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Introduction

Let X and Y be Banach spaces and & a subset of the space of (linear, continuous)
operators from X to Y. We say that an operator T belongs locally to G if for every
x € X there is S € G, possibly depending on x, such that Tx = Sx. ‘Pointwise’
should be better than ‘locally’, but we have followed tradition. If each operator that
belongs locally to G belongs in fact to & we say that G is algebraically reflexive.

When Y = X and & = Iso(X) is the group of isometries of X we say that T is
a local isometry of X. (In this paper ‘isometry’ means linear surjective isometry.)
Similarly, a local automorphism of a Banach algebra is an operator which agrees
at every point with some automorphism. Also, we will consider approximate local
isometries and automorphisms. These are operators having the following property:
given x € X and ¢ > 0, there is an isometry (respectively, an automorphism) S of
X such that |Tx — Sx|| < e.

The study of local isometries and automorphisms of Banach algebras spurred a
considerable interest in recent years (see the bibliography of the dissertation [16]).
In this paper we deal with local isometries and automorphisms of the algebras
Co(L). As usual, we write Co(L) or ng(L) for the Banach algebra of all con-
tinuous K-valued functions on the locally compact space L vanishing at infinity,
where K is either C or R. If L is compact the subscript will be omitted. By the
Banach-Stone theorem, if 7 is local isometry of Co(L), then for each f there are
a homeomorphism ¢ of L and a continuous unitary # : L — K such that

Tf=u(fop).

*  Supported in part by DGICYT project BMF 2001-0387.



Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


736 F. Cabello Sanchez

If T is an approximate local isometry, then
Tf = lim u,(f oepn)
n—o0

for suitable sequences ¢, and u, (depending on f). Local and approximate local
automorphisms have the same form, but with u = u,, = 1.

Two basic results in the complex case are:

(1) If K is compact, every approximate local isometry of CC(K) is a unital endo-
morphism followed by multiplication by some unitary [5, Theorem 5].

() If the one-point compactification of L is metrizable, then every local isometry
of C(()C(L) is surjective (see [14, Theorem 4] and the Appendix of the present
paper; the compact case was obtained earlier in [18, Theorem 2.2]).

On the other hand, very little is known about spaces of real functions. We do
not even know if local automorphisms of C R(K) are in fact automorphisms when
K is compact metric (as it is the case for complex functions). It is worth noting that
the proofs of (1) and (f) strongly depend on the Gleason-Kahane-Zelazko theorem
(or on some of its generalizations), a result which applies only to complex algebras
(see [13]).

This paper consists of three Sections and one Appendix. In Section 1 we give
a representation of approximate local isometries on Co(L) when L is totally dis-
connected (roughly that (§) remains true for real and complex functions even in
the non-unital case). As a consequence we obtain that Iso ng (L) is algebraically
reflexive if L is a totally disconnected locally compact space whose one-point
compactification is metrizable.

In Section 2 we revisit a result by Molnar and Gydry and we obtain the algebraic
reflexivity of Iso Cg% (L) when L is a manifold with boundary.

In Section 3 we investigate the structure of local operators above, both in the real
and complex cases. We obtain counterexamples for most conceivable variations of
(9). A sample: local automorphisms of C®(K) algebras need not be separating, in
particular they are not endomorphisms and their adjoints do not preserve extreme
points; this solves a problem raised by Jarosz and Rao in [14].

Finally, the Appendix contains an amendment of the proof of ().

The notation is standard. The group of automorphisms of the Banach algebra
A is denoted by Aut A. All topological spaces are assumed to be Hausdorff. If f is
a function defined on the topological space S, then suppg f denotes the support of
f, thatis, the closure of the set {x € S : f(x) # 0}. If L is alocally compact space,
then « L stands for its one-point compactification. If D is a closed subset of L, then
Co(L|| D) will denote the subalgebra of functions in Co(L) vanishing on D. The
characteristic function of the set A is denoted by 14. Givenamap ¢ : E — F we
write * for the map K — K% given by composition on the right with v, that
is, ¥*(f) = f o . This applies in particular to the adjoint of an operator acting
between Banach spaces.
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1. Totally disconnected spaces

We begin with a representation of local isometries of Co (L) for totally disconnected
L. Let us recall that a topological space is said to be totally disconnected if its only
nonempty connected subsets are the one-point sets [23, § 29]. A locally compact
space is totally disconnected if and only if it is O-dimensional (i.e., each point has
a neighborhood base of closed-open sets [23, Theorem 29.7]).

Proposition 1. Let T be an approximate local isometry of Co(L), where L is a
totally disconnected locally compact space. Then there is an open A C L, a con-
tinuous surjection y : A — L and a continuous unitary u : A — K such that the
following square is commutative:

Co(L) —— Co(L)

v E
Co(A) —2s Cy(A)

where Y* f = f o, M, denotes multiplication by u and E extends functions in
Co(A) as zero outside A. If T is an approximate local automorphism, then u = 14
and so T is a homomorphism. If L is compact, then A = L.

Proof. We write the proof for approximate local isometries and K = C. The other
cases are easier. The hypothesis on L implies that Co(L) is the closure of the linear
span of its idempotents (they are the characteristic functions of the compact-open
sets). Let K C L be a compact-open set. Then there are unitary functions u, and
homeomorphisms ¢, such that

T(lK) = nll)ngo I/Ln(lK O(Pn) = nli{gounlw;l(K).

It is clear that the sequence of sets (¢, LK) is eventually constant. Thus there is
a (nonempty) compact-open set we denote A (K) such that ¢, LK) = A(K) forn
large enough. It is evident that (u,) converges uniformly on A (K) to some unitary
ug defined and continuous on A (K). Thus, we have a partial representation

T(g) =ug - 1ak)- (1)
We claim that K —— A(K) preserves disjoint unions, that is,
AK @ H)=A(K)® A(H)

whenever K and H are disjoint compact-open subsets of L. To see this, note that
in view of (1) and the linearity of 7', we have

ug - lawy +upg - lam) = ukon - lakon)-

Thus the point is to check that A(K) and A (H) are disjoint. Suppose x € A(K) N
A(H).
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e If x ¢ A(K & H), then we have ug(x) + ug(x) = 0, with |lug(x)| =
|u g (x)|=1. It follows that

1T (g —1a) | = lluk - 1ak) —unm - 1anll = lug(x) —upg(x)| =2,
which is absurd since ||[1x — 1g|| = 1 and T is norm-preserving.
e Incase x € A(K @ H) we have |ug(x) + ug(x)| = 1, with lug(x)| =
lug(x)] = 1. Let us assume for a moment ug (x) + ug(x) = 1. After a

moment’s reflection we realize that {ug (x), uyg(x)} = 1/2 £ i«/§/2. In gen-
eral, we have {ug (x), ug(x)} = (1/2 £ i\/§/2)(u1<(x) + upg(x)). As before,

ITAx — 1)l = lug(x) —ug(x)| =3 > 1,

a contradiction.

This proves our claim and shows that, in fact, A preserves the Boolean oper-
ations on the algebra of compact-open sets, in particular it preserves finite unions
and intersections, as well as inclusions.

Next, we show that the unitary function appearing in (1) is independent on K.
To this end, define

A=|JAK).
K

where K runs over all compact open-subsets of L. Then A is open and we can
define u : A — T taking

u(x) =ug(x) (x € A(K)).

The definition makes sense because if x € A(K) N A(H) = A(K N H), then
ug(x) = ug(x) = ugnr(x). It is moreover clear that u is continuous on A and
also that we have a representation

u(x)lay(x) (x €A
0 otherwise.

(Tlg)(x) = { )

Finally, let T : Co(L) — Co(A) be given by Tlg = Iak)- It is clear that T
extends to an injective homomorphism (that we do not relabel) and therefore

Tf=foy  (feCol)),

where ¥ : A — L is a continuous surjection (given by 7*8, = 8y (a), Where T*
is the Banach space adjoint of T). In particular we have 15 k) = 1x o ¥ and so
(2) implies that Tf = E(u - (f o ¥)) when f is the characteristic function of a
compact-open set and therefore for all f € Co(L). O

Corollary 1. Let L be a totally disconnected locally compact space whose
one-point compactification is metrizable. Then Iso Co(L) and Aut Co(L) are alge-
braically reflexive.
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Proof. Suppose T is either a local isometry or a local automorphism of Co(L).
Take f € Co(L) such that f(x) 5% O for all x € L. Then T f does not vanish on
L and we have A = L in Proposition 1. It remains to see that i is injective. We
give the argument appearing in [18, Theorem 2.2] for the sake of completeness and
for future reference. Suppose x1, xp € L are such that ¥ (x1) = ¥ (x2) = y. Take
a nonnegative f € Co(L) such that f(y) = 1 and f(z) < 1 for z # y. Then for
i = 1,2, we have

L= f)=fW&)) =ITHx)l = flexi),

where ¢ is any homeomorphism of L such that Tf = o (f o ¢), with o unitary.
Hence y = ¢(x;) and so x; = xp, which completes the proof. O

Let T be a local isometry of Co(L), with L totally disconnected and let Ty =
E o ¢*. Tt is clear that T, is an injective homomorphism. It seems very likely that
T+ should be a local automorphism of Co(L), but I have been unable even to prove
that 7 is a local isometry without imposing additional conditions on L (e.g., it is
extremally disconnected). It is clear, however, that 7y behaves as a local automor-
phism on the positive cone of Co(L): if g is nonnegative then 7y (g) = |T(g)| and
there is an automorphism U of Co(L) such that T (g) = U(g). Also, it is evident
that T is onto if and only if T is since T is onto precisely when A = L and ¢ is
a homeomorphism.

If L is not compact we can consider C(«wL) as the unitization of Co(L) =
Co(aL||00). Every f € C(«aL) admits a unique decomposition

=MoL+ g

with A € Kand g € Co(L) —just take A = f(oo) and g = f — Alyr. Thus, we
may extend 7 to a unital endomorphism of C(«L) that we do not relabel. It is
clear that 7' is an automorphism of C (¢ L) if and only if 7 is an isometry of Co(L).
Moreover, since automorphisms of Cy(L) extend to automorphisms of C(«L), we
see that if f € C(«L) admits a decomposition as above with g > 0, then there is
an automorphism U of C(«L) such that T (f) = U(f).

We turn next to maximal ideals of algebras of bounded measurable functions.
Let u be a countably additive measure on the measure space (€2, X). As usual we
write Lo (1) or L]}fg (w) for the Banach algebra of all essentially bounded measur-
able functions f : Q — K with the essential supremum norm, “pointwise oper-
ations”, and the traditional convention about identifying functions equal almost
everywhere. When u is Lebesgue measure on [0, 1] we simply write Lo,. When p
is the counting measure on the set I' we write £, (I") instead of Lo ().

Declare two sets A, B € X equivalent if u(AAB) = 0. Identifying equiva-
lent sets we obtain a Boolean algebra denoted ¥ /u in what follows. The Boolean
structure of ¥/ comes from that of ¥ by the rules

[AJU[B]=[AUB], [AIN[B]I=[ANB] [A]'=[A"],

where [A] denotes the class of A € ¥ in ¥ /u and A€ is the complement of A
in Q. Countable operations are defined on X/u in the obvious way. It is worth
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noting that 14 and 1p are the same function in Lo (@) if and only if A and B are
equivalent and so the notation 1[4] makes perfect and clear sense. It is evident that
every idempotent of L, () is of the form 14) for some measurable A. Thus X /u
is Boolean isomorphic to the algebra of idempotents of Lo, (1). Hence every linear
and unital ring homomorphism L : Lso (1) — Loo(it') induces (and comes from)
a Boolean homomorphism A : X /u — X’/ through the formula

L(1{a) = 1apa]-

Regarding K as the algebra of functions on a single point of mass one, we see that
characters x : Loo(it) — K correspond to finitely additive measures defined on
%/ that take the values zero and one, only.

By general representation theorems every Lo (i) is isomorphic to the algebra
of continuous functions on a compact space, say K (actually, the set of all con-
tinuous characters with the relative weak* topology). Quite clearly K is totally
disconnected and so Proposition 1 applies to maximal ideals of Ly, (1).

Lemma 1. Let A be a maximal ideal of Lo (1) and let T be a local isometry of
A. Then the Boolean endomorphism of ¥/ induced by T preserves countable
operations.

Proof. Let A denote the Boolean endomorphism induced by 77 . It clearly suffices
to prove that

[@1=J AlAd] 3)

whenever (A,) is a countable partition of 2. A moment’s reflection suffices to
realize that there is at most one n for which 1,4, does not belong to A, and so we
may assume 14, € A for all n > 2. Take a sequence A, — 0, with A1 = 1 and
0 <A, <lforn > 2. Let

00
f = Z)\nlA,,

n=1

(summation in Lo (1t)). Now, if 14, € A, then f € A and since f > 0 we have

T (f) = Z)»nlA[An] =U(f),
n=1

for some U € Aut L, (). Hence T (f) vanishes on no set of positive measure,
which proves (3). If 14, ¢ A we have a decomposition

f=la+(f—1q)
and since f — 1o < 0 we get the same conclusion. O

Corollary 2 (See [14,4] for the unital case). Suppose A is a maximal ideal either
of Loo or of £oo(I'), where T is of non-measurable cardinal. Then Iso A is alge-
braically reflexive.
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Proof. First suppose A is a maximal ideal of £, (I"), where I' is of non-measurable
cardinal. This means that every countably additive zero-one measure on the power
set of I" is concentrated at some point of I'. As explained in the second half of
the proof of theorem 3 of [4], Lemma 1 implies that 7' is induced by a mapping
o : ' — T, in the sense that 7y = o*. This map is onto because T is injective.
To see that o is also injective, take y € I and observe that
Ti(ly) =1y 00 = 15-1().

By the comments made after Corollary 1 there is U € Autf.(I') such that
T.(1,) = U(,). Hence o~!(y) has only one point and so ¢ is bijective and
T, is an automorphism.

We pass to the nonatomic case. It is well-known that L., (u) algebras built
from nonatomic Borel measures on compact metric spaces are all isomorphic.
Thus there is no loss of generality in assuming that ¢ is Haar measure on the Can-
tor group A = {—1, 1}, It is convenient to regard the points of A as functions
x : N — {—1, 1}. As a preparation, consider the function x : A — [0, 1] given by

K (x) = Z ﬂ

2n+l
n=1

This is clearly a continuous injective function vanishing at the unit of A. Hence
ky(x) =k(x- y~1) defines a continuous injection A — [0, 1] vanishing only at y.
It follows from the Stone-Weierstrass theorem [11, Theorems 7.31 and 7.34] that,
given y € A, the polynomials in «, with coefficients in K are uniformly dense in
C(A) and therefore they are weak™ dense in L, (A) (here, we consider Lo, (A) as
the conjugate space of L1(A)).

Now let T be alocal isometry of A and let T be the endomorphism of Lo (A)
given by Proposition 1. By Lemma 1 and [4, Lemma 2] 7.y is weak* continuous.
Next, observe that A N C(A) is a maximal ideal of C(A) and so

ANCA) = Co(Ally)

for some y € A. Hence k, € A and since «, > 0 there is U € Aut Ly (A) such
that 75 (ky) = U(ky). If follows that T and U agree at every polynomial in «
and since both 7y and U are weak* continuous we conclude that 7, = U. O

Although all the results in this paper are independent on the ground field there is
some evidence that the real-valued case is harder to deal with. Let us mention the fol-
lowing implication: if Aut C(I)R(L) is algebraically reflexive, then so is Aut Cg: (L).
Indeed, suppose T is a local automorphism of Cg:(L). Since each f € Cg:(L) can
be writtenas f = u—+iv, withu, v € Célf (L) we see that if R denotes the restriction
of T to C(H)Q(L), then R is a local automorphism and Tf = Ru + i Rv. Thus, if
Aut ng (L) is algebraically reflexive then R is an automorphism and so is 7. But
actually R is not only a local automorphism of Cg%(L), but even a bi-local auto-
morphism: given u, v € C(]%{(L) there is one automorphism S such that Ru = Su
and Rv = Sv. We shall show in Section 3 that not every local automorphism is
bi-local. See the paper [9] for some interesting results on (not necessarily linear)
bi-local isometries.
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2. Manifolds

In this Section we study local isometries of Co(L) when L is a manifold. In view of
(#) we may consider only real functions, but our reasonings also work in the complex
case. Letus recall that a manifold (respectively, a manifold with boundary) is a Haus-
dorff topological space with countable base in which every point has a neighborhood
homeomorphic to an open set of R” (respectively, of R’} = {x € R" : x, > 0}) for
some fixed n, called the dimension of L.

The following Lemma is a slight improvement of [17, Lemma 2.7] with a differ-
ent proof.

Lemma 2. Let T be a local isometry of Co(L), where L is a locally compact (pos-
sibly compact) space whose one-point compactification is metrizable. Then there
is a closed subset S of L, a homeomorphism  : S — L and a continuous unitary
u: S — Ksuch that

Tf(s)=u@)fW@s)  (f € Co(L),s €S). “

Proof. Since T preserves the norm of Co(L), its adjoint 7* maps the closed unit
ball of Co(L)* onto itself. The Krein-Milman theorem implies that for each x € L
there exists s € L and a number u of modulus one such that 7*(u8s) = 8,. Let S
be the set of those s € L such that 7*§; is an extreme point of the unit dual ball.
Then we have a partial representation (in fact, a rewording of (4))

T8 = u(s)dy) (s €8), 5)

with u continuous on S and ¥ : § — L continuous and onto. Now, the metrizabil-
ity of «L goes at work: first, note that 7*§, is non zero for all y € L. Indeed, if
f € Co(L) is a nonvanishing function, then so is 7 f and we have

(T*8y, f)=Tf(y) #0.
We prove that S is closed in L. Suppose ¢ is a cluster point of S in L. Then we have

T*8; = weak*-lim T*8; = weak™-1im u(s)8y (5 (s €9).
s—>t s—>1

Since T*38; # 0 we see that the above limit must be an extreme point of the dual
ball. Hence ¢ belongs to S. That v is injective is proved as in Corollary 1 and so,
if L is compact we have done.

If L is not compact, then neither S is and therefore no compact subset of L
contains it. Hence the infinity is a cluster point of S in « L and we can extend ¥ to
a continuous bijection oS — « L leaving the infinity fixed.

Thus in any case the map i appearing in (5) is a homeomorphism. This com-
pletes the proof. O

As remarked in [17], an easy consequence of Lemma 2 is that if Co(L) con-
tains a nonnegative injective function, then it is algebraically reflexive: indeed, if
f is such a function, then |7 f] is also injective and (4) implies that L\ S is empty.
This is the case if, for instance, aL is first countable and scattered, since (being
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in fact a countable ordinal) it is homeomorphic to some subset of the real line
(the homeomorphism mapping the infinity to zero). Nevertheless compact scat-
tered spaces are totally disconnected and they are covered by Corollary 1. A more
inviting consequence is:

Corollary 3. Let L be a topological manifold without boundary. Then the isometry
group of Co(L) is algebraically reflexive.

Proof. The key point is an standard result in algebraic topology known as the invari-
ance of domain: if M and N are manifolds without boundary of the same dimension,
then every injective continuous mapping M — N is automatically open (see, e.g.,
[7, Proposition 7.4]).

We show that the set S appearing in Lemma 2 must be the whole of L.

Since S is homeomorphic with L, the invariance of domain applies to the inclu-
sion map S — L and so S is open in L. But according to the Lemma it is also
closed. Hence, if L is connected we have the equality S = L, as required.

If L has finitely many components, it is clear that § = L (since S has the same
number of components).

Finally, if there are infinitely many components, we can write (recall that man-
ifolds are assumed to have countable bases)

Lz@Ln,
n

where L,, are clopen subsets of L. Define f : L — Ras f(x) =1/nforx € L,.
Then from (5) we see that |7 f| attains all its values at points of S, which gives no
room for points of L\ S, that must be empty. This completes the proof. O

Thus, to get a non-surjective local isometry we should consider a topological
space homeomorphic to some of its closed proper sets. Looking for connected
spaces with this property, the first ones that come to mind are manifolds with
boundary (e.g., closed balls). We have, however, the following.

Corollary 4. Let L be a manifold with boundary. Then the isometry group of Co(L)
is algebraically reflexive.

Proof. Let dL denote the boundary of L. The complement L\0d L is often called the

interior of L. Both L\0L and dL are manifolds without boundary, with

dim 0L = dim L — 1. By Tiezte’s extension theorem we have an exact sequence
0 —— Co(L|dL) ——> Co(L) —— Co(IL) ——> 0,

where R is the restriction map and Co(L||0L) = ker R.

Now let T be a local isometry of Co(L). Every homeomorphism of a manifold
with boundary preserves the boundary and the interior, hence 7" maps Co(L||dL)
into itself and we have a commutative diagram

0 —— Co(L||9L) — Co(L) —2— Co(dL) — 0

I |7 |

0 —— Co(L||L) —— Co(L) —2— Co(dL) — 0
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where T7 is the restriction of T to Co(L||0L) and 7> is given by ToRf = RTf.
The operators 77 and T3 are local isometries: this is evident for 77; as for 7>, let
g € Co(dL) and take f € Co(L) suchthat g = Rf. Now, if T is given by u(f o ¢)
at f,then Thg = (Ru) - (g o (Ry)).

By Corollary 3, T and 7> are surjective. By the five-lemma (e.g., [7, p. 8]) the
middle operator 7 must be surjective, too. O

A consequence for unbounded functions is the following.

Corollary 5. Let L be a (possibly noncompact) manifold with boundary and let
C’(L) be the Fréchet algebra of all continuous functions on L equipped with the
compact-open topology. Then every continuous local automorphism of C' (L) is an
automorphism.

Proof. See [8] for unexplained terms. Every manifold is realcompact and so auto-
morphisms of C’(L) are induced by homeomorphisms of L. Hence every local
automorphism T of C’(L) leaves Co(L) invariant. By Corollary 4 there is a homeo-
morphism ¢ of L such that

Tf=fog  (feCo(l)). (6)

But Cy(L) is dense in C’(L) and (6) holds true for all f € C’(L). O

3. Counterexamples

In this Section we give some examples of local operators showing that the hypoth-
eses of (1) are really necessary. Suppose T is a local isometry (or a local automor-
phism) of Co(L). Must T*§, be either an extreme point of the unit dual ball or
zero? (The second possibility arises when L is not compact.) Of course this would
imply a representation of 7 similar to that given in Proposition 1 and would force
T to be separating: if f-g=0,thenTf-Tg =0.

We will present examples of (approximate) local isometries and automorphisms
which fail to be separating. We need the notion of an isotropic Banach space.

A Banach space X is said to be isotropic if, given norm-one x, y € X, there
exists 7 € Iso X such that y = T'x (i.e., the isometry group acts transitively on the
unit sphere). Also, X is said to be almost isotropic if, given norm-one x, y € X and
& > 0,thereis T € Iso X such that |y — Tx|| < e. See [20,3,1] for background on
this topic. It is clear that every norm-preserving operator on an isotropic (respec-
tively, almost isotropic) space is a local isometry (respectively, an approximate
local isometry).

Very recently, Fernando Rambla [19] has shown that there are locally compact
spaces L for which the complex space Cp(L) is almost isotropic, thus solving a
long-standing problem posed by Wood in [24]. Rambla uses the pseudoarc, a cer-
tain continuum constructed by Bing in [2], to solve the problem. We describe the
pseudoarc as follows:
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e A chain is a finite sequence ©® = (Dy, ..., D,) of open, connected, bounded
subsets of R? such that D; N D; # @ if and only if |i — j| < 1. Each D; is
called a link and 7 is the length of ©, written £(®). Also, we write § (D) for the
maximum of the diameters of the links of © and ©* for the union of the links
of . Given a, b € R?, we say that ® is a chain from a to b if a € D; only for
i =1andb € D; only fori = n.

e Given two chains © and €, we say that © is contained in € if the closure of
every link of © is a subset of a link of €. If so, ® is said to be crooked in € if,
given links Ej, Ey, withk > h+2,and D; C Ej; Dj C Ey, withi < j, there
arei <r < s < jsuch that D, is contained in Ex_| or Ej4| and Dy in Ej—
or Ej41. See the figure on page 730 of Bing’s [2].

e Leta, b € R? be two different points and let (D,,) be a sequence of chains from
a to b, with ®,, contained and crooked in ®,,1 1 and such that §(®,) — 0. Then
the set

oo
P=(9;
n=1

is called a pseudoarc from a to b.

It is proved in [2, Theorem 11] that all the topological spaces that follow the
above construction are homeomorphic. Thus, from now on we speak of the pseudo-
arc instead of a pseudoarc. It is worth noting that P is homogeneous (in the sense
that, given s, t € P there is a homeomorphism of P sending s to ¢; see [2, Theorem
13]). The property of being an endpoint of P merely reflects a peculiarity of the
embedding of P into R?. The pseudoarc is homeomorphic to each of its nondegen-
erate subcontinua [15]. For our purposes, it suffices to know that if P is a pseudoarc
from a to b there exists a subset Q@ C P homeomorphic to P and containing a but
not b. Indeed, let ¢ be another point in P. For each n, let €, be the subchain of ©,,
that goes from a to ¢ and let Q be the pseudoarc from a to ¢ constructed with the
sequence (&,).

Rambla shows in [19, Corollary 4.5] that the complex space Co(P|| p) is almost
isotropic for all p € P. We are now ready for the counterexamples. Let us begin
with the “approximate” case.

Example 1. There are

(a) approximate local isometries of Cg: (Plp),
(b) approximate local automorphisms of C(]$(P|| p) and
(c) approximate local automorphisms of C R(p)

that are not separating.

Proof. Let P be the pseudoarc from a to b, with a, b € R2 and let QO C Pbea
subset of P containing a but not b and homeomorphic to P itself. Also, let K be a
compact neighbourhood of » in P suchthat K N Q = @.

By the Borsuk-Dugundji theorem (as presented in [21, Theorem 21.1.4]) there
exists a norm preserving extension operator A : C(Q & K) — C(P) with the
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additional property that A(f) takes values in the convex hull of the range of f €
C(O®K). Set

A={feCQ®K): flk =0, f(a) =0}

There is an obvious isometric multiplicative isomorphism between Co(P||la) and
A we denote ®. Now, let 7 : Co(P|la) — Co(P|la) denote the composition A o .
Let /4 be any norm-one, non-negative function vanishing outside K and pick two
points x, y € P\{a}. Finally, define T : Co(P|la) — Co(P]|a) by

FO+FG)

Tf=1f + =

h. (7
It is clear that T is not separating: if f, g € C(P||a) are functions with disjoint
supports such that f(x) = g(y) = 1, but f(y) = g(x) = 0, then

h h h?
Tf’Tg—<If+2>-<Ig+2>_ 1 #0.

(a) That T is an approximate local isometry of CS: (P]|a) follows from the facts
that 7' is norm-preserving (obvious) and that C(()C(P |la) is almost isotropic.

(b) We claim that T'f takes the same values as f when the ground field is R.
This is completely obvious for [ f in view of the connectedness of the pseudoarc
and the form of the Borsuk-Dugundji theorem we have used. We only have to check
that the range of the second summand in the right hand side of (7) is contained in
that of f. But (f(x) + f(¥))/2 = f(z) for some z € P (by connectedness) and
the range of f(z) - h lies between 0 and f(z), which proves our claim.

By the main result of [19] (Theorem 4.4) this implies that, given f € Cg%P lla)
and ¢ > 0, there is a homeomorphism ¢ of P leaving a fixed and such that

IT(f) = foglleo <e.

Hence, T is an approximate local automorphism of C(]%%(Pna), but it fails to be
separating, which proves (b).

To verify (c), simply extend the above T to all of C Repy sending the unit into
itself. O

We now present the technique of ultraproducts that shifts approximate local
isometries (or automorphisms) to local isometries (or automorphisms) on a larger
space. We refer the reader to [22,10] or [6, Chapter 8] for general information on
ultraproducts. We use N as index set, for simplicity. Let (X,) be a sequence of
Banach spaces and consider the (Banach space) product

[]x:= {(xn) :xp € X, foralln € N, with sup [|x,| < oo}
n
endowed with the supremum norm. Let U be a nonprincipal ultrafilter on N and

put Ny = {(x,) : limy ||x,|| = 0}. The Banach space [ X,,/Ny with the quo-
tient norm is called the ultraproduct of the family (X,,) with respect to U and it is
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denoted (X,)y. The class of (x,) in (X,)y will be denoted by (x,,)y. The norm of
an ultraproduct has the nice property that

1Gen) w1l = Tim [lxa .

When all X,, coincide with some Banach space X we speak of the ultrapower of
X and we write Xy instead of (X,,)y. There is a canonical isometric embedding
X — Xy givenby x — (x)y.

Suppose T, : X,, — Y, is a uniformly bounded sequence of operators. Then
we can define the ultraproduct operator

(T : Xn)v — v

by the rule (T)u (xp)u = (T (xs))y. Note that [[(T,)y |l = limy [|7,]|. In par-
ticular, (7,,)y is a (surjective) isometry if all 7, are, from where it follows that
ultraproducts preserve local isometries. Actually we have the following stronger
result:

Lemma 3. If, for each n, T, is an approximate local isometry of X,,, then (T,,))y is
a local isometry of (X,)y.

Proof. Fix (x,)y. Then, for every n there exists an isometry I,, of X, such that
1T (xn) — 1y (xp) || < 1/n. 1tis clear that (T,)y (x)v = (In)u (xn)u- o

Now, suppose X, are Banach algebras. Then (X,,)y is also a Banach algebra
under the product (x,)y - (yu)uv = (X, yn)v- By general representation theorems if
L, are (locally) compact spaces, the algebra (Co(L,))y is representable as Co(L)
for a suitable (locally) compact space. The following result is now clear:

Lemma 4. [f, for each n, T, is an approximate local automorphism of X,, then
(Ty)u is a local automorphism of (X,)y. O

Thus, passing to the ultrapowers of the operators of Example 1, we obtain:

Example 2. There are local isometries of C, SC (L) and local automorphisms of C g& (L)
and CR(K) which are not separating. O

The above examples show that (1) fails if the ground field is R and/or if we allow
noncompact spaces. Also, it follows that local automorphisms of C R(K ) algebras
and local isometries of Cé)c (L) spaces need not be bi-local: every bi-local isometry
of Cg<(L) is separating.

4. Appendix
We close with a correction of the proof of the following result.

Theorem 1 (Jarosz-Rao). Let L be a locally compact space whose one-point com-
pactification is metrizable. Then Iso C(()C(L) is algebraically reflexive.
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Of course, this would be a specialization of [ 14, Theorem 4]. The argument given
there uses the statement labeled as Theorem 3. Unfortunately, not every isometry
of a finite-codimensional subspace A of C(K) can be extended to the whole space:
consider the isometry of co = Co(N) given by

(TfHn) = (=D"f(n).

It is impossible to extend 7' to an isometry of ¢ = C(«N) since (—1)" does not
converge as n — oo. It is unclear to me whether the whole statement of Theorem
4 in [14] remains true or not.

Proof. Let us regard Cg: (L) as a maximal ideal of C c (xL). Assume T is a local
isometry of Cé():(L) and, for each x € L, put

Ay =ker T*, = {f € CS(L) : (Tf)(x) = 0}.

Note that A, is a hyperplane of Cg:(L) since T*(8,) # 0 as C(C(OlL) contains
functions vanishing only at co.

By the form of the isometries of Cg: (L), we see that each function f € A, must
vanish at least at two different points of o L (one of them is 0o) possibly depending
on f. By aresult of Jarosz ([12, Theorem 1] or [14, Theorem 1]), there is y € oL
such that

Ar C{f € ClaL) : f(y) = f(o0) = 0}. ®)

But A, has codimension one in Céc (L), hence y lies in L and we have the equality
in (8). So, Ay = Cg:(L ly) and ker T*(8,) = ker 8, from where it follows that

T*(Sx) = M(x)(scp(x) (x € L),

where u : L — Cand ¢ : L — L are continuous and we have written y = ¢(x).
Thus, we have

Tf=u-(fop) (feCSL)).

The rest is straightforward. The above representation forces u to be unitary and ¢
onto. That ¢ is also injective can be verified as in the Proof of Corollary 1. O
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Note added in proof

Jarosz and Rao gave a new, correct proof of Theorem 4 in [14]. This and much
more is available at Jarosz’s homepage http://www.siue.edu/" kjarosz



