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Abstract

We consider a discrete time Heath-Jarrow-Morton (HIM) type forward interest
rate model, where the interest rate curves are driven by a geometric spatial
autoregression field. Our aim is to test the autoregression parameter p. We
study stable (|g| < 1) and unstable (]o| = 1) cases. We study strong consistency
of the maximum likelihood estimator of g, and local asymptotic normality
(LAN) of the sequence of the related statistical experiments. The main gain of
the second result is that we obtain at once asymptotically optimal tests.

1. Introduction

Our aim is to consider some statistical questions arising in a HJM type
interest rate model. Such models were proposed by Gall, Pap and Zuijlen [3].
We will study a no-arbitrage discrete time forward interest rate curve model
{f,ggz) : k,¢ >0} given for each parameter ¢ € R by

{ ligf) - lgg)l,f+1 - Q(fzg,ge)q - lgg)l,£> =Nk,e + Ge(o), k=1,
A = S0 = o+ Golo), k>

where {ng: k> 1, ¢> 0} areindependent standard normal random variables
on a probability space (Q,F,P), G(o) := %Zjio o for p € R, and the

initial values { féf}) : ¢ > 0} are given real numbers. Here f,g)ge) means the
forward interest rate at time k£ > 0 with time to maturity date ¢ > 0, i.e., it
is supposed to hold for the time period [k+ ¢,k + ¢+ 1).

The process { féi? : k,¢ > 0} is a spatial autoregressive process. It is
called stable, unstable, or explosive, if |o| <1, |o| =1, or |g| > 1, respectively.

The main goal of this paper is to test the autoregression parameter o
based on a sample f(@) := (f,gge))lgkglg o<e<r. Of course, the difficulty is that
the sample consists of noninde’pendent random variables. Moreover, no explicit
formula is available for the maximum likelihood estimators of o.
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2. Strong consistency

Let (£2,.4,P) be a probability space, (d,)neny a sequence of positive
integers, and for each n € N and 6 € ©, let ¢ : Q — R% be a
random vector such that its distribution P,y on (R%, B(R%")) is absolutely
continuous with a density function x + L, (x;6) from R% into [0,00). Then
Ay (2;0) := log L, (7;0) € [—00,00), 2 € R is the loglikelihood function,
where we put log0 := —o0.

Assume that the parameter set © C RP is compact, and for each
n € N and z € R the likelihood function @ ~— L, (x;6) is continuous
on ©O. Then for each n € N, there exists a measurable maximum likelihood
estimator 6, : R — © for the parameter, i.e. there exist a measurable

o~

function 6, such that L(x;60(x)) = supgee L(z;0) for all z € R,

Theorem 2.1 Let 6y € ©. If there exists a sequence (ky)nen of real numbers
with liminf k,, > 0, and for every 6 € © \ {6y}, there exist a neighborhood
n—oo

N(0,00) of 0 and a quantity I(0,0) such that inf  I(¢,00) >0 and
¢ € N(0,00)

lim  sup i(An@ﬁfO%@—An@,(fo);eo))+I<¢,0o> =0 as., (21)
n—=00 4 ¢ N(8,00) | Fn

then every sequence (gn)neN of measurable mazximum likelihood estimators is
strongly consistent estimator of the true value 6y € © of the parameter, i.e.

gn(f,(fo)) — b a.s. as m— oo.

Theorem 2.2 Let {K,,L, :n € N} be positive integers such that K, =
nK+o(n) and L, =nL+o(n) as n— oo with some K >0 and L > 0.
Leta,b e R with —1<a<b<+1 and gy € © where

[_lvb]a Zf 00 =—1,
0= [CL;b], Zf |QO| < 1;
[a; +1]7 Zf 00 = +1,

Then

sup
0€la,b]

T (AK”,L” (fég‘)); Q) - Ak, L, (fy(lgo)§ Qo)) +1(o, Qo)‘ —0 a.s.

as n — oo, where
n73’ Zf 0o = 71’
(o) = qn=2% if |eol <1,

n_ﬁa Zf Qo = +17
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, KL
%({ ({tdt) ds if 00=—1,

K L(oo—0)? K(K+2L)(00—0)2(2—00—0)> .
I(o, 00) == 2((1Q—0939)) + ( 16(1(—920)521(_9)50 2! if ool <1,

e | KL K L+s 2
QN fetde | ds+ [L| [ 2dt) ds| if oo =+1,
0 0 0 L

Moreover, for every o € [a,b]\{0o} and for every neighborhood N of o with

00 € N (where N denotes the closure of N) we have infyen I(¢,00) > 0.

Consequently, the assumptions of Theorem 2.1 hold, hence both in stable and
unstable cases, every sequence of measurable maximum likelihood estimators
is strongly consistent.

3. Local asymptotic normality

If (Q,.A,P) is a probability space, &,:Q — R ncN, are random
vectors and 1 is a probability measure on (Rd",B(Rd“)), then we write

(P
&n ) v if the distribution of ¢, converges weakly to u. The notation

op(1) will be a short for a sequence of random vectors that converges to zero
in probability.

If © C RP is an open set, (2,.4,P) is a probability space, gﬁf’) :
Q - R¥™ neN, §c O, are random vectors with distribution Pno
on (R, B(R%)), then the sequence (R¥ B(R%),{P,g:0 € @})neN of
statistical experiments is called locally asymptotically normal at a point 6 € ©
if there exist (scaling) matrices 7,9 € RP*P, n € N, a nonzero, nonnegative
definite symmetric (Fisher information) matrix Iy € RP*?, and measurable
functions (statistics) A, g : Ré — RP, n € N, such that Tne — 0 as
n — oo, and

dPn76+rn,9hn,

1
TP,

1
(&) = ha Bnp(&7) = Shy o hn +0p(1)  as n — oo,

An,e(gy(f)) L(_P? (0, I@) as n — oo,

whenever h,, — h with h, € RP, ne€ N, h e RP.

Theorem 3.1 Let K,, L,, n €N, be positive integers such that K, =
nK +o(n) and L, = nL+o(n) as n — oo with some K > 0 and
L >0. Forech ne€N and o € R, let P,, be the distribution of the
sample fr(f) = ( ]i?e))lﬁkSKmOSESLn on (RKn(Ln+l)’B(RKn(Ln-&-l)))' Then
the sequence (RF»(EntD) BRELatDy IP, 2 p € R})neN of statistical
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experiments is locally asymptotically normal at each point o € [—1,+1] with

n=? Zf 0= 71;

Tno=1<n"t if |o] <1,

n=3 i o=+1,
2
Lot (o ) as+ 4 [T L ([ ) as i o= -1,
I,={ KL ((1jg)4 + 1jg2) + 2(£Q)4 if o] <1,

2
9 K (fOL t4dt) ds+ 9 i1 ( e t2dt) ds if o=+1,

and
Kn Ln_l —1
An,g(xn) =Tn,o (ngk,f - GZ(Q)) (GQ(Q) + Z Qé_l_log‘rk,i>
k=1 (=1 =0
K, 1/~ Lp+k—1 L,+k—-1 —1 )
tred g (Gomnr = Y Gilo) Y (6o + Lo Gio)
k=1 (=L, (=L, i=0

for xn = (wr0)1<k<K,, 0<e<r, € REEHD where wo = for for €>1
and the modified difference operators ¢, and O, are defined by

Oy = T — Tho1,041 — O(Tho—1 — Tp—1,0) for k,L>1,
Rt =
¢ Tho — Tho11 for k>1, £=0,

QoThyt = Thyp — Lokt — O(Tht—1 — T kt0—1) for k,0>1.

4. Asymptotically optimal tests

If © CRP isan open set, (£,.4,P) is a probability space, £ :Q —
R?, 6 € O, are random vectors with distribution Py on (Rd,B(Rd)), then
a randomized test function in the statistical experiment (R?, B(R?),{Py: 0 €
©}) is a measurable function ¢ : © — [0,1]. The interpretation is that if
€@ s observed, then a null hypothesis Hy C © is rejected with probability
H(E@). The power function of ¢ is the function 6 +— Eg( 7(19)). (This gives
the probability that the null hypothesis Hy is rejected.) Let « € (0,1). The
test ¢ is of level « for testing a null hypothesis Hy if

sup{Ep(£?) : 0 € Hy} < av.

Combining [5, Theorem 15.4]) with Theorem 3.1, we obtain asymptotically
optimal tests for our interest rate model.
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Theorem 4.1 Let K,, L,, n € N, be positive integers such that K, =
nK +o(n) and L, = nL+o(n) as n — oo with some K > 0 and
L >0. Foreah ne€N and g€ R, let P,, be the distribution of the
sample f7(1@) = (f,g’gé)hgkgj(moggglm on (RK"(L"Jrl),B(RK”(L”'+1))). Let
o € [0,1]. Let ¢ : R — R be differentiable at o9 with 1¥(09) = 0,
Y (00) #0. Let a € (0,1). For each n €N, let ¢, : RE~(Lat1) [0 1]
be a test of level o for testing Hy : (o) <0 wversus Hy:(g) >0, i.e., it
s a measurable function, such that

sup {Egn (£1)) : 0 € R, ¥(¢) <0} < v
Then for every h € R with ' (0g)h > 0,

lim sup Egh, (8077 "0™) < 1 = & (20 — IY/?1)),
n—oo
where ® denotes the standard normal distribution function, and z, denotes
the upper «-quantile of the standard normal distribution.
Moreover, considering the sequence

Thgo = sign(v'(00)) 1, * Ay,  nEN

of statistics, the sequence of tests that reject for values of T, o, exceeding zq
is asymptotically optimal for testing Hy : ¥(0) <0 wersus Hj : () >0 in
the sense that for every h € R,

P(T0 (B2 %0™) > 2,) = 1 — ®(20 —sign(v/(00))I/%h)  as n — oo.
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