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Abstract

We show that certain quasi-Banach spaces arising from quasi-linear functions on /; are not
isomorphic. We also show that if I' is a large set, then every quasi-linear function on 7;(I")
is near to a true linear map on some infinite dimensional subspace.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The study of extensions of (quasi) Banach spaces frequently leads to interesting
creatures: non-Hilbert Banach spaces X containing a Hilbert space ) such that also
X/ is a Hilbert space [10], non-locally convex (quasi-Banach) spaces X with a line
L such that X/L =~ /1 (see [5,11,12]), Banach spaces not isomorphic to their complex
conjugates [8], (quasi-Banach) spaces without basic sequences [9], etc.

Let us recall here that, given quasi-Banach spaces 3 and %), an extension of 3 by
) is a short exact sequence

0 2 X 3 0 (1.1)

in which X is another quasi-Banach space and the arrows represent (linear, continuous)
operators. Less technically, we can regard X as space containing ) as a closed subspace
in such a way that X/9) is (isomorphic to) 3. The space X itself is often called a twisted
sum of 2 and 3 (in that order!).
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Regarding the sequence (1.1) as a whole is one of the basic principles of the theory.
Accordingly, two extensions

0-YP—-%—-3-20 (i=12)
are called equivalent if there is an operator 7 making commute the diagram

0 2 X 3 0
.
2 3

Such a 7 must be an isomorphism by the five lemma and the open mapping theorem.
An extension is said to be trivial if it is equivalent to the trivial sequence

0 2 DD 3 3 0. (1.2)

The set of all possible extensions of 3 by ) (modulo equivalence) is denoted Ext(3,9)).
It admits a natural linear structure in such a way that (1.2) corresponds to zero and
so on, see [1].

While the theory of extensions emphasizes on the equivalence of extensions, very
little is known about the isomorphic types of the resulting twisted sums.

In this note, we analyze some minimal extensions of 7, that is middle spaces X
in non-trivial sequences

0 R x 4 0.

0 X 0.

Precisely, we show that Kalton extension in [5] is not isomorphic to Ribe’s one in
[11] (Kalton proved in [6] that the corresponding exact sequences are not equivalent,
even in a weaker sense). Actually, we shall prove (even more) that Ribe space contains
no isomorphic copy of that of Kalton, thus answering a question explicitly raised by
Castillo and Moreno in [2] and implicit in [6,7]. This is the main result of Section 2.
In Section 3, we exploit some preliminary results to obtain a continuum of mutually
non-isomorphic (Ribe like) minimal extensions of /;. In Section 4, we solve another
problem posed by Castillo and Moreno in [3].

Curiously enough, a great portion of the theory of extensions is highly nonlinear.
It was recognized from the very beginning of the theory that extensions are in cor-
respondence with quasi-linear maps. In fact, both Kalton and Ribe constructions use
them. A quasi-linear map Q:3 — %) is one which, in addition of being homogeneous
(Q(Az) = A82(z)), satisfies an estimate

120 + ) — Q) = 2l < A(xll5 + Ixll3) (v y€3)

for some constant A. Such a map induces a quasi-norm on ) x 3 by

def
1 )lle=Ily = @)y + Izl

The product ) X 3 equipped with the quasi-norm induced by Q is often denoted Y S 3.
The diagram

0 Y — V3 —— 3 0,
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where i(y) = (»,0) and n(y,z) =z, is clearly an extension of quasi-Banach spaces.
Actually defining Q on a dense subspace of 3 would suffice [5,10].

And, conversely, every extension (1.1) comes (modulo equivalence) from some
quasi-linear map Q:3 — ). It turns out that two quasi-linear maps Q;:3 — 9
induce equivalent extensions if and only if their difference is near to a linear (but not
necessarily continuous!) map 7:3 — ) in the sense that

1€22(2) = 1(2) — 22|y < Mlz[5

for some M and all z€ 3. In this case, we shall write Q, ~ Q. We say that Q is
trivial if Q ~ 0 (that is, the induced extension is trivial).

Ribe space is obtained from the quasi-linear map R:/; — R defined on the space
/1 Ncyo of all finitely supported sequences of /1 by

R(x)= in log |x;| — (Zx,) log in

where x = ), x;¢; and assuming 0 - log0 = 0. We write R = R © /).
Kalton’s map is given by

K(x)=> flogn (x>0),

>

where X is the decreasing arrangement of x and then extended to /) Ncgo by
K@X)=K(x") —K@x™) (x=x"—x";x",x~ =2 0;x"-x~ =0).

We write K instead of R @ /.
We assume some acquaintance with the basics of homology and, in particular, with
the pull-back construction [1,4].

2. The spaces of Kalton and Ribe
Theorem 1. R contains no subspace isomorphic to R.

Suppose 7:8 — R is an isomorphic embedding. Since the line Lg = {(#,0):¢ € R}
is the only one-dimensional subspace of R that cannot be separated of the origin (by
elements of &%) it is clear that T must sent Lg into the line Ly spanned by (1,0) € fR.
There is no loss of generality in assuming that T maps (1,0) € £ to (1,0) € R. Thus,
we have a commutative square

Ly — R

Lg — R
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Drawing the complete diagram we get another commutative diagram
0 R R 4y 0

. T (2.1)

0 R R 4y 0.

By the universal property of the pull-back construction, (2.1) must be a pull-back
diagram (in the sense that the lower row is equivalent to the pull-back extension
induced by 7). Thus Theorem 1 will follow from the following:

Proposition 1. Kalton extension cannot be obtained from that of Ribe via pull-back.

The next two Lemmas establish that a perturbation of 7" with a small enough operator
does not change the lower extension of (2.1).

Lemma 1. Let L be an operator on {1 such that ||L(e,)|| < 1/n for all n. Then L lifts
to minimal extensions of /1. That is, the lower row in any pull-back diagram

0 R X /1 0

L (2.2)

splits.

Proof. Notice that a quasi linear map Q:7; — R is trivial if (and only if) there is
a constant K such that

< K|y (2.3)

Q) =Y xQ(e)

for all x=)", x;e; € /1Ncgo. Indeed, if (2.3) holds, then the linear map /(x)=) ", x;Q(e;)
approximates Q on /| Ncy. We will also use the following estimate [5]: if 2:3 — R
is quasi linear, then

Q<i2i> - - Q(Z,‘)
i=1

i=1

n
<o) il
i=1

for all n and all z € 3.

Now, let Q:/; — R be a quasi linear map defining the upper row of (2.2).
The lower extension comes from the composition Qo L (see [1]). We show that QoL
is trivial. Take x € /1 N ¢gp. One has

QL)) = > xQL(e:))

<403 ibxl LGl < Aalix].

as desired. O
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Lemma 2. Let 0 - Y — X — 3 — 0 be an extension of quasi-Banach spaces
and T :3' — 3 an operator. Then the lower row in the pull-back diagram

0 9 x 3 0

H T (2.4)

0 D) PB 3 0

does not vary when T is perturbed by a liftable operator L:3' — 3 (explanations
follow).

Proof. We want to see that if L:3" — 3 lifts to X then the lower row in the new
pull-back diagram

0 D) i X —F 5 3 — 5 0
0 9 PB’ 3 —— 0

remains equivalent to that of (2.4). Needless to say, this implies that PB and PB’
are isomorphic.
It is proved in [1] that

0 — L(3.,9) —=— L3, %) —— L(3.,3) —*— Ext(3.9)

is an exact sequence of linear spaces and maps. In fact, this is nothing but the (not
so) long homology sequence in the second variable, truncated at the fourth term. Here,
i, and m, are plain composition (on the left) and o acts taking pull-backs. Thus the
lemma is (even less than) a restatement of the exactness of the above sequence at

L(3.3). o

Before going into the proof of Proposition 1 let us remark that both & and R have
certain symmetry that we will exploit as follows:

Lemma 3. Let Q:/1Ncoy — R be either Kalton’s map or Ribe’s map. Let 6 :N — N
be any injection and let X be the operator sending e, into €sn). Then Qo X = Q.

Beginning of the Proof of Proposition 1. In this step, we prove that if & were a pull-
back of R then the operator 7 appearing in (2.1) could be replaced by another one
sending the usual basis into a block sequence whose sums are constant.

Assume that drawing (2.1) is possible. Then K ~ Ro T. Since T'(e,) contains a
weakly” convergent subsequence (in the (¢4, cg)-topology) an obvious application of
Lemma 3 yields that we may and do assume that T'(e,) has a weak™ limit, say f, in
/1. Let T(x)=T(x) — S(x)f, where S(x)= >_; Xi. Since the map x — S(x)f is liftable
(it has one-dimensional range!) there is no loss of generality in assuming that 7 maps
the unit basis of /; into a weakly” null sequence.
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It is clear that there is a further subsequence (es(»)) of (e,) and a block sequence
(f») in Z; such that ||T(egn)) — full1 < 1/n. Applying Lemma 3 and then Lemmas 1

and 2, we see that Te, = f, can be assumed to be a block sequence.
Passing to another subsequence if necessary, we may suppose that

k= lim S(fy)
n—oQ
exists (it is, of course, finite) and also that |S(f,,) — k| < 1/n. Therefore, there are f,*
with supp( /) C supp(fa), |5 — full < 1/n and S(f,") =k. Applying Lemmas 1 and
2 we conclude that K ~ Ro T, where T is an operator on /; sending the unit basis
into a block sequence (f;,) such that S(f,) =k, where k is some constant.

The following result reveals a further, hidden, symmetry of Ribe’s creature.

Lemma 4. If (f;) are blocks of sum k, then
R (Z Mt) = kR (Z m,-) + ) LR(fD). (2.5)
Proof. Write f; =3, x;e;. Since R(x) = S(x - log |x[) — S(x)log [S(x)|, we have

(S ) = S tatin -5 (S ) e ()
i ij i !
o) (XM S ES SP A Ot t)
i J i J

)

—k <logk|z Ai — (Z ii) log Z),,-

=kY_ Jilog|kil + Y A(R(f;) + klog k|)

—klog |k|z i —k (Z /11') log
— kR (Z i,—e,—) + Z AiR(f7).

End of the Proof of Proposition 1. Since the second summand in the right-hand side
of (2.5) is linear in (4;) our assumption that R is a pull-back of YR now implies that
K ~ k- R. Any linear map approximating K — k - R must be bounded on /| N ¢y and
so one would have

PR
i

|K(x) —kR(x)| < M||x|]] (x€/1Nego) (2.6)
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(that is, & and R are projectively equivalent extensions). The remainder of the proof
was given by Kalton in [6, p. 275], but we write the details for the sake of
completeness.

Take x = >, ¢;. Then K(x) = > ., logi = logn! ~ nlogn + O(n), while
R(x) = —nlogn and (2.6) implies that

nlogn + knlogn = O(n).
We see that k = —1.

In only remains to show that

|K(x)+ R _

sup = 4-00. (2.7)

X€EZ1MNcoo HXH

This is an amusing exercise in elementary calculus: the maximum value of |K + R| on
the positive part of the unit sphere of /] C 7, is attained at some point x =3 . | x;e;,
with x; > x; > -+ > x,, > 0, and such that all partial derivatives J/0x;(K +R) coincide.
Hence logi + logx; is constant and x is proportional to

n

x* = E
i

i=1

But |K(x*) + R(x*)| = ||x*|| log ||x*|| and since log ||x*| ~ loglogn — oo as n — oo
we have (2.7) and the proof is complete. [

3. Many non-isomorphic minimal extensions

In this section we construct a continuum of mutually non-isomorphic (Ribe-like)
extensions.

Let 0:[0,00) — R be a Lipschitz function vanishing at zero, with Lipschitz constant
Lip(#). The map defined on the finitely supported sequences of /; by

Ro(x) = Zx,»@ (— log |||xx,||)

(with 0 - 0(—log0) = 0) is quasi-linear (with constant Lip(0)log2). The induced ex-
tension shall be denoted by $R(6) in the sequel. Ribe space corresponds to the choice
0(t) = t. Note that “our” spaces PR(0) are nothing but push-outs of the spaces /1(6)
introduced by Kalton and Peck in [10]. Actually, each construction can be obtained
from the other in a natural way (that is, by a natural equivalence of functors). It is
not hard to see that two extensions

0 R R(0;) /) 0 (i=1,2)

are equivalent if and only if

sup ‘0](1) — 02(t)| < 0.

0<t<oo
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Also, the above extensions are projectively equivalent if and only if there is a constant
a for which 6,(¢) — a0,(¢) remains bounded. Although it seems very likely that SR(6;)
are isomorphic if and only if the corresponding extensions are projectively equivalent,
I have not been able to prove this for arbitrary 0;’s.

We have, however, the following partial result for a restricted class of Lipschitz
maps.

Theorem 2. Let ¢ and 0 be Lipschitz functions. Suppose that 0 is non-negative and
subadditive. If

liminf ——2 =0, (3.1)

then R(¢p) cannot be obtained from R(0) via pull-back. In particular R(0) does not
contain isomorphs of R(¢p).

Proof. Suppose there is a commutative (necessarily a pull-back) diagram

0 R RO) — (4 — 0

r (3.2)

0 R R(p) — £ —— 0.

Reasoning as in Section 2, we may suppose that f, = T'(e,) is a block sequence with
|| x|l = & for all n€ N. Hence Ry ~ Ryo T and we have

(Rg —RgoT) (Z e,-> — > (Ry —Ryo T)(e)

i=1 i=1

= O0(n).

Writing f; =3, x;;e;, we obtain

ne(logn) + O(n) <

<1°g ) 25! (1 >|
Xij ij
k k
< Z x| |0 <logn+ log |x|> -0 (log x)’
i,j 1y 17
< 3" loogm)

Lj

=k -n-0(ogn)

in contradiction to (3.1). [I
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Thus, the family of functions
0,(t)=min{#,*} (O<a<1)

produces a continuum of mutually non-isomorphic spaces J23(0,).

4. On strictly singular maps

We close with a remark on paper [3]. There, a quasi-linear map Q:3 — Q) is called
strictly singular if its restrictions to infinite dimensional subspaces of 3 are never trivial.
This means that the natural quotient map ) ©o 3 — 3 is strictly singular, that is, its
restrictions to infinite dimensional subspaces of ) ®q 3 are never isomorphisms.

In [9], Kalton succeeds in constructing a strictly singular map /; — R—this is not
the map K treated in Section 2! Castillo and Moreno conjectured that, if I" is a “large”
index set, then no strictly singular quasi-linear map /;(I') — R exists. The following
result proves their conjecture. We denote by ¢ the cardinality of the continuum and by
#I' the cardinal of the set I

Proposition 2. If #I" > ¢, then no strictly singular quasi-linear map Q:/,(I') — R
exists.

Proof. Let us first note that #Ext(¢/,, R) = ¢. That #Ext(/, R) > ¢ is obvious: actually
there are ¢ non-isomorphic twisted sums of R with /;, in view of the results in the
preceding section. As for the other inequality, let m:/, — /| be any quotient map,
with 0 < p < 1. Put K = ker «, so that we have an extension

0 K ‘p /) 0.

i n

Taking homology in the first variable with respect to R we obtain the exact sequence

0 rf—" sk Ext(/1, R) —— Ext(/,, R).

Since Ext(Z,,R) =0 (proved by Kalton in [5]) we have
Ext(/1,K) = K" /i*(£7)

(in the pure algebraic sense) and so #Ext(/;,R) < #K™*. But K is separable and, there-
fore, #K* = ¢. Thus Ext(/, R) has the power of continuum.

Let now Q:/,(I') — R be a quasi-linear map, where #I" > ¢. Partition I' into
a family of disjoint (infinite) countable subsets I',, so that

r=aor,.
el

Clearly, #I > ¢. For each o €1, let g, : N — I', be a fixed bijection and define X, : /1=
((N) = £1(I) as Zy(x) = Y02, Xn€o,m)- Since #I > #Ext(/1,R) there are o, f €1
such that Qo X, ~ Qo Xy, with a # f. Obviously, the restriction of Q to the range
of X, — Xp:/y — £1(I') is trivial. But that subspace is spanned by the sequence
€0,(n) — €ay(n) and it is isometric to /;. This completes the proof. [J
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5. Concluding remarks

Lemma 1 is not best possible: it can be proved that, with the same notations, if L is
such that ||L(e,)|| — 0 and d, logn is bounded, where d,, is the decreasing arrangement
of ||L(e,)||, then L lifts to minimal extensions of /. And, conversely, if d,logn is
unbounded, then the operator L(x)= Zn d,x,e, cannot be lifted to R (nor to K). This
is essentially in [6, Section §].

It can be proved that the Banach—Mazur distance between R@®z /| and Rk /] goes
to infinity as n increases. This is not immediate from Theorem 1, but requires a kind
of “reduced” ultra-technique. Details will appear elsewhere.

A “localization” of the proof of Proposition 2 shows that there is a function n: N x
Rt x R™ — N, with n(m,e,4) — oo as m — oo for each fixed ¢,4 > 0, and such
that whenever Q:/7" — R is quasi linear with constant A there exists an n-dimensional
block subspace B of /{" and a linear map /: B — R such that |Q(x) —/(x)| < ¢||x|| for
all x € B. So the arguments of [9] cannot be localized. A version of Proposition 2 for
extensions of (quasi) Banach spaces would be welcome.

I do not know if Proposition 2 is true for #I" =c. A possible counterexample could
be obtained as follows. Let {6,:x€ ¢} be a continuum of 1-Lipschitz functions such
that

sup |0,(¢) — alp(t)| =00 (a€R)

whenever o # f—such a family do exist! Then define Q:7,(c) — R by
IX||>
Qx) = X0, | log — | .
) ; < s Py

I do not know even if one can construct a strictly singular quasi-linear map /; — R
in this way, although Kalton thinks it is a too-simple-to-work construction (personal
communication).
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