn,mGNVanHi : (K, 1) EA}‘ Sm},

on the set A = {(n,m) € N? : m < n}. The other, the Solecki’s ideal S is the
ideal on N = {4 € Clop(2") : A(4) = 1/2} (here A is the Lebesgue measure
on 2Y) generated by the sets I, = {A € N : 2 € A}, v € 2. The ideals are
critical for properties considered in the paper:

THEOREM 2.2. (SOLECKI [14]) Let .# be a universally measurable filter.
Z is Fatou if, and only if, for every F € F1, S8 Lk F* |p.
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PROPOSITION 2.3. ([5]) An ultrafilter .% is a Q-point if and only if
EDyin £xB F*.

3. MEASURE-THEORETIC FILTERS

The following properties of filters can be found (with slight modifications)
in the literature (see e.g. [3, [7, [14]). A filter .# on N is

(1) Fubini [11] if for any finite measure space (2, X, u), any sequence {X,, €
Y:n €N}, and any € > 0, {n € N : p(X,) > ¢} € Z* implies
MN(F-limT X, }) > e

(2) Fatou [14] if for any o-finite measure space (2,%, 1) and any f, : N —
[0, 00) measurable functions E| JZ-liminf f,dp < .Z-liminf [ f,du.

(3) Lebesgue [9] if for any (€2, X, 1) o-finite measure space and any f, : € —
[0, 00) measurable functions such that there is f :  — [0, c0) integrable
such that |f,| < f, % — lim f,, = 0 implies .Z-lim [ f,du = 0.

THEOREM 3.1. The following are equivalent:

(1) # is Fatou.

(2) Z is Lebesgue.

(3) For any finite measure space (2,3, ) and any sequence (Xp)nen of
elements of ¥, if p(#-lim X,,) = 0, then % -lim p(X,,) = 0.

(4) # is Fubini.

(5) For any finite measure space (2, %, ) and any sequence (X, )nen of
elements of ¥, p,(Z-lim X,,) < .Z-liminf u(X,,).

Proof. Let us prove (1) implies (2). It is clear that we can reduce the
problem to the case where (f,,), € N are measurable and non-negative and f

is integrable such that f, < f, so consider g, = f — f,. Applying the Fatou
property we get

/fd,u = /f—liminfgndu < 9-liminf/gndu

_/fd,u—f—ﬁ—liminf/—fndu.

"Where ifd,u =sup{/ f'dp : f is integrable and f' < f}
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However, as .Z-liminf [ — fp,dp = —F-limsup [ frdu, we get

- limsup/fndu =0.

As all the functions are non-negative we also know that the inferior limit is
non-negative, so .Z-lim [ f,du = 0.

For (2) implies (3), consider X = Z#-lim X, and Y, = X, \ X, then
@ = Z-limY, and for every n, u(Y,) = u(X,), because the space is finite
there is a constant that bounds xy, so we get

F-lim p(X,) = F- lim/xyndu = 0.

For (3) implies (4), assume there is an € > 0 such that {n € N :
w(Xy) > €t € FT but \*(F-lim™ X,,) < e. Pick X € ¥ such that u(X) < ¢
and Z-lim" X,, C X, define ¥, = X, \ X and 0 < § = € — pu(X), then
{n €N : uY,) >4 € Z* but F-limY, = @. This implies that the se-
quence of the measures of Y;, converges to 0 in the filter, in particular {n € N :
w(Yy) <6} € #, which is a contradiction.

For (4) implies (5), consider X,, € ¥ and assume the property is false,
then find X € 3, such that #-liminf u(X,) < p(X) and X C ZF-lim X,,. As
always, define Y;, = X \ X,,, so that if 0 < 0 = pu(X) — Z-liminf u(X,,) then
{neN: u,) >4} € F and Z-limY, = @, which is impossible.

For (5) implies (1), it is clear we may restrict, again, our attention to a
sequence of non-negative function (fy,),en bounded by f, all of them defined
over a measure space. Define

A ={(z,t) € 2 x [0,00) : 0 <t < f(x)}
and for each n € N,
B, ={(z,t) € A x [0,00) : 0 <t < fn(z)}.

Define v = p x A where A is the Lebesgue measure. By Fubini’s theorem we
get v(By) = [ frdp and [ F-liminf g,dy = v.(Z-lim B,,) and that (A, v) is
finite and atomless, so we are done. [

There are analogs for this properties where we only consider the measure
space (QN, B(2M), )\), with A the Haar measure on the Borel sets of 2Y. Under
an additional hypothesis on the filter these notions are also equivalent. Recall
that a filter .% on N is universally measurable if it is measurable by any Borel
measure on 2V, where we are identifying a set with its characteristic function.
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PROPOSITION 3.2. (SOLECKI [I4]) Let .# be an universally measurable
filter, assume the filter is Lebesgue with respect to the Haar measure over the
Borel subsets of 2V, then it is Lebesgue.

Proof. Consider an arbitrary finite measure space (2,2, ;1) and a sequence
{X,, € ¥ : n € N} such that u(.Z-lim X,,) = 0. We may assume w.l.o.g. that
u(2) = 1. Call X = Z-limX,, and consider the sets X' = X x [0, 1],
X] = X, x[0,1] and the measure p/ = px A on ' = Q x [0, 1] where A is the
Lebesgue measure on [0, 1] so we get that p/(X’) = u(X) and for any n € w,
W (X)) = u(X,). Notice that p’ is an atomless probability measure. By
the Caratheodory and Sikorski theorems [I3, Theorem 15.4 and Proposition
15.3] there is a measurable function f : Q' — 2N such that for any Borel
set B C 2Y X(B) = p/(f~'(B)) where )\ is the Haar measure on 2", and
{B, € B(2Y) : n € N} such that for any n, p/(X,Af~Y(B,)) = 0. Then
N(Z-limB,) = 0. Let g : 2N — 2N be defined by g(z)(n) = 1 if and only
if z € B,. The function g is Borel and ¢~ ![#] = .#-lim B,,, so this last
set is N-measurable. This implies X' (Z#-lim B,,) = 0, so .Z-lim u(X,,) = .Z-
lim ¢/ (X)) = F-lim N (B,,) = 0 as desired. 1

By Solecki’s theorem and the fact that S £ EDyy, [6] we get the following
result that generalizes [2, Proposition 6.2].

COROLLARY 3.3. Any .% universally measurable filter such that for every
Je Ft, F* ;<K EDyn is a Lebesgue Filter.

4. QQ-POINT IS NECESSARY

In this section we will present a simple proof of the direct implication of
the main theorem. To do so, let

J={ACA : VE|{i: (ki) € A} <1}.

Let Kep,,, = {z € {-1,1}"*N . 271[{—1}] € J}, which is clearly compact,
and let X =C (K £D fm). Notice that K¢p,,, has the following property: Given
any open subset U we can find ny € N such that for any n > ny, m < n, and
any 1 € {—1,1} there is y € U such that y(n,m) = 7. This is so because for
any open U we can find s € {—1,1}<0N) gych that {t € Kepy,, 1 5C t} C
U, then it is enough to take ny = max{n : Im(n,m) € dom(s)}.

As a consequence of this property Kep,,, is perfect, so it is homeomor-
phic to the Cantor set. We will draw another consequence of this property.
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Consider the sequence {e(; )} jjea S X, defined by e j)(z) = z(n, k) if
(i,7) = (n,k) and 0 otherwise. We claim it is L-orthogonal (under any enu-
meration of A). Consider f € X, and pick x € Kgp,,, such that n || f|| = f(z),
pick € > 0 then for every n > ne and every m < n, we can find y € K¢p,,,
such that n = y(n,m) and |f(y) — f(z)| < ¢, therefore:

[l +1=e=nllfll+nl—e=[f(x)+y(n,m)—e

Notice that for any = € K¢p,,,,
{(i,5) € A s e y(@) # 1} ={(i,j) € A : x(i,j) = =1} € EDjin.

So (EDygin)*-lime; jy(z) = 1 for every x € Kep,,,, recalling that (EDy;,)* is
a Lebesgue filter we may conclude that (EDyy,)*-lime(; j) = 1 in the weak*
topology, by the Riesz representation theorem.

Actually this sequence fulfills a stronger property:

THEOREM 4.1. Let X = C(Kep,,,), 1€ ) }ijea € X, and F such that
EDyin <gp F*, then there is a natural subsequence such that its .7 -limit in
the weak topology is the constant map 1.

Proof. Assume EDy;y, <gp #* and a witness of ¢ : N — N2. Consider
the subsequence {e, ) }nen, We already know its L-orthogonal because ¢ is
finite to 1.

But because ¢ is a witness we get that for any z € Kep,,,, F-lim ey ) ()
= 1, as the next computation shows

{neN:e,mx)#1} ={neN: x(pn)) = -1}
Co '{G4) €A a(ig) = -1} € F~.

Appealing again to the Lebesgue property we get the desired result. 1

COROLLARY 4.2. Given an ultrafilter %/ which is not a Q-point, there is
a an L-orthogonal sequence (T )nen in C(Kep,,,) such that the % -lim x,, in
the weak topology is not an L-orthogonal element.



q-POINTS AND LEBESGUE FILTERS 181

5. Q-POINT IS SUFFICIENT

In this section we will prove the inverse implication of the main theorem.
We will take advantage of the following fact:

THEOREM 5.1. (HRUSAK-MEZA-MINAMI, [8]) Let Z be an analytic
ideal, the following are equivalent:

(1) Z is a Q*(N)-ideal.
(2) EDyin £xB I
(3) Z is not countably hitting.

This fact readily provides a useful characterization of Q-points (compare
to the Mathias’ characterization of selective ultrafilters [12, Theorem 2.12]).

COROLLARY 5.2. Let U be a ultrafilter, the following are equivalent:
(1) % is a Q-point.
(2) For every F, ideal T that is countably hitting, % NI # @.

(3) For every analytic ideal T that is countably hitting, % NZT # &.

Proof. Let us start with (1) implies (3). Assume U is a @-point. Now pick
T a countably hitting ideal, if Z is analytic, then Z is not a Q1 (N)-ideal, so
UgIT".

(3) implies (2) is trivial.

Now for (2) implies (1). Assume U is not a Q-point, so take f : N — N
witnessing that %* >kp ED iy, and consider 7 = {f71) : Ie EDysin}t. T
is F, and countably hitting because £Dy;;, is so, but clearly ZNU = @. 1

We present two applications of this result. To state them we need to
introduce two classes of ideals. Let X be a Banach space, (z,,)nen & sequence
in By, (€n)nen a sequence of positive real numbers converging to zero, Z C
X a separable subspace of X, and (F,)nen an increasing sequence of finite

dimensional subspaces of X such that Z = J, ey Fn- For any B C N, n € N

call B(n) the n-th element of B, B@ ={ACB : minA > B(n)}, and for
BCNecal CB] ={we X : we conv{z,, : m € B}} and C, [B] = {w €
X : w e conve,{xy, : m € B}}, then we define the sets

Lipy,on ={BCN :VneN, YA€ B(n), Vw e C[A], Yy € F,,

(L= en) @+ gl < lly +wlil }
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and

Sryen = {BCN :¥neN, YA€ B(n), Yw e CylA], Yy € Fy,

|(lly +wll) = 1| < en max{]ly]|, 1}},

and consider Z(g ) . and J(g,),., as the ideals generated respectively by

LFa)nen 204 S(n)en-

It is straightforward to check that L(g, ., and Sy, are closed, so
T(Fp)pen A J(F,), oy are Fo ideals. We shall prove that they are both count-
ably hitting. For the first one we need the following result |2, Lemma 3.1]:

€N

LEMMA 5.3. ([2]) Let X be a Banach space, (x,)en an L-orthogonal se-
quence, € > 0 and F C X a finite dimensional subspace of X, then, there
exists an m € N such that for everyn > m,t € R, andy € F

ly + tznll = (1= e)(llyll + [£])-

THEOREM 5.4. Let X be a Banach space, (x,)cy an L-orthogonal se-
quence, (€n)nen a sequence of positive real numbers, Z C X a separable
subspace of X, and (F,)nen an increasing sequence of finite dimensional
subspaces of X such that Z = ey Fn, {Pn @ n € N} a partition of N
into infinite sets. Then there exists a subsequence (&, )men such that for
every i € N, {n,, € N : n,, € P;}|= N and for every k € N, y € Fy,

w € conv{zy,,, : m >k},
ly +wll = (1 = ex)([lyll + 1).

Proof. Consider f : N — N such that n € Py(,). Pick a sequence (d,)nen
of positive real numbers such that for every n € N, 1 — ¢, < ]2, (1 — dy).
We will construct the subsequence by recursion, so assume we have built our
sequence up to step k, let By = <Fk+1 U{Zngs - - xnk}> and apply the lemma
with 11 to get an N such that for any n > N, y € Eyy1, and A € R,

[y + Aznll > (1= dg41)([lyll + [A])
so pick g1 € Pp(py1) such that max{N,ng} < ngi1.

Observe that for any i € N, {n,, € N : m € P;} C P;, so the first
condition is met. To check the second condition consider k € N, y € Fj, and
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w € conv{wy,,, : m > k}. So, we have a sequence (¢;)i>; of non-negative reals
such that > 77 t; =1 and w =3 ;7 tjTm,, then for any [ >k

l -1
”y a Zkzgj tymy || = (1= 01) ( Hy a Zkgj s |+ tl)

> =)= an)( o= X2 o,

k<j

+4 +tl—1>

> TL, -1l + X 1)
> IL -0 (1 + X, 0)
> 1-a) (Il + X, 0)

It is evident that the sequence (y — ZL< ;tiTm j)l oy converges in norm to

Y — Z,;“; j 1j%m;, SO the previous computation ensures that Hy — ZZ‘; j Lj%m;
> (1—e)(llyll+1). W

This result directly implies that the associated ideal Z(p,), _, is countably
hitting. Avilés, Martinez-Cervantes, and Rueda Zoca [2] Lemma 3.3] using
Maurey’s technique also prove a result which can be stated in the following
way.

LeMMA 5.5. ([2]) Let X be a Banach space, (x,)en an L-orthogonal se-
quence, (€,)nen a sequence of positive real numbers converging to zero, Z C X
a separable subspace of X, and (F,)nen an increasing sequence of finite di-
mensional subspaces of X such that Z = ey Fn- If B € Ip,, ., and
u € Npenyconv? {z, : m € B,m > n} then for any y € Z, |lu+y| =

lull + Myl =1+ [lyll-

COROLLARY 5.6. Let X be a Banach space, (zy)en an L-orthogonal se-
quence, and U a Q-point, if £** = U-limx,, then =** is an L-orthogonal
element.

Proof. Consider z € X and (€,)nen a sequence of positive reals converging
to zero. Let Zy be the associated ideal, by Theoremwe know Z,y is an F,
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countably hitting ideal of N, so by Theorem [5.1]it is not Q™ (N), which implies
that U NI,y # O, so take I € U NI, then there exist Jo,...,Jm € Ly
such that I C Uigm Ji. Because U is an ultrafilter there is ¢ < m such that

Ji € U, this implies that ** € cly«({z, : n € J;}) so by the previous lemma
lu+z =1+]z]. ®

The second result follows using similar techniques. We need an analogue
to Lemma [5.3[ this result is presented as [I, Lemma 2.5].

LeEMMA 5.7. ([1]) Let X be a Banach space, (z)en an S sequence, € > 0
and F' C X a finite dimensional subspace of X, then, there exists an m € N
such that for everyn > m,t € R, andy € F

| ly + tan || — max{[ly|l, [¢]}| < emax{|ly], [¢]}.

THEOREM 5.8. Let X be a Banach space, (zy,)en an S sequence, (€,)neN
a sequence of positive real numbers, Z C X a separable subspace of X, and
(Fy)nen an increasing sequence of finite dimensional subspaces of X such that
Z = Upen Fn» {Pn : n € N} a partition of N into infinite sets. Then there
exists a subsequence (xy,, )men such that for every i € N, [{n,, € N : n,, €
P;}|= N and for every k € N, y € Ey = (Fp U{xp,.i<k}), w € conve,{zp,, :
m >k},

| ly +wl| — max{[ly[|, 1}| < ex max{[ly[|, 1}.

Proof. Consider, again, f : N — N such that n € Py,). Pick a sequence
(0n)nen of positive real numbers such that for every n € N,

1l—¢, < ﬁ (1_5i)< ﬁ (1+(5i)<1+6n.

We will, once again, construct the subsequence by recursion, so assume we
have built our sequence up to step k, consider Ej,; and apply the lemma
with dx4+1 to get an IV such that for any n > N, y € Ey 41, and t € R,

|y + tan | — max{[ly]l, [¢]}] < dpr1 max{|ly,[¢[}.

so pick ngy1 € Pp(p41) such that max{N,ny} < njy1.
Once again, for any i € N, {n,, € N : m € P;} C P;. To check the second
condition consider k € N, y € Fy, and w € conv.,{z,,, : m > k}. So, we
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have a sequence (tj)ﬁczj of reals such that max{|¢t;| : £k < j <[} =1 and
w= Zé::j tjTm,, then

l -1
-1
< (1+44d) (max{ Hy + Zkﬁ tiTm, ||, |t] })
-2
= (14 ¢;)( max Y+ Zkgj LiTm, |+ ti—1Zm,_,
1-2
< (1 + 51)(1 + 5171) (max { H (y + Zkﬁj tj.%'m].>

1l })
Tl Jad })

< Hicgj(l +5j)<max{ llyll ,max{|t;| : £ <j < l}})

< (14 en) max{|ly[| , 1}.
Obviously the opposite inequality is proved in a similar way. |

Our final result takes advantage of the following fact [I, Lemma 2.4].

LEMMA 5.9. Let X be a Banach Space and {Cy : v € I'} a family of
bounded convex sets in X** with the finite intersection property and such
that for every e > 0 and x € X there is v € I' such that for every ™ € C,,

llz + 2™ — max{[|z[|, 1}| < emax{]|z||,1}.
Then, there is an S-element in X®).

COROLLARY 5.10. Let X be a Banach space, (xy)neN and S-sequence, if
there is % a Q-point, then there is x € X an S-element.

Proof. Fix (€,) converging to zero by applying Theorem to the sub-
space 0 (and relabeling if necessary), we may assume that for any n € N, any
i < n, and any y € conve{x; : j > n}, |[|z; —y| — 1] < €. Now, given
A C N and n € N define z4(,) = Zz‘gA(n) x;. Because of the previous in-
equality the set {x4(,) : n € N} is bounded for any A. So we can fix y}* a
w*-cluster point of it in Bx«. Define C4 = conv{yyy : B C A, B € %}, it
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is enough to show that {Cy : A € %} satisfies the hypothesis of the previ-
ous lemma. So, the only missing piece is the inequality, so take y € X and
€ > 0. Consider now J,, it is clear it is F, because S, is closed, and the
previous theorem implies that it is countably hitting, so Z N 7, # &, the
same argument as before shows there is A € % N §,y. We claim Cy is the
desired witness, pick z** € C4, and express it as 2™ = " tiyp,, because
every B; € % we may choose k € [ B;. Consider

i<m

Day = conv{zpn) : BC A B€%,keB,B(n) >k}

Notice that z** € mw* and that Dy C conve,{z; : i € A} and even
more, if 2 € D4 j, and we express it as a cg-convex combination, z = Z?:o tix;,
then max{[t;| : i < n} =t = 1. Now, the fact that A € S, implies that
|(Iz +yll) — 1| < epmax{|ly||,1} for any z € Dyy, this easily implies that

|(|[z** + y||) — 1] < e max{||y||, 1} for any z** € Dy *, in particular for our
chosen z**. 1
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