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Abstract

Diffusion-type models provide a flexible framework for modeling phenomena
that evolve continuously and randomly with time. However, their statistical
analysis is complicated as the functional form of the likelihood function seldom
is known. General estimating functions often present a simple alternative means
for fitting these models. This paper illustrates the use of estimating functions
for diffusion-type models driven by Pearson diffusions, i.e. diffusions having
linear drift and quadratic squared diffusion coefficient. Further a goodness of
fit test based on downsampled estimating equations is presented.

1. Introduction
In this paper we consider first inference from a stationary diffusion process

dXt = b(Xt, ψ)dt+ σ(Xt, ψ)dBt (1)

with unknown parameter ψ based on a discrete-time sample {Xi∆}i=1,...,n.
Next, we consider more complex models driven by diffusions. The functional
form of the likelihood function for theses model is hardly ever known and
evaluating it by means of numerical methods is quite involved, see [5]

2. Estimating functions
General estimating functions provide a simple means for obtaining fast esti-
mators from diffusion-type models. An estimating function is a function of
the parameter and the data, F (ψ) = F (X∆, . . . , Xn∆, ψ) from which an esti-
mate is found by solving the related estimating equation F (ψ) = 0. Often the
estimating function takes the form,

F (ψ) =
n∑
i=r

f(X(i−r+1)∆, . . . Xi∆, ψ) (2)

where Eψ{f(X∆, . . . Xr∆, ψ)} = 0 corresponding to fitting certain moments of
the process. The estimator is equivalent to the generalized method of moments
estimator found by minimizing the criterion |F (ψ)|2.
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For a large class of diffusions explicit estimating functions can be based on the
eigenfunctions of the infinitesemmal generator of the diffusion, see [4]. Recall
that φ is an eigenfunction of the generator of the diffusion (1) if

b(x, ψ)φ′(x, ψ) + (1/2)σ2(x, ψ)φ′′(x, ψ) = −λ(ψ)φ(x, ψ)

where −λ(ψ) is the corresponding eigenvalue. This implies that

Eψ{φ(X(i+1)∆, ψ)|Xi∆} = exp{−λ(ψ)∆}φ(Xi∆, ψ). (3)

The estimating function proposed by [4] takes the form

F (ψ) =
n∑
i=2

k∑
j=1

wj(Xi∆, ψ)[φj(X(i+1)∆, ψ)− exp{−λj(ψ)∆}φj(Xi∆, ψ)] (4)

where φ1, . . . , φk are eigenfunctions and w1, . . . , wk are suitable weight matri-
ces. The estimating function has the interpretation of an approximation to the
score and thus often produce good estimates.

3. The Pearson diffusions
Some highly tractable examples are given by the class of Pearson diffusions,
see [1] and [6]. These are the diffusions

dXt = −θ(Xt − µ)dt+
√

2θ(aX2
t + bXt + c)dBt (5)

having mean reverting linear drift (i.e. θ > 0) and quadratic squared diffusion
coefficient. In our paper [1] we have identified all of the stationary Pearson
diffusion dividing them into six subclasses corresponding to the form of the
squared diffusion coefficient. An overview is presented in table 1. The invariant

σ2(x) State space Restrictions Invariant distr.
1 2θ R none Normal
2 2θx ]0;∞[ µ > 0 Gamma
3 2θa(x2 + 1) R a > 0 (skewed) T
4 2θax2 ]0;∞[ a, µ > 0 inverse Gamma
5 2θax(x+ 1) ]0;∞[ a, µ > 0 (scaled) F
6 2θax(x− 1) ]0; 1[ a < 0, 0 < µ < 1 Beta

Table 1: Standard-type stationary Pearson diffusions. As the Pearson sub-
classes are closed under translation and transformations of scale any other
stationary Pearson diffusion can be linked to its standard-type by a linear
transformation. See [1] for details.

distributions all belong to the Pearson system. Hence, the name the Pearson
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diffusions suits the class. Most of the Pearson diffusions such as the Ornstein-
Uhlenbeck processes (class 1) and the square root processes (class 2) are well
known, but the class 3 and class 5 diffusions are yet to be explored. The
Pearson diffusions have polynomial eigenfunctions pm(x) =

∑n
j=0 pm,jx

j with
coefficients recursively defined by.

(aj − am)pm,j = bj+1pm,j+1 + cj+2pm,j+2 (6)

where aj = j{1− (j− 1)a}, bj = j{µ+(j− 1)b}, and cj = j(j− 1)c. Assuming
pm,m = 1 and pm,m+1 = 0, then the coefficients {pm,j}j=0,...,m−1 form a unique
solution to the linear system (6). The eigenvalues are given by λm = amθ.
Hence, the discretely observed diffusions are easily fitted by means of estimating
functions of the form (4). It is important to notice that explicit expressions
of the conditional moments of the Pearson diffusions can be derived from (3)
when inserting the polynomial eigenfunctions,

E(Xm
t |X0 = x) = e−amt

m∑
j=0

pm,jx
j −

m−1∑
j=0

pm,jE(Xj
t |X0 = x). (7)

This in turn can be used to calculate moments and mixed moments.

4. Diffusion driven models
The Pearson diffusions are particularly useful as input in more complex conti-
nuous time models. Examples of such are summed diffusions, integrated diffu-
sions and stochastic volatility models. When based on the Pearson diffusions
these models can be fitted by explicit moment conditions.
The summed diffusions constitute a flexible class of stochastic process models
which for instance fit turbulence data well. The joint moments of independent
summed Pearson diffusions Xt = X1,t + . . .+Xm,t satisfy

E(Xk
sX

`
t ) =

∑ ∑ (
k

k1, . . . , km

)(
`

`1, . . . , `m

)
E(Xk1

1,sX
`1
1,t) · · ·E(Xkm

m,sX
`m
m,t)

where the summation is over k1, . . . , km ≥ 0 such that k1 + . . . + km = k and
similarly for the `’s. Due to (7) these expressions can be made explicit.
Integrated observations,

Yi =
1
∆

∫ i∆

(i−1)∆

Xs ds,

occur when a diffusion can only be observed averaged over certain time periods.
The joint moments of the integrated diffusion are determined by

E(Y ki Y
`
j ) = ∆−(k+`)

∫
A

E{Xs1 · · ·Xsk
Xt1 · · ·Xt`}ds1 . . . dskdt1 . . . dt`.
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where the domain of integration A = [(i − 1)∆, i∆]k × [(j − 1)∆, j∆]` can be
reduced considerably by symmetry arguments. In case of an integrated Pearson
diffusion an explicit expression is found when applying (7) repeatedly.
A stochastic volatility model is a generalization of the Black-Scholes model for
the logarithm of an asset price

dXt = (κ+ βvt)dt+
√
vtdWt

that takes into account the empirical finding that the variance varies randomly
over time by for instance modeling the unobservable volatility process {vt}t≥0

by a positive diffusion. The observed returns Yi = Xi∆ − X(i−1)∆ are condi-
tionally independent and normally distributed given the volatility, with mean
Mi = κ∆ + βSi and variance Si =

∫ i∆
(i−1)∆

vtdt. If {vt}t≥0 is modeled as a
Pearson diffusion or a sum of Pearson diffusions, then the joint moments can
be explicitly calculated as for instance E(Y ki Y

`
j ) equals

∑ ∑ (
k

k1 k2 k3

)(
`

`1 `2 `3

)
(κ∆)k1+`1βk2+`2ζk3ζ`3E(Sk2+k3/2i S

`2+`3/2
j ),

where the sum is over integers k1, k2, k3 ≥ 0 such that k1 + k2 + k3 = k and
similarly for the `’s. The constant ζm is the m’th order moment of the standard
normal distribution. Note that ζm = 0 when m is odd. Hence, the problems
reduces to finding the joint moments of an integrated diffusion as in the above.

5. Goodness of fit testing
When considering moment based inference it is natural to check excess moment
conditions by use of the GMM overidentifying restrictions test, see [3]. In [2] we
have investigated a GMM-type test aimed at checking the dependence structure
in diffusion driven models. For this we assume that the model is fitted by an
estimating function of the form (2) satisfying Ef(X∆, . . . , Xr∆, ψ) = 0 if and
only if ψ = ψ0.
The idea for the goodness of fit test is to check the consistency of the estima-
tes when downsampling the data. To this end we consider the downsampled
estimating functions Fk given by

Fk(ψ) =
n−rk∑
i=1

f(Xi∆, Xk+i∆, . . . , Xrk+i∆, ψ).

Note that Fk is based on all observations, not only every k’th. I.e. Fk is the sum
of k estimating functions based on different downsamples. This seems beneficial
as no observations are wasted. Denote by ψ̂k the estimator associated to Fk.
In case the model is well specified, ψ̂1 and ψ̂k both are consistent estimators
of ψ0. We would thus expect that ψ̂1 ≈ ψ̂k for n sufficiently large. Hence, we
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would reject the hypothesis when observing a large value of

τ(k) = n−1 · (ψ̂1 − ψ̂k)W−1
n (ψ̂1 − ψ̂k)T . (8)

Under standard regularity conditions ψ̂1 − ψ̂k is asymptotically normal and
Wn should be an estimate of the asymptotic covariance matrix implying that
τ(k) D→ χ2

d if the model is well specified. To be specific the asymptotic cova-
riance is given by Σ0 = ST0 Γ0S0, where Γ0 = limn→∞ n−1 Var({F1(ψ0), Fk(ψ0)})
and S0 = E(∂ψ{F1(ψ0), Fk(ψ0)}), which can be estimated by a sandwich cova-
riance estimator. All in all the test is easy to compute as it only requires the
evaluation of the estimating function used for fitting the model.
Our numerical examples suggest that the test is successful in distinguishing
plain diffusions from non-markovian diffusion-type models, but the power can
also be quite poor when comparing different diffusions.
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