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Abstract

New goodness—offit tests for the family of symmetric Variance Gamma distri-
butions are constructed. A Generalized EM type algorithm for the parameters
estimation have been used. The proposed tests are based on a weighted integral
incorporating the empirical characteristic function.

1. Introduction

The aim of this paper is to provide goodness-of-fit tests for the symmetric
normal variance gamma distribution (SNVG). The NVG distribution is defined
as a mixture of a normal distribution with a Gamma distribution. Specifically,
if V.~ T(1, \) distribution where I'(a, 3) denotes the Gamma distribution with
density

xaflﬂa
=2 " e
@) = e
and if Z|V ~ N(0,2V), where N(u,0?) denotes the normal distribution with
mean p and variance o2, then the distribution of Y where Y = § + ¢Z is the
SNVG distribution with density function
y—2~6
c
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f(y) - CF(A)ﬁ ( 2% ) K)\f

where K. (z) denotes the modified Bessel function of order r evaluated at x.

Therefore, the SNVG distribution is a three - parameter model, deno-
ted by SNV G(d, ¢, \) which depends on a location parameter § € R, a scale
parameter ¢ > 0, and a shape parameter A > 0.

Suppose that on the basis of independent copies X7, Xo,...,X,, of a
random variable X we wish to test the null hypothesis

Hy: The law of X is SNV G(d,¢,A) for some 6§ € R, ¢ > 0 and A > 0.

a, B,z > 0.

Nl

The motivation for considering the SNVG is that this distribution, due to the
heavier tails with respect to normality, becomes a competitive alternative choice
of model for applications in Economics, and particularly for modelling financial
data.
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2. Estimation of Parameters

A critical issue is the estimation of the parameters. Given a random

sample X7, X, ..., X,, the log likelihood take the form

0(8,¢,\) = —nlog(cD(\)v/7) + <>\ - ;) ilog <

S (+59)
i=1

Xr; —
2c

5>+

which is rather complicated to be maximized. Instead a Generalized EM ap-

proach will be used.

Firstly an EM type algorithm is described. Based on the mixture re-

presentation we need to augment the observed data x1,xo,..

., Tn, and the

unobserved data vy, v, ..., v,. At the E — step we need the conditional expec-
tations of some functions of v;. The conditional distribution of V;|X; = x; can
be easily seen to be a Generalized Inverse Gaussian distribution of the form

1 2, -6
VIX=2~GIG[)— =, Z*—
| ‘ ( 27 /2

We know that if X ~ GIG(\,6,~) distribution it holds that
5\ Kxyr(67)
BE(X")=(2) 222V
) (7) K (57)

The log likelihood of the complete data (X;,V;), i = 1,2,
in two parts and hence one can derive that

DI NP =k
20 Z?:l U%

02 =
i=1

and A is the solution of the equation

YO = =Y log(w)

..., n factorizes

This implies that the conditional expectations needed for the M — step have

the form E(V,!|X;) and E(log V;|X;). Despite the fact that

2c K/\—g (“;5)
Ii*(sK/\_% (mi_é)
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E(VX) =

15th European Young Statisticians Meeting

15thEYSM

September 10-14, 2007 Castro Urdiales (Spain)



unfortunately the conditional expectation E(logV;|X;) cannot be written in a
useful closed form formula and hence it is hard to be derived.

There are two distinct solutions for this problem. The first one is to
estimate this expectation using Monte Carlo, resulting to a MCEM algorithm
and the second one is to use a GEM (Generalized EM). The second approach
will be used. The idea is instead of solving ¥(A) = £ 37 | log(v;) we just seck
a A that increases the log—likelihood.

The algorithm has the following steps
E — Step
Calculate with the current estimates

si=BE(VX;) = .

M — Step
Update the parameters using

1 < S xS
2 _ L o S\2 _ 2ui=1TiSi
¢ = QnZsz(a;l 5)”, ) ST s

i=1

Find a new A by a grid search in the neighborhood of the current value.

It suffices to find a value for A that improves the log — likelihood and
not necessarily the maximum one. Since for given A the other two estimates
improve the log-likelihood, a new A that provides better log-likelihood ensures
the monotonic property of the EM.

3. Test Statistics

At this section we study a new family of omnibus tests of Hy based on
the empirical characteristic function (CF). Despite the fact that the density
function of X is complicated, the CF, ¢(t) = E(e®®X) of X is simply

o(t;0,¢,\) = em(l + CQtZ)_)‘. (1)

It is natural to construct a test statistic based on the standardized data i.e.
0 =0 and ¢ = 1. Hence, the characteristic function of the standardized data is

1
tA) = ——
¢( ) ) (1 I tg))\
By taking the first derivative we have
(1+ %)@ () + 2Mtp(t) =0 (2)

Therefore if Y7, Y5, ..., Y, follows the SNVG distribution, equation D(t; \) =0
where D(t; \)(1+12)¢’(t) + 2At¢(t) must be satisfied for the standardized data
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X; = Yjé_én, j=1,2,...,n. Taking into account the empirical analogue of CF
we have
n

Dy(t; An) = (1+£2)¢1,(£) + 2\atdp () where asn(t):%Ze“Xf

j=1

Specifically I suggest to reject the null hypothesis Hy for large values of

oo

T = n/ 1Dy (5 M) [P (t)dt, (3)
—00
with w(t) denoting a non-negative weight function. Notice that the test sta-
tistic remains invariant under the linear transformation X — § + ¢X, for each
0 € R and ¢ > 0. From (3) we have by straightforward algebra
T [4X31§2> (X; — Xp) + X; X, (1§4> (X; — Xp) + 21 (X; — Xp)+
§k=1

+IO(X; - ch)) + 20, (X — Xy) (L&”’) (X + Xi) — IP(X; — Xi)+

HIO (X + Xp) — IV (X, — Xk))]

where
+o0
Iém)(b)/ t" cos(bt)w(t)dt, m =0,2,4,

—00

+oo
1P (b) = / tP sin(bt)w(t)dt, p=1,3.
— 00
Although theoretical properties of the test statistic remain qualitatively
invariant, provided that w(t) satisfies some general conditions, particular ap-
peal lies with weight functions that render the test statistic in a closed formula
suitable for computer implementation.

4. Bootstrap Procedure

In this section a bootstrap procedure for the new test given by (3) is
proposed. To actually implement the test critical points are required. However,
the null distribution of the test statistic depends on the value of the shape
parameter A, which is unknown. Therefore we resort to a parametric bootstrap
procedure in order to obtain the critical point p, of the test as follows:

e 1. Conditionally on the observed value of Y;, j = 1,2,...,n, compute
the estimates (3, én, An) and then the observations X; = (Yj — 0,)/én,
7=12...,n.
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2.a. Calculate the value of the test statistic, say T, based on Xj and \,,.

e 2.b.1. Generate a bootstrap sample Y*, j = 1,2,...,n, from SNV G(0, 1,;\n).

e 2.b.2. Onthebasisof Y, j = 1,2,...,n, compute the estimates (d;,, ¢;,, A%)
and then the observations X; = (Y} - o5) ek, j=1,2,...,n.

2.b.3. Calculate the value of the test statistic, say T*, based on X;‘ and
A

e 3. Repeat steps 2.b.1 - 2.b.3., and calculate M values of T*7 say T]?*,
j=1,2,..., M.

e 4. Obtain p, as T

(M—aM)> where T(’;.),j =1,2,...,M denotes the ordered

T;‘ - value.
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