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Abstract

A simple discrete time model for the dependence between the default times of
assets (firms) in a given portfolio is discussed. The model is based on mul-
tivariate geometric distributions. A possible way for calibration of the model
is discussed too. In the framework of this model portfolio loss distribution is
calculated and a Monte Carlo based estimation of the expected losses in a given
CDO is done.

1. Introduction
The problem for modelling default time distribution and the correlation bet-
ween the times to default of assets (firms) in a given portfolio is of great interest.
The investor is exposed to the risk of default of one or more firms. It is clear
that the default of some of the securities depend on different factors. These
factors can be separated into three main types. Factors, specific to each firm.
Common factors like currency rates, interest rates, macroeconomic factors etc.
The third type of factors are those specific for a set of firms, for example firms
in a given industry sector. Different models for default correlation are discus-
sed in the literature (see e.g. [3], [4]). The mathematical basis of CDO is also
discussed widely (see e.g. [1]). In the talk we represent a simple discrete time
model for default times of the assets, based on the multivariate geometric dis-
tribution. The model is related to that considered in [2] in continuous time.
A possible application of the model to the CDO losses is considered. In the
last section we represent a Monte-Carlo simulation for the aggregate losses in
a given CDO.

2. Model Description
Let us have a portfolio consisting of N ≥ 2 assets (firms). Assume that:

1. The time is discrete t = 0, 1, 2, . . . The calendar year consists of T > 2
periods (units of time);

2. The default event of an asset (firm) can be caused by different types

of shocks. In general, we assume that M =
N∑

l=1

(
N

l

)
= 2N − 1 types of shocks
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can occur:
(

N

1

)
= N shocks specific for each firm separately;

(
N

2

)
shocks

specific for each pair of firms . . .

(
N

N

)
= 1 shock which causes a default event

to all the firms in the portfolio.
3. The instances of shocks ξ1, ξ2, . . . , ξM are independent random varia-

bles with distributions Pr(ξj = k) = qk−1
j pj , where 0 < pj < 1, qj = 1 − pj ,

k = 0, 1, 2, . . . , j = 1, 2, . . . ,M.
Define the matrix A = ||aij ||N×M such that each raw corresponds to a

firm, and each column corresponds to a shock. If the j−th shock causes the
default event to i−th firm then aij = 1, and aij = 0 otherwise. The time to
default τi of the i−th firm is the time when the first possible shock occurs, i.e.

τi = min
aij=1,j=1,2,...,M

{ξj}, i = 1, . . . , N.

The times to default are not independent in general, but they also have geo-
metric distributions.

Proposition 1 The marginal distribution of τi is

Pr(τi = t) = Qt−1
i Pi, t = 1, 2, . . . , Qi =

M∏
j=1

q
aij

j , Pi = 1−Qi, i = 1, 2, . . . , N.

The joint survival function of (τ1, τ2, . . . , τN ) is

s(t1, . . . , tN ) = Pr(τ1 > t1, . . . , τN > tN ) =
M∏

j=1

q
max(a1jt1,...,aNjtN )
j .

The distribution of the vector (τ1, τ2, . . . , τN ) is known as N -variate geometric
distribution. In general the model contains M = 2N − 1 parameters which
have to be estimated. On the other hand the information available from the
rating agencies (e.g. Standard & Poors, Moody’s KVM) is restricted to the
default probability for particular period T , i.e. Pr{τi ≤ T} for each firm, and
the so called Moody’s KMV default correlation, which is in fact the correlation
coefficient between the indicators I{τi≤T} and I{τj≤T}. Due to this reason, the
parameters can be estimated only in some particular cases of the general model.

3. Common shock model
Consider the following case: Each firm is exposed to two types of shocks. The
first shock is firm specific and it does not depend on the condition of the other
firms. The second one is economy-wide shock event. Its occurrence leads to
default of all firms. In this case M = N + 1 and the matrix A = ||aij ||N×M

reduces to aii = 1, aiM = 1, i = 1, 2, . . . , N, and aij = 0 otherwise. Denoting
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by ξj , j = 1, 2, . . . , N the instants when the specific shocks occur and ξ - the
instant when the economy-wide shock occurs we have

τi = min(ξi, ξ), i = 1, . . . , N.

Suppose that ξj ∼ Ge(pj), 0 < pj < 1, qj = 1 − pj , j = 1, . . . , N, ξ ∼
Ge(p), 0 < p < 1, q = 1 − p. Now, Proposition 1 (with the corresponding
changes in notations) gives the marginal survival function

s(ti) = Pr(τi > ti) = (qiq)ti , ti = 1, 2, . . . ; i = 1, 2, . . . , N. (1)

Under the conditions in this case the correlation coefficient between the indi-
cators I{τi≤T} and I{τj≤T} has the following form

ρ(I{τi≤T}, I{τj≤T}) =
(qiqjq)T − (qiq)T (qjq)T√

(qiq)T (qjq)T (1− (qiq)T )(1− (qjq)T )
. (2)

It was mentioned above that the calibration of the model is a difficult problem
since the lack of enough available information. We calibrate the model using
the Moody’s KMV probabilities p̂i, i = 1, . . . , N for one year default and the
so called Moody’s KMV default correlation ρ̂ij , i = 1, . . . , N − 1, j = i +
1, . . . , N, which is in fact the correlation coefficient between the indicators. It
was assumed earlier that the year is divided into T periods. Using the available
data and equations (1) and (2) the following system is obtained

p̂i = P (τi ≤ T ) = 1− (qqi)T , i = 1, 2, . . . , N,

ρ̂i,j = ρ(I{τi≤T}, I{τj≤T}), i = 1, 2, . . . , N − 1, j = i + 1, . . . , N.

The system contains N(N + 1)/2 equations for N + 1 unknown parameters.
The least square method gives the following approximate solution

q =
2

N(N − 1)

N−1∑
i=1

N∑
j=i+1

(
(1− p̂i)(1− p̂j)

ρ̂i,j

√
p̂i(1− p̂i)p̂j(1− p̂j) + (1− p̂i)(1− p̂j)

) 1
T

qi = (1− p̂i)
1
T q−1, i = 1, 2, . . . , N. (3)

4. What is the CDO
A Collateralized Dept Obligation (CDO) is an asset backed security whose
collateral consists mainly of a portfolio of defaultable instruments like loans,
junk bonds, mortgages, etc. The main economic reason for the existence of
CDOs is to address market imperfections. The bank issues notes with different
subordination, so called tranches, that are sold to investors. The principal
payment and interest income (LIBOR + spread) are allocated to the notes
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according to the following rule: senior notes are paid before mezzanine and
lower rated notes. Any residual cash is paid to the equity notes. The equity
note is also called the first-loss position because it is the first to be affected by a
default in the portfolio. Therefore it offers a larger spread than the more senior
notes. In practice we can say that the CDO investors are selling protection,
choosing a tranche according to their risk - return preference. A consequence of
this payment subordination is that a senior note is less risky than the collateral.
As we move down the CDO’s notes, the risk level increases. Each tranche,
except for the equity, is rated by credit rating agencies. The senior notes
usually have Aaa/AAA rating. The originating bank has an incentive to keep
a significant share of the equity tranche to demonstrate its commitment to the
CDO performance.

5. Portfolio Loss Distribution
We will thereafter consider a CDO with some given maturity Tm. It is based
upon N reference credits, j = 1, . . . , N , with nominals νi, i = 1, . . . , N and
maturity also equal to Tm. Let δj be the recovery rate for credit j and (1−δj)νj

is the corresponding Loss Given Default. As above, we denote by τj the default
time of asset j and by Ij(t) = I{τj≤t} the corresponding counting process. Let
L(t) be the cumulative loss on the credit portfolio at time t, i.e.

L(t) =
N∑

j=1

νj(1− δj)Ij(t) (4)

which is also a pure jump process. Assuming νj and δj , j = 1, 2, . . . , N to
be constants, we can see that the possible values of L(t) are the numbers

of the following type
k∑

j=1

νij
(1 − δij

) for all subsets {i1, i2, . . . , ik} of the set

{1, 2, . . . , N}. It the case when no defaults occur in the interval [0, t], k = 0
and the sum is equal to zero. Suppose 0 ≤ k ≤ N and {i1, i2, . . . , ik} is a
subset of {1, 2, . . . , N} and {j1, j2, . . . , jN−k} is its complement subset. Then
the portfolio loss distribution is given by

Pr

L(t) =
k∑

j=1

νij
(1− δij

)

 =

(
q

N−k∏
l=1

qjl

)t k∏
s=1

(1− qt
is

)

Under the following additional assumptions λ1 = λ2 = . . . = λN = µ, ν1 =
ν2 = . . . = νN = ν, and δ1 = δ2 = . . . = δn = δ, the above formula takes a
rather more simple form

Pr (L(t) = kν(1− δ)) =
(

N

k

)
qtq

(N−k)t
1 (1− qt

1)
k.
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6. Cash flow structure
Assume further that the CDO has three tranches, denoted by equity, mezza-
nine and senior. Usually any initial portfolio losses affect the holders of the
equity tranche. It means that the investors get their regular payments until a
default occurs.the After a default occurrence the equity tranche payments are
reduced according to the size of the default loss. If the losses reach a particu-
lar predefined threshold A, the equity tranche holders don’t receive payments
anymore. Any further losses are covered by the mezzanine tranche investors.
If the cumulative losses exceed other predefined threshold B > A, then the
payments to the mezzanine are stopped too. All losses over B are covered by
the senior tranche. For the thresholds 0 ≤ A < B ≤

∑N
j=1 νj , and usually

3% ≤ A∑N
j=1 νj

≤ 6% and 13% ≤ B∑N
j=1 νj

≤ 16%. Denote by E(t),M(t), S(t)

the aggregate losses for the three tranches respectively. These aggregate losses
can be expresses in terms of portfolio loss as follows

E(t) =
{

L(t), if L(t) ≤ A,
A, if L(t) > A,

M(t) =

 0, if L(t) ≤ A,
L(t)−A, if A < L(t) ≤ B,
B −A, if L(t) > B,

and

S(t) =
{

0, if L(t) ≤ B,
L(t)−B, if L(t) > B.

7. Monte Carlo simulation
In this section a simulation of the aggregate losses in the different CDO tranches
is done. We are interested in the dependence of the losses from the correlation
between default times of the assets. Assume the CDO is based on a portfolio
with N = 100 assets each with $100 millions notional. Let the recovery rate
for each firm be δ = 4% of the notional. The thresholds are chosen A =
5% and B = 15%. Suppose the individual shocks have the same probability
p1 = p2 = . . . = p100 and the economy-wide shock occurs with probability
p. The estimates of probabilities p1, q1, p, and q are given by the equations
(3), which are reduced to q = 1 − p = ((1− p̂)/(1− p̂(1− ρ̂)))1/T and q1 =
1−p1 = (1− p̂(1− ρ̂))1/T Given the estimates q and q1 proceed to the following
algorithm for mean aggregate loss estimation in the different CDO tranches:
1) Generate N independent, geometric r.v.’s ξ1, ξ2, . . . , ξN with parameters
(p1, q1) and a geometric r.v. ξ with parameter (p, q);
2) Find τi = min(ξi, ξ), i = 1, . . . , N ;
3) Find the number of the times τi, which are less than T ;
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4) Calculate L(T ) and respectively E(T ), M(T ) and S(T );
5) Repeat steps 1) - 5) m times and finally calculate

Ê(T ) =
1
m

m∑
k=1

E(k)(T ), M̂(T ) =
1
m

m∑
k=1

M (k)(T ), Ŝ(T ) =
1
m

m∑
k=1

S(k)(T )

where E(k)(T ), M (k)(T ) and S(k)(T ) for k = 1, . . . ,m are the aggregate losses
for the three tranches in each of the m realizations. The results are given in
the table below for p̂ = 0.03, ρ̂ = 0.1, 0.3, 0.5, 0.7, 0.9 and m = 50000.

ρ̂ = 0.1 ρ̂ = 0.3 ρ̂ = 0.5 ρ̂ = 0.7 ρ̂ = 0.9
Equity 99.81% 97.66% 85.34% 58.52% 28.71%

Mezzanine 29.20% 16.57% 9.58% 10.35% 12.98%
Senior 0.84% 2.39% 3.95% 5.47% 6.87%

The numbers are displayed as a percentage of the maximum possible loss
in each tranche. The results in the table show that the losses in the different
tranches strongly depend on the correlation between default times.
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