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Abstract

In a general discrete time market model with portfolio constraints, an ε-arbitrage
opportunity is an opportunity to make a riskless profit of amount at least ε
while trading a limited amount of assets. In a one-period framework with con-
tingent initial data and in a multi-period framework we prove no-ε-arbitrage
criteria similar to the classical fundamental theorem of asset pricing. More pre-
cisely, we prove that there is no ε-arbitrage iff there exists such an equivalent
measure with a bounded density that the discounted price process is close to a
martingale w.r.t. this measure.

1. Introduction
An extensively used approach of a financial market modeling is the fo-

llowing one. An investor works on a market, where stock price increments are
random, and transactions are allowed only in some finite set of time instances.
At each of these instances, the investor, who has no knowledge of the future
price dynamics, can reorganize his portfolio, but no cash outflow or inflow is
allowed.

First question about every model of a financial market is whether an
arbitrage opportunity, or an opportunity to make a riskless profit, exists. It is
well-known that for discrete-time models the absence of an arbitrage opportu-
nity is equivalent to the existence of a martingale measure for the discounted
price process. This fact is called the fundamental theorem of asset pricing. It
is explained in details for instance in [2] and [6]. Among many other works
about the classical arbitrage notion for discrete and continuous time markets
we mention [3], [7], [10], see also references therein.

For large financial markets it is usually assumed that an arbitrary amount
of any asset can be traded. In reality, there are some portfolio constraints. Thus
investor can use the existing arbitrage opportunities in a limited way. We are
interested when an investor, using a constrained strategy, can guarantee himself
a riskless profit of amount ε. We call such situations ε-arbitrage. Investigating
ε-arbitrage absence requires more complicated mathematical technique than in
the classical case.
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The notion of ε-arbitrage was introduced in [9], where an analogue of
fundamental theorem was proved for a one-period market model with non-
random initial data. In this paper we construct an ε-arbitrage theory similar
to the classical one. We generalize the classical fundamental theorem of asset
pricing to a model with contingent initial data and to a multi-period financial
market model.

2. The main theorem for one period model with
contingent initial data

First we introduce some notations. Let (Ω, F, P ) be a complete proba-
bility space equipped with filtration (Ft)t=0,T , FT = F. Also S = (St), t = 0, T
is Ft-adapted (d + 1)-dimensional process (vector of prices). We assume that
S0 is a riskless asset: S0

0 = 1, S0
t = (1 + r)t, where r > 0 is the interest rate.

We will call a (d + 1)-dimensional process ξ = (ξ0, ξ) = (ξ0
t , ξ1

t , ..., ξd
t ),

t = 1, T a strategy if it is F-predictable, i.e., if ξt is Ft−1-measurable for all
t = 1, T .

We will call a strategy ξ = (ξt), t = 1, T self-financing if following holds:

ξt · St = ξt+1 · St,∀t = 1, T − 1.

This condition amounts to absence of exogenous cash flows and outflows.
The discounted price process is Xt := (X0

t , Xt) = (X0
t , X1

t , . . . , Xd
t ),

where

Xi
t :=

Si
t

S0
t

, t = 0, . . . , T ; i = 0, . . . , d.

Define the discounted price increments as 4Xt := Xt−Xt−1, ∆X := ∆X1 and
the discounted capital process associated with ξ as

V0 := ξ1 ·X0; Vt := ξt ·Xt, t = 1, T .

Now we give a definition of an ε-arbitrage opportunity for the new model.

Definition 1 The multi-period financial market has ε-arbitrage opportunity if
there exists a self-financing strategy ξ = (ξt) bounded in the sense

‖ξt‖1 :=

∥∥∥∥∥
d∑

i=1

|ξi
t|

∥∥∥∥∥
L∞(Ω)

≤ 1, ∀t = 0, T − 1, (1)

whose associated capital process satisfies

V0 ≤ −ε, P{VT ≥ 0} = 1, P{VT > 0} > 0.

Lemma 1 ([9]) The following statements are equivalent:
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1. Financial market has ε-arbitrage opportunity;

2. There exists F0-measurable vector ξ such that
∥∥∥∥ d∑

i=1

|ξi|
∥∥∥∥

L∞(Ω)

≤ 1 and

ξ · 4X ≥ ε, P -a.s., and P{ξ · 4X > ε} > 0.

We are going to transfer Theorem ?? to a model with contingent initial
data. An absence of ε-arbitrage follows from the existence of measure in a rat-
her straightforward manner and one needs no density boundedness assumption
for that; so we formulate this as a separate lemma.

Lemma 2 If there exists a measure P ∗ equivalent to P such that

EP∗ [ ‖EP∗ [4X/F0]‖∞] ≤ ε, (2)

then the financial market has no ε-arbitrage opportunity

It is much harder to show how the existence of measure follows from the
absence of ε-arbitrage. We adopt the main ideas and the scheme of proof of the
classical Dalang–Morton–Willinger theorem [2]. First, assuming no ε-arbitrage
for the model with non-random initial data, we will prove the existence of
an equivalent measure with continuous density. Let Rd

denote the one-point
compactification of Rd. For a vector α ∈ Rd we define Hε

α$ = {x : α · x$ ε},
$ ∈ {≤, <, =, >,≥}.

Lemma 3 Assume that for an integrable random vector Y ∈ Rd with distribu-
tion function P (dx) there is no ε-arbitrage opportunity, that is, P (Hε

α≥) = 1
for α ∈ Rd with ‖α‖1 ≤ 1 implies P (Hε

α>) = 0. Then there exists a positive
function g ∈ C(Rd

) such that E[g(Y )] = 1, ‖E[Y g(Y )]‖∞ ≤ ε.

The abovementioned lemma allows us to show the existence of an equi-
valent “ε-martingale” measure for a model with contingent initial data with an
approach similar to the one used in [2]. Thus we will only pinpoint the major
milestones of the proof, without going much into details, which one can find in
the paper cited.

Theorem 1 For our market the following conditions are equivalent:

1. It has no ε-arbitrage opportunities;

2. There exists P ∗ equivalent to P , such that dP∗

dP ≤ C for some C > 0 and
EP∗ [ ‖EP∗ [4X/F0]‖∞ ] ≤ ε.
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Proof [2 ⇒ 1] It is an immediate consequence of Lemma 2.
[1 ⇒ 2] First of all, without loss of generality we assume that

E[Xi
t ] < ∞; i = 1, d, t = 0, 1. (3)

Indeed, we can define the probability measure P̃ as

dP̃

dP
:= c

(
1 +

d∑
i=1

1∑
t=0

Xi
t

)−1

,

where c is such that integral on the right side equals 1. It is clear that (3)
holds for P̃ . The first statement of our theorem holds for P iff it holds for
the equivalent measure P̃ . At last, if the density dP∗

dP̃
is bounded for P ∗, then

dP∗

dP = dP∗

dP̃
dP̃
dP is bounded as well. Therefore 1 ⇒ 2 holds for P iff it holds for

P̃ .
Denote Y = 4X. Let P (ω, dx) be the regular conditional distribution

of Y under condition F0. We will understand C(Rd
) as a metric space with

the norm ‖g‖sup = maxRd |g|. Define c(ω) = sup‖y‖1=1 ess infx∈Rd x · y, where
the essential infimum is taken with respect to P (ω, ·). It is clear that c(ω) <
∞ and the function c is F0-measurable. Moreover, it is clear that c(ω) ≤
ess infΩ‖E[Y (ω)/F0]‖∞ ≤ d E[‖Y ‖/F0], therefore E[c(ω)] < ∞.

Consider two cases.
1. P (c(ω) < ε) = 0. Note that this implies c(ω) = ε a.s., because there

is no ε-arbitrage.
Define the set

H :=
{

(ω, g) ∈ Ω× C(Rd
) : g ≥ 0,

∫
Rd

g(x)P (ω, dx) = 1,

∫
Rd

xg(x)P (ω, dx) ∈ [−ε, ε]d
}

.

It is proved the same way as in [2] that H ∈ F0 × B(C(Rd
)). The absence of

ε-arbitrage implies that for almost all ω ε-arbitrage is also absent for a random
vector with distribution P (ω, dx). Because of Lemma 3 we can argue that for
almost all ω there exists gω ∈ C(Rd

) such that (ω, gω) ∈ H, or, in other words,
the projection of H on Ω has probability 1. The space C(Rd

) is a complete sepa-
rable space, so we can apply the measurable selection theorem [4] and state that
there exists an F0-measurable function G : Ω → C(Rd

) such that (ω, G(ω)) ∈ H
a.s. The map (ω, x) → G(ω, x) := G(ω)(x) is F0×B(Rd)-measurable as a com-
position of measurables. Therefore D(ω) := M(ω)G(ω, Y (ω)) with M(ω) =
1/(1 + K(ω)), K(ω) = ‖G(ω, ·)‖sup, is F1-measurable.

Note that

E[G(ω, Y (ω))] = E[E[G(ω, Y (ω))/F0]] = E
[ ∫

Rd

g(ω, x)dP (ω, x)
]

= 1

15th European Young Statisticians Meeting 15thEYSM
September 10-14, 2007 Castro Urdiales (Spain)



Bounded arbitrage 5

and similarly
E[D(ω)] = E[M(ω)].

Define dP ∗(ω) = MD(ω)dP (ω) now. Here M = 1/ E[D(ω)]. So, we have:

EP∗ [‖EP∗ [Y/F0]‖∞] ≤ M E[M(ω)Y (ω)G(ω, Y (ω))]
= M E[M(ω) E[Y (ω)G(ω, Y (ω))/F0]] = ε.

2. P (c(ω) < ε) > 0. Then for some δ > 0 we have P (A(δ)) > 0, where
A(δ) = {c(ω) + δ < ε}. On the other hand, for every ω (c(ω) + δ)-arbitrage
is absent for the distribution P (ω, dx), which follows from the definition of
c(ω). Hence, as above, we can prove an existence of a measurable function G :
Ω → C(Rd

) such that E[G(ω, Y (ω))/F0] = 1 and ‖E[Y (ω)G(ω, Y (ω))/F0]‖∞ ≤
c(ω)+δ hold. Let M(ω) be as above, M1 = 1/ E[M(ω)1IA(δ)], M2 = 1/ E[M(ω)1IAc(δ)].
We define

ρθ(ω) = M(ω)
(
θM11IA(δ) + (1− θ)M21IAc(δ)

)
G(ω, Y (ω)), θ ∈ (0, 1).

The function ρθ is positive and bounded. A(δ) ∈ F0 implies that after going to
conditional expectations one gets E[ρθ] = 1 and

E[ρθ(c(ω) + δ)] = θ E[(c(ω) + δ)1IA(δ)] + (1− θ) E[(c(ω) + δ)1IAc(δ)].

(the expectation is finite because ρ is bounded and c is integrable). The last
expression tends to E[(c(ω) + δ)1IA(δ)] < ε as δ → 0. Therefore there exists
θ0 > 0 such that E[ρθ(c(ω) + δ)] < ε. We now define

dP ∗ = ρθ0(ω)dP

And we can deduce the following:

EP∗ [‖EP∗ [Y/F0]‖∞] = EP∗ [‖E[Y (ω)G(ω, Y (ω))/F0]‖∞] ≤ E[ρθ0(c(ω) + δ)] < ε.

�

Further in this section we formulate the results, which in a sense gene-
ralize Theorem 1 to an arbitrary norm on Rd. They are not only interesting
by themselves, but also crucial for proving the existence of an “ε-martingale”
measure in a multi-period model. Let ‖‖∼ be a norm on Rd, and ‖‖∗∼ be the
conjugate norm. The following auxiliary statement is similar to Lemma 3.

Lemma 4 Assume that ∀δ > 0 for a random vector Y ∈ Rd with the distri-
bution P (dx) the following holds: P (Hε+δ

α≥ ) = 1 for α ∈ Rd, ‖α‖∼ ≤ 1 implies

P (Hε+δ
α> ) = 0. Then ∀δ > 0 there exists a positive function g ∈ C(Rd

) such
that E[g(Y )] = 1, ‖E[Y g(Y )]‖∗∼ ≤ ε + δ.
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Proof As in Lemma 3, assuming the contrary to the statement, one shows that
there exists α with ‖α‖∼ ≤ 1 and P (Hε+δ

α= ) = 1. This immediately implies
P (Hε+δ/2

α> ) = 1, which is impossible by the assumption. �
For a random vector X ∈ Rd in a one-period model we will call ε∼arbitrage

such an F0-measurable strategy ξ ∈ Rd, that ‖ξ‖∼ ≤ 1, ξ · X ≥ ε a.s. and
P (ξ ·X > ε) > 0. Define

B = { F0-measurable b : ∃F0-measurable ξ, ‖ξ‖∼ ≤ 1, ξ ·X ≥ b a.s.}

The set B is not empty, since 0 ∈ B clearly. Define

l = Ess supB,

where Ess sup denotes an essential supremum of a set of random variables, see
[5].

Theorem 2 For all δ > 0 there exists an equivalent measure P ∗ with a bounded
density, such that almost surely

‖EP∗ [X/F0]‖∗∼ ≤ l + δ.

3. The main theorem for the multi-period model

Denote Rε
T := {VT : VT =

T∑
t=1

ξt · 4Xt − ε}, where ξ is an arbitrary

self-financing strategy, bounded in the sense (1). In other words, Rε
T is the set

of all possible final outcomes for the initial capital −ε.
We set Aε

T := Rε
T − L0

+ = {V − V + : V ∈ Rε
T , V + ∈ L0

+}.
In what follows for a set X of random variable we denote X̄ the closure

of X w.r.t. the almost sure convergence.

Theorem 3 The following statements are equivalent:

1. ∀δ > 0 Rε+δ
T ∩ L0

+ ⊂ {0} (absence of (ε + δ)-arbitrage)

2. ∀δ > 0 Aε+δ
T ∩ L0

+ ⊂ {0}

3. ∀δ > 0 Aε+δ
T ∩ L0

+ ⊂ {0} and Aε+δ
T = Aε+δ

T

4. ∀δ > 0 Aε+δ
T ∩ L0

+ ⊂ {0}

5. ∀δ > 0 ∃P ∗ ∼ P such that EP∗

[
T∑

t=1
‖ EP∗ [4Xt/Ft−1] ‖∞

]
≤ ε + δ, and

dP∗

dP ≤ C for some C > 0.
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Remark 1 In the classical theorem about conditions equivalent to no-arbitrage
all intersections are {0}, for instance, the analogue of condition 1 in the clas-
sical theorem is R0

T ∩ L0
+ = {0} (see [8, 7, 11]). The reason why the zero does

not in general enter these sets now is that the zero strategy does not give zero
final outcome (recall that the initial capital is −ε).

4. Bibliography

[1] Daley, D.J. (1968). Extinction conditions for certain bisexual Galton-
Watson branching processes. Z. Wahrsch. Verw. Geb., 9, 315-322.

[2] Dalang R.C., Morton A., Willinger W. (1990). Equivalent martingale mea-
sures and no-arbitrage in stochastic securities market models, Stochastics
and Stochastics Reports, 29, 185-201

[3] Delbaen F., Schachermayer W. (1994). A general version of the fundamen-
tal theorem of asset pricing, Mathematische Annalen, 300, 463-520

[4] Dellacherie, C., Meyer, P.-A. (1978). Probabilities and potential, North-
Holland Mathematics Studies, 29

[5] Föllmer H., Schied A. (2004). Stochastic Finance. An Introduction in Dis-
crete Time. 2nd ed., Walter de Gruyter

[6] Harrison M., Pliska S. (1981). Martingales and stochastic integrals in the
theory of continuous trading, Stochastic Process. Appl., 11, 215-260

[7] Kabanov Yu.M., Stricker Ch. (2003). Remarks on the true no-arbitrage
property, manuscript, Laboratoire de Mathématiques de Besançon

[8] Kabanov Yu. M., Stricker Ch. (2001). A teachers’ note on no-arbitrage
criteria, Séminaire de Probabilités XXXV, Lect. Notes Math., 1755, 149-
152

[9] Mishura Yu.S. (2003). The fundamental theorem of financial mathematics
for bounded arbitrage (Ukrainian), Applied Stat., Actuarial and Financial
Math., 1-2, 49-54

[10] Shiryaev A.N. (1999). The Essentials of Stochastic Finance, World Scien-
tific Publishing Company

[11] Stricker Ch. (1990). Arbitrage et lois de martingale, Ann. Inst. H. Poincaré
Probab. Statist., 26, 451-460

[12] Yan J.A. (1980). Caractérisation d’une classe d’ensembles convexes de L1

ou H1, Séminaire de Probabilités XII, Lect. Notes Math., 784, 220-222

15th European Young Statisticians Meeting 15thEYSM
September 10-14, 2007 Castro Urdiales (Spain)


