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A COMPARATIVE REVIEW OF RECENT RE-
‘ SEARCIIES IN GEOMETRY.*

(PROGRAMME ON ENTERING THE PHILOSOPHICAL FACULTY AND
THE SENATE OF THE UNIVERSITY OF ERLANGEN IN 1§72.)

1Y PROF. FELIX KLEIN,

Prefatory Note by the Author.—My 1872 Programme, appearing as a
separate publication (Erlangen, A. Deichert), had but a limited circu.
lation at first.  With this I could be satisfied more easily, as the views
developed in the Programme could not be expected at first to receive
muchaitention, DBut now that the general development of mathematics.
has taken, in the meanwhile, the direction corresponding precisely to-
these views, and particularly since L#e has begun the publication in
extended form of his Theorie der Transformationsgruppen (Leipzig,
Teubner, vol. 1. 1838, vol. 1. 1890), it seems proper to give a wider
circulation to the expositions in my Programme.  An Italian translation:
by M. Gino Fauo was recently published in the Annali di Matematica,
ser. 2, vol,.170 A kind reception for the English translation, for whicl:

I am mch indebted to My, Haskell, is likewise desired. ' '

The translation is an absolutely literal one; in the two or three places
where a few words are changed, the new phrases are enclosed in square

- brackets []. In the same way are indicated a number of additional
footnotes which it seemed desirable to append, most of them having
already appeared in the Italian translation.—F, KLEIX.

Among the advances of the last fifty years in the field of
geomefry, the development of projective geomelry 1 occupies

- the first place. Although it seemed at first as if the so-ca{!cd
~metrical relations were not accessible to this treatment, as
they do.not remain unchanged by projection, we have never-
thefess learned recently to regard them also from the projec-
tive point of view, so that the projective method now embraces
the whole of geometry. But metrical properties are then to
be regarded no longer as characteristics of the geometrical
figures per se, but as their relations to a fundamental configu-
ration, the imaginary circle at infinity common to all spheres.

- When we compare the conception of geometrical figures
gradunally obtained in this way with the notions of ordinary
(elementary) geometry, we are led to look for a general prin-
~ciple in accordance with which the development of both
methods has been possible. This question.seems the more
important as, beside the elementary and the projective geom-
etry, are arrayed a series of other methods, which, albeit they
are less developed, must be allowed the same right to an in-

dividual existence. Such are the geometry of reciproeal radii
* Translated by Dr. M. W, HaskiLL, Assistant Professor of Mathe-
matics in the University of California. o
1 Sec Note 1. of the appendix.
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“vectores, the geometry of rational transformations, ete., which
will be mentioned and deseribed further on. ' _

In undertaking in the following pages to cstablish such a
principle, we shall hardly develop an essentially new idea, but
yather formulate clearly what has-already been more or less
“definitely conceived by mauny others. DBut it has seemed the
more justifiable to publish connective observations of this
kind, because gecometry, which is after all one in substance,
has been only too much breken up in the course of its recent
rapid development into a series of almost distmct theories,*
which are advancing in comparative independence of each
other. At the same time I'was influenced especially by a
“wish to present certain methods and views that have been
developed in recent investizations by Lie and myself. Our
respective investigations, different as has been the nature of

the subjects treated, have led to the same generalized concep-

~ fion here presented; so that it has become a sort of necessity
“to thoroughly discuss this view and on this basis to character-

ize the contents and general scope of those investigations,

Though we have spoken so far only of geometrical Investi-
‘gations, we will include investigations on manifoldnesses of
any number of dimensions,t which have been developed from
geometry by making abstraction from the geometric 1mago,

which is not essential for purely mathematical investigations.]
In the investigation of manifoldnesses the same different types
‘oceur as in geometry; and, as in geometry, the problem 1s o
bring out what is common and what is distinctive in in-

vestigations undertaken independently of each other, Ab-
stractly speaking, it would in what follows be sufficient to
speak thronghout of manifoldnesses of 7 dimensions simply;.

© but it will render the exposition simpler and more intelligible

to make use of the more familiar space-perceptions. In pro-
ceeding from the consideration of geometric objects and de-
veloping the general ideas by using these as an example, we
follow the path which our science has taken in its develop-
ment and which it is generally best to pursune inits presen-
tation. - - S -

A preliminary exposition of the contents of the following
pages is here scarcely possible, as it can hardly bo presented
in a more concise form;§ the headings of the sections will
indicate the general course of thought. . :

At the end I have added a series of notes, in which I have

F____b'__-——___"_—‘———.—_—

* See Note I1. $ See Note IV, 1 See Note I1I.

& This very conciseness is a defect in the following presentation which

I fear will render the understanding of it essentially more diflicult.

But the difficulty could hardly be removed except by a very much

fuller exposition, in which the separate theorics, here only touched
upon, would have been developed at length, - ;
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~cither developed further single points, wherever the general
~exposition of the text would seem to demand it, or have tried
‘to define with reference to related points of view the abstract
mathematical one predominant in the observations of the
text. ' , - - '

§ 1.

GROGPS OF SPACE-TRANSFORMATIONS. PRINCIPAL Groue,

_ FORMULATION OF A GENERAL PROBLEM.
The most essential idea required in the following discussion
1s that of a group of space-transformations. -

The combination of any number of transformations of
- space ¥ 1s always equivalent to a single transformation., If
now a given system of transformations has the property that
any transformation obtained by combining any transforma-
~ tions of the system belongs to that system, it shall be ealled
- a group of transformations.t
- _An example of a group of transformations is afforded by
the totality of motions, every motion ;being regarded as an
~ operation performed on the whole of space, A group con-
‘tained in this group is formed, say, by the rotations about
one point.] On the other hand, a group containing the group
of motions s presented by the totality of the collineations.
But the totality of the dualistic transformations does not
form a group; for the combination of two dualistic transform-
~atlons is equivalent to a collineation. A group is, however,
formed by adding the totality of the dualistic to that of the
collinear transformations. § - ' .

* We always regard the tolality of configurations in space as simulta-
neously affected by the transformations, and speak therefore of trans-
{arm_atz’ans of space. 'T'he transformations may introduce other elements

- in place of points, like dualistic transformations, for instance ; there is
- no distinction in the text in this regard.. o o
"1 [This definition is not quite complete, for it has been tacitly assumed
that the groups mentioned always inelude the inverse of Cvery opera-
. 4ion they contain ; but, when the number of operations is infinite, this
Is by no means a necessary consequence of the group idea, and this as-
sumption of ours should therefore be explicitly added to the definition
of this idea given in the text.] R o .
The ideas, as well as the notation, are taken from the theory of sub-
Stitutions, with the difference merely that there instcad of the trans-
formations of a continuous region the permutations of a finite number
of discrete quantities are considered. | | o o
~ § Camille Jordan has formed all the groups contained in the general
group of motions: Sur les groupes de mourements, Aunali di. Mate-
matiea, vol. 2, | ' . L
31t Is not at all necessary for the transformations of a group to form
& conlinuous succession, although the groups to be mentioned in the -
~ iext will indeed always have that property. For example, a group is
~ formed by the finite series of motious which superpose a regular
body upon itself, or by the infinite bLut discrete series which super-
pose a sine-curve upon itself. - ' - o
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Now there are space-transformations by which the geometric
properties of configurations in space remain entirely un-
changed. For geometric properties are, from their very 1dea,
independent of the position occupied in space by the configu-
yration in question, of its absolute magnitnde, and finally of
the sense * in which its parts ave arranged. The properties
of a configuration remain therefore unchanged by any motions
of space, by transformation into similar configurations, by
t ransformation into symmetrical configurations with regard toa
plane (reflection), as well as by any combination of these
transformations. The totality of all these transformations we
designate as the principal group i of space-transformations;
geomelric properties are not-changed by the transformations of
the principal group. And, conversely, geomelric properéics
are characterized by their remaining invariant under the
(transformations of the principal group. TFor, if we regard
space for the moment as immovable, ete., as a rigid manifold-
ness, then every figure has an individual character; of all the
properties possessed by it as an individual, only the properly
cgeometric ones are preserved in the transformations of the
principal group. The idea, here formulated somewhat 1n-
definitely, will be brought out more clearly in the course of
the exposition. _ . ' . -
~ Let us now dispense with the conerete conception of space,
which for the mathematician is not essential, and regard 1t
only as a manifoldness of 2 dimensions, that is to say, of three
dimensions, if we hold to the usual idea of the point as space
clement. DBy analogy with the transformations of space we
speak of transformations of the manifoldness ; they also form
~groups. But there is no longer, as there is in spuce, one group
distinguished above the rest by its signification; cach group
is of equal importance with every other. As a geueralization
~ of geometry arises then the following comprehensive prob-
lem: | o
Given a manifoldness and a group of transformations of the
same; to investigate the configurations belonging to the mani-
foldness withregard to such properties as are not altered by the
transformations of the group. ' N
I'o make use of a modern form of expression, which to be
gure is ordinarily used only with refereuce to a particular
aroup, the group of all the Jinear transformations, the prob-
lem might be stated as follows: - '

' e e ———— e e et

* By “sense " is to be understood that peculiarity of the arrange-
nient of the parts of a figure which distin guishes it from the symmetri-
cal figure (the reflected image). Thus. for example, aright-handed and
o left-anded helix are of opposite ** sense.™ - ' |

1 The fact that these transformations form a group results from
their very idea. o - .

—
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Given a manifoldness and « group of {ransformations of the
samey to develop the theory of tnvariants relafing lo that
: qroup. S L -
- This is the general problem, and it comprehends not alone
ordinary geometry, but also and in particular the more recent
geometrical theories which we propose to discuss, and the
f- - different methods of treating manifoldnesses of 2 dimensiouns,
' Particular stress is to be laid upon the fact that the choice
‘of the group of transformations to be adjoined is quite arbi-
trary, and that consequently all .the methods of treatment
sn%isfying our general condition are in this sense of equal
valne, - ' -

8 9,
"GROUPS OF T'RANSFORMATIONS, ONE OF WHICH INCLUDES

THE OTIER, ARE SUCCESSIVELY ADJOINED., 'THE Dir-
FERENT ['YPES OF (GEOMETRICAL INVESTIGATION AND

THEIR RELATION TO EACI OTHER,

~ As the geometrical properties of configurations m space
remain unaltered under al/ the transiormations of the princi-
- pal group, it is by the nature of the question absurd to inquire
for such properties as would remain unaltered under only a
‘part of those transformations. “L'his Inquiry becomes justified,
however, as soon as we investigate the configurations of space
1n their relation to clements resarded as fixed., Let us, for
instance, consider the configurations of space with reference
~ to one particular point, as 1n spherical trigonometry. The
problem then is to develop the properties remaining invariant
~under the transformations of the prinecipal group, not for the
conficurations taken independently, but for the system con-
sisting of these configurations together with the given point.
But we can state this problemn 1n this other form: toexamine
configurations in space with regard to such properties as re-
main nnchanged by those transformations of the principal
“aroup which can still take place when the point is kept fixed.
~ In other words, it is exactly the same thing whether we in-
vestigate the configurations of space taken in connection with
the given poiut from the point of view of the principal group
or whether, without any such counecction, we replace the
principal group by that partial group whose transformations
Ieave the point in question unchanged, ’

This is a principle which we shall frequently apply; we will
therefore at once formulate it generally, as follows:

Given a manifoldness and a group of transformations ap-
plying to it.  Let it be proposed to examine the configurations
contained in the manifoldness with reference to a given con-
figuration. - We may, then, either add the given configuration

" —
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{0 the system, and then we have to investigate the properties of
the exiended system from the point of view of the given gyroup;
or we may leave the systen unexlended, limiting the -trans-
formations to be employed to such transformations of lhe given
group as leave. the given configuration unchanged. (Lhese
Iransformations necessarily form a group by themselves.}

- Let us now consider the converse of the problem proposed
“at the beginning of this section. 'This is intelligible from the
outset. We inquire what properties of the configurations of
‘space remain unaltered by a group of transformations which

contains the principal group as a part of itself.. Lvery prop-
“erty found by an investigation of this kind 1s a geometric
property of the configuration itself § but the converse is not
‘trne. In the converse problem we must apply the principle
just enunciated, the principal group being now the smaller,
We have then: . - ' ' ,
If the principal group be replaced by « more comprelensive
group, ¢ part only of the geomelric properlies remain un-
changed. The remainder no longer appear as nroperties of
the configurations of space by themselves, but-as properties of
the system formed by adding fo them some particular config-
wration.  'This latter is defined, in so far as it is a definife *
configuration at all, by the following coudition :  The assuntp-
tion that it-is fixed must vestrict us o those transformations of
 the given group whick belong to the principal group. |
" In this theorem.is to be found the pecnhiarity of the recent
ecometrical methods to be discussed here, and their relation
to the elementary method. What characterizes them Is just
this, that they base their investigations upon an -extended
~ group of space-transformations instead of upon the principal
oroup. Their relation to each other is defined,. when one of
~_the groups includes the other, by a corresponding theorem.
"~ "The same is true of the various methods of treating manifold-
. mnesses of # dimensions which we shall take up. Weshall now
consider the separate methods from this point of view, and
this will afford an opportunity to explain on concrete examples
the theorems enuncinted in a general form in this and the
preceding sections. ' - ‘

8§38,
PROJECTIVE GGEOMETRY.

- Every space-transformation not belonging to the principal
group can be used to transfer the properties of known config-

> + - -

* Such a configuration can be generated, for instance, by applying
the transformations of the principal group to any arbitrary element
which cannot be converted into itself Dy any trapsformation of the
given group. ' | 3 | ‘

I —_ - R AT irpy
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urations to new ones. Thus we apply the resnlts of plane
ceometry to the geometry of surfaces that can be represented
(abgebildet) upon a plane; in this way long before the origin
of a true projective geometry the properties of figures derived
by projection from a given figure were inferred from those of

the given figure. But projective geometry only arose as it
became customary fo regard the original figure as essentially
identical with all those deducible from it by projection, and
to enunciate the properties transferred in the process of pro-.
jection in such a way asto put in evidence their independence
of the change due to the projection. DBy this process the
group of all the projective transformations was made the basis
of the theory in the sense of § 1, and thatis just what created
the antithesis between projective and ordinary geometry.

A course of development similar to the one here described -
can be regarded as possible in the case of every kind of space-
~transformation ; we shall often refer to it again. It has gone
on still further in two directions within the domain of pro-
jective geometry itself.. On the one hand, the conception was
broadened by admitting the dualistic transformations into
the group of the fundamental transformations. From the
modern point of view two reciprocal figures are not fo be
regarded as two distinet figures, but as essentially one and
the same. A further advance consisted in extending the fun-
damental group of collinear and dualistic transformations by
the admission in each case of the imaginary transformations.
This step requires that the - field of true space-elements has
previonsﬁy been extended so as to include 1maginary elements,
—just exactly as the admission of dualistic transformations
into the fundamental group requires the simultaneous intro-
“duction of point and line as space-elements. This is not the
- place to point out the utility of introducing imagmary ele-
ments, by means of which alone we ean attain an exact cor-
respondence of the theory of space with the established system
of algebraic operations. But, on the other hand, it must be
remembered that the reason for introducing the imaginary
elements is to be found in the consideration of algebraic oper-
ations and not in the group of projective and duahstic trans-
formationg. For, just asg we can in the latier case limit our-
selves to real transformations, since the real collineations and
dualistic transformations form a group by themselves, so we
can ecqually well iniroduce i1maginary space-clements even
when we are not employing the projective point of view, and
indeed must do so in strictly algebraic investigations. -

How metrical properties are to be regarded from the pro-
jective point of view 1s determined by the general theorem of
the preceding section. Metrical properties are to be consid-
cred as projective relations fo a fundamental configuration,
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the cirele at infinity,* a configuration having the property
that it is transformed into itself only by those transformations
of the projective group which belong at the same time to the
principal group. The proposition thus broadly stated needs
a material modification owing to the limitation of the ordi-
‘nary view taken of geometry as treating only of rcal space-
elements (and allowing only real transformations). In order
to conform to this point of view, it is necessary expressly to
adjoimn to the circle at infinity the system of real space-ele-
ments (points); properties in the sense of clementary geome-
try are projectively either properties of the configurations by
“themselves, or relations to this system of the real elements, or
to the circle at infinity, or finally to both. . _
- We might here make mention further of the way in which
- wvon Staud! in his *“ Geometrie der Lage” (Niirnberg, 1847)
~ develops projective geometry,—l1.c., that projective geometry
‘which i8 based on the group containing all the real projective
-and dualistic fransformations. ' .

We know how, in his system, he sclects from the ordinary
‘matter of geometry only such features as are preserved in
projective transformations. Should we desire to proceed to
the consideration of metrical properties also, what we should
have to do would be precisely to introduce these latter as
relations to the circle at infinity. The course of thought thus
~‘brought to completion is 1n so far of great importauce for the
present considerations, as a corresponding development of
geometry 1s possible for every one of the methods we shall
take up. ' . o | -

- § 4

TRANSFER OF PROPERTIES BY REPRESENTATION
~ (ABBILDUXG)., |

Before going further m the discussion of the geometrieal
methods which present themselves beside the elementary and
the projective gecometry, let us develop in a general form cer-
tain counsiderations which will continually recur in the course
of the work, and for which wsuflicient number of examples
are already furnished by the subjects touched upon up to this,
point. :The present section and the following one will be
devoted to these discussions. '

*This view is to be regurded as one of the most Lrilliant achieve.
ments of [the French school] ; for it is precisely what provides a sound
foundation for that distinction between properties of position and met-
rical propertics, which furnishes a most desirable starting-point for pro-

jective geometry, _ _
- 1 The extended hovizon, whiclh iucludes dmaginary trausformations,
~ was first used by ron Stnudt as the basis of his investigations in his later

work, ‘¢ Beitriige zur Geometrie der Lage ” (Ntirnberg, 1856-60).




e o Tae = e

......

1893] RECEXNT RESEARCHES IN GEOMEIRY. 223

- ‘Suppose a manifoldness . has been investigated with ref-

erence fo a group . 1i, by any transformation whatever, A
be then converted into a second manifoldness A’, the group

D of transformations, which transformed A into itself, will
become a group ', whose transformations are pczfmmed
aupon A’ Tt is then a sclf-evident principle that the metlhod

of treating A with referenceto I3 af once furnishes the method
of treating A" with 'afercuce fo I3’, i.e., every property of a
configuration contained in -l obtained b}, means of the group
A7 furnishes a property of the corrcapoudmg configuration in

A’ to be obtained by the group 13,
For example, let A be a strawllt line and B the «*® linear

_'_tmnsfornmtlons which tlansfm'm 2 into itself. The method
of treating A is then just what modern algebra designates as
the theory of binary forms. Now, we can establisly a corre-
spondence between the stlmght line and a conic section .4’ in

the same plane by projection from a point of the latter. ‘1‘113
linear transformations I3 of the straight line into itself will
then become, as can easily be shown the linear transforma-

‘tions B’ of the conic into itself, i.e., the changes of the conic

resulting from those linear transfor matmns of the plane

~which transform the conic into itself.

Now, by the principle stated in § 2,* the study of the geom-

' -etry of the conic section 1s the same, whether the conic he

carded as fixed and only those linear transformations of

_‘ tlle plane which transform the conic into itself be taken into
account, or whether all the linear transformations of the plane

be considered and the conic be allowed to vary too. The
properties which we recognized in systema of points on the

-conic are accordingly pmjectwe properties in the ordinary
~ sense, Combining this consideration with the result ]llSt-
- deduced, we have, then:

The theory of binar ‘Y fo: ms and the pnyeclwa geomm‘r i of

systems of points on a conic are one and the same, 1i.e., to every
proposilion concerning binary forms corresponds pro;)osmon
concerning such systems of poinis, and vice versa.

Another snitable example to illustrate these considerations

1s the following. If a quadric surface be brought into cor-

respondence with a plane by stmeogmphlc projection, -the

~surface will have one fundamental point,—the centre of pro-
Jection,  In the plane there are two,—the projections of the

generators passing through the centre of projection. It then
follows directly: the lmear transformations of the plane which

¥ The punc:ple might be E{llil to be ﬁpphctl here in a somewhat

cextended form,

t Instead of the plane conic we may equally well mlroducc a twisted

-cubie, or indeed a conespoudmﬂ countrulatmn in an n-dimensional
' ,Illﬂlllfoldncc:q _
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leave the two fundamental points unaltered are converted by
the representation (Adbildung) into linear transformations of
the quadric into itself, but ouly into those which leave the
centre of projection unaltered. By linear transformations of
the snrface into itself are here meant the changes undergone
by the surface when linear space-transformations .are per-
formed which transform the surface into itself. According
" to this, the projective investigation of a plane with reference
‘to two of ifs points 1s identical with the projective investiga-
tion of a quadric surface with reference to one of its points.
Now, if imaginary elements are also taken into account, the
former is nothing elsc but the investigation of the plane from
the point of view of elementary geometry. For the priacipal
gronp of plane transformations- comprises precisely those
linear transformations which leave fwo points (the circular
points at infinity) unchanged. We obtain then finally =
- Flementary plane geomeltry and the projeciive 1 nvestigalion
of a quadric surface with reference to one of ils points are one
and the same. P . R
 "Phese examples may be multiplied at pleasure;® the two
here developed were chosen because we shall have occasion to
refer to them again. ' ' ' '

| oo
§5.

OX THE ARBITRARINESS IN THE CHOICE OF THE SPACE-
Evevest. IIesse’s PRINCIPLE OF 'I'RANSFERENCE.
LINE (GEOMETRY. - S S

. As clement of the straight line, of the plane, of space, or of
any manifoldness to be investigated, we may use instead of
‘the point any configuration contained in the manifoldness,—
a group of Yoints, a curve or surface,f etc. As there 1s
nothing at all determined at the outset about the number
of arbifrary parameters upon which these configurations shall
depend, the number of dimensions of our line, plane, space,
~ete., may be anything we like, according to our choice of the
clement. But as long as we base our geomelrical tnvestigation
wupon the same group of transformations, the substance of the
geomelry remains unchanged. ‘That is to say, every proposi-
~ tion resulting from one choice of the space-clement will be
‘a true proposition under any other assumption ; but the

* For other examples, and particularly for the extension to higher
dimensions of which those here presented are capable, Iet me refer to
an article of mine: Ueber Liniengeomelrie und melrische (eomelrie
(Mathematische Annalen; vol. §), and further to Lie's investigations
cited later. B - S S

1 See Note 111
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arrangement and correlation of the propositions will be

changed. _ : o -
The essential thing is, then, the group of transformations ;

the number of dimensions to be assigned to & mamifoldness

appears of secondary importance. -

~ The combination of this remark with the principle of the

Jast section furnishes many interesting applications, some of

- which we will now develop, as these examples seem better

fitted to explain the meaning of the general theory than any
lengthy exposition, T -
Projective geometry on the straight line (the theory of

 Dbinary forms) is, by the last section, equivalent fo projective

geometry on the conie. Let us now regard as element on the
conic the point-pair instead.- of the point. Now, the totality
of the point-pairs of the conic may be brought into corre~
spondence with the totality of the straight lines in the plane,
by letting every line correspond to that point-pair in which it
intersects the conic. By this representation (Adbilding) the

linear transformations of the conic into itself are converted

into those linear transformations of the plane (regarded as
made up of straight lines) which leave the conic unaltered.
But whether we consider- the group of the latter, or whether
we base our investigation on the totality of the linear trans-

~ formations of the plane, always adjoining the conic to the
plane configurations under investigatioy, 1s by § 2 one and

the same thing., Uniting all these considerations, we have:
The theory of binary forms and projective geomelry of the

~plane with reference to a conie are ident ical,

~ Finally, as projective geometry of the plane with reference
to a conic, by reason of the equality of 1ts group, coincides

vith that projective metrical geometry which 1n the plane can

be Lased upon u conie, ¥ we can also say:

The theory of binary forms and general projective melrical

geomelry in the plane are one and the sante.

" In the preceding consideration the conic in the plane might.
be replaced by the twisted cubic, cte., but we will not carry
this out further. ‘The correlation here explained between the

- geometry of the plane, of space, or of a manifoldness of any

number of dimensions is essentially identical with the princi-

pie of transference proposed by Hesse (Borchardt’s Journal,
- vol. G6). ' - ' - -

An example of much the same kind is furnished by the
projective geometry of space; or, in other words, the theory of

~quaternary forms. If the straight line be taken as space-

element and be determined, as in line geometry, by six homo-
gencous co-ordinates connected by a quadratic equation of

* Qee Note V.
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. condition, the linear and dualistic trausformations of space
are seen to be those linear transformations of the six variables
(regarded as independent) which transform the equation of
condition into itself. By a combination of considerations
similar to those just developed, we obtain the following

-theorem @ : _ |

The theory of qualernary forms is equivalent {0 projective
measurement in a manifoldness generaled by six homogencous
vartadles. - _ ,

For n detailed exposition of this view 1 will refer to an
article in the Math. Aunalen (vol. 6): ¢ Uecber die soge-
nannte Nicht-Euklidische Geometrie * [Zweiter Aufsatz], and
to a note at the close of this paper.®

To the foregoing expositions I will append two remarks, the

first of which is to be sure implicitly contained in what has
already been said, but needs to be brought out at length,
because the subject to which it applies is only too likely to be
misunderstood. | :

Throngh the introduction of arbitrary conficurations as

~ space-clements, space becomes of any number of dimnensions
we like. Butif we then keep to the (elementary or project-
ive) space-perception with which we are familiar, the funda-
mental group for the manifoldness of » dimensions 1s giveun at
the outset ; in the one case it is the principal group, i the
other the group of projective transformations. If we wished

" to take a different group as u basis, we should have to depart

from the ordinary (or from the projective) space-perception.
Phus, while it is correct to say that, with a proper choice of
‘space-elements, space represents manifoldnesses of any number
of dimensions, it 18 equally important to add that tn fhis

‘the investigution of the mani foldness, or else, if we wish o
choose the group, we must broaden our geomelrical perceptron
accordingly. 1f this were overlooked, an interpretation of line

- peometry, for instance, might be sought in the following way.

In line geometry the straight line has six co-ordinates; the conie

in the plane has the same number of coeflicients, “I'he inter-

pretation of line geometry would then be the geometry m it
system of conics separated from the aggregation of all eonics
by a quadratic equation between the coeflicients. This 1s

correct, provided we take as fundamental group for plane

geometry the totality of the transformations represented by
the lincar transformations of the coeflicients of the conic
which transform the quadratic equation into itself. But if we

retain the elementary or the projective view of plune geometry,

we have no interpretation at ali.

W—m

* See Note VI

 representation either a definite group must form the basis of
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Phe second remark has reference to the following line of
reasoning : Suppose in space some group or other, the prin-
cipal group for instance, be given, Let us then sclect a
single configuration, say a point, or a straight line, or even an
ellipsoid, etc., and apply to it all the transformations of the
principal group. We thus obtain an iunfinite manifoldness
with & number of dimensions in general equal to the number
of arbitrary parameters contained in the group, but reducing
in special cases, namely, when the configuration originally
selected las the property of being transformed into itself by
a1 infinite number of the transformations of the group. Every
manifoldness generated in this way may be called, with refer-
ence to the generating group, & body.* | |

If now e desire fo base our investigations upon the group,
selecting at the same time certain definite configurations as
space-clements, and it we wish to represent uniformly things
which are of like characteristics, we muse evidently choose our
space-elements in such a way that their manifoldness either 1s
itself a body or can be decomposed tnto bodies. This remark,

whose correctness is evident, will find application later (§ 9).
This idea of o body will come under discussion once more in
the closing section, in connection with certain related 1deas.j

1111111

5 0.

g GEOMETRY OF RECIPROCAL RADII, INTERPRETATION
' ' oF - 1Yy. _
With this seetion we return to the discussion of the various
lines of geometric research, which was begun in §§ 2 and 3.
As a parallel il many respects to the processes of projeciive
geomefry, we may consider a class of geometric investigations
" in which the transformation by reciproeal radii vectores (geo-
“metric inversion) is continually employed. To these belong
investigations on the so-called eyelides and other anallagmatic
surfaces, on the genceral theory of orthogonal systems, likewise
on potential, ete. 16 1s true that the processes here involved

e
* In choosing this name I follow the precedent established by Dede-
Lind in the theory of numbers, where he applies the name body 1o 2
system of numbers formed from given clements by given operations
(Dirichlel’s Vorlesungen fiber Zahlentheorie, 2. Aufl.). f
$ [In tbe text sufficient attention is not paid to the fact that the pro-
posed group may contain so-called sclf-caujugatc subgroups. 1lf a
geometrical configuration remain unchanged by the operations of 4
~self-conjugate subgroup, the same is true for all configurations into
which it is transformed by the operations of the whole group ; i.e., for
all confirurations of the body arising from it. DBut & body so formed
 wwould be absolutely unsuited to represent thie operations of the group.
In the text, therefore, are to be admitted only bodies formed of space-
clements which remain unchanged by no sclf-conjugate subgroupof the

‘riven group whatever. ]




228 RECENT RESEARCHES IN GEOMETRY,  [July

have not yet, like projective geometry, been umted into &
special geometry, whose fundamenial group wonld be the tolal-
ity of the transformations resulting from a combinalion of the
principal group with geomelric tnversion ; but this may be
ascribed to the fact that the theories named have never hap-
pened to receive n connected treatment. o the mdividual
investicators in this line of work some such systematic concep-
tion can hardly have been foreign. _ -

T'he parallel between this geometry of reciprocal radii and
projective geometry is apparent as soon as the question is
raised ; it will therefore be sufficient to call attention in a
general way to the following points : _ ' '

In projective geometry the elementary ideas are the point,
line, and plane, ‘I'he circle and the sphere are but special
cases of the conic scetion and the quadric surface. The
region at infinity of elementary geometry appears as a plane ;
the fundamental configuration to which elementary geometry
is referred is an imaginary counic at infimty.

In the geometry of reciprocal radii the elementary ideas are

the point, circle, and sphere. The line and the plane are

special cases of the latter, characterized by the property that

‘they contain a point which, however, has no further special

significance in the theory, namely, the point at infinity. If we
regard this point as fixed, clementary geometry is the result.
- The geometry of reciprocal radil admits of being stated in
a form which places it alongside of the theory of binary forms
and of line geometry, provided the latter be treated in the
way indicated in the last section. Lo this end we will for the
present restrict our observations to plane gecometry and
therefore to the geometry of reciprocal radii in the plane.®
We have alrcady referred to the connection between cle-

- mentary plane geometry and the projective geometry of the
quadric surface with one distinctive point (§ 4). If we disre-

gard the distinctive point, that is to say, if we consider the
projective geometry on the surface by itself, we have a repre-
sentation of the geomeltry of reciprocal radii in the plane. For
it is easy to see t that to the group of geometric inversion in
the plane corresponds by virtue of the representation (45il-
dung) of the quadric suriace the totality of the linear trans-
formations of the latter into itself. We have, therefore,

" The geometry of reciprocal radii in the plane and the pro-

# The geometry of reciprocal radii on the straight line is equivalent
to the projective investigation of the line, as the transformations in
question are the same. Thus in the geometry of reciprocal radii, also,
we can speak of the anharmonice ratio of four points on a line and of
four points on a circle. ' |

t Sce the article already cited: Ueber Liniengeometrie und metrische

~Geometrie, Malhematische Annalen, vol. 5.

. . - a [ - —_—— e —— — - - - —_—— .
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jective geomelry on a quadric surface are one and the same;
and, similarly : o - - '

The geomelry of reciprocal radiv 1n space 18 equivalent to the

projective treatment of a manifoldness represenled by a quad-
ratic equation belween five homogeneous variables.
- By means of the geometry of reciprocal radi space geome-
try 1s thus brought into exactly the same connection with a
manifoldness of four dimensions as by means of [projective]
geometry with o manifoldness of five dimensions.

 The geometry of reciprocal radii in .the plane, if we hmit

ourselves to real transformations, admits of an interesting

interpretation, or application, in still another direction. For,
representing the complex variable 242y in the plane in the
usual way, to its linear transformations corresponds the group
of geometric inversion, with the above-mentioned restriction
to real operations.* DBut the investigation of functions of a
complex variable, regarded as subject to any linear trans-
formations whatever, 1s merely what, under a somewhat differ-
ent mode of representation, is called the theory of binary
forms. In other words:- ' ' - '
The theory of binary forms finds intlerpretation wn the

geomelry of reciprocal radit in the real plane, and precisely
an the way tn which complex values of the variables are rep-
 resented. - P ' *

From the plane we will ascend to the quadric surface, to
return to the more familiar circle of ideas of the projective
transformations. As we have taken into consideration’only

“real elements of the plane, it is not a matter of. indifference
- how the surface is chosen; it can cvidently not be a ruled

surface. In particular, we may regard it as a spherical sur-
face,—as is customary for the interpretation of a complex

~ variable,—and obtain 1n this way the theorem:

The theory of the binary forms of a complex variable finds
representation in the projective geometry of the real spherical
surface. o o | R
- T eould not refrain from setting forth in a notet how ad-

mirably this interpretation illustrates the theory of binary '.
_'CllbiCS and qllﬂl'tics.- o - - .

 *[The language of the text is inexact. To the linear transformations

'’ Iz - ’ _ . - . - _ _
=;3ig (where 2’ =a’ -} 1y, z=x-{1y) correspoud only those
operations of the group of geometric inversion by which no reversion
of the angles takes place (in which the two circular points of the plane
are not interchaunged). If we wish to include the whole group of
geometric inversion, we must, in anddition to the transforinations men
tioned, take account of the other (not less important) ones given by the
formula 2z’ = __,+ g (whercagain 2 =274+, butz =z —1iy).]
1 See Note VII.
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8 7,

ExTENSION OF THE PRECEDING CONSIDERATIONS. LIE'S
| - - SPHERE (GEOMETRY.

With the theory of binary forms, the geometry of reciprocal
radii, and line geometry, which in the foregoing pages appear
co-ordinated and only distinguished by the number of vari-
ables, may be connected certain further developments, which

shall now be explained. In the first place, these developments

are intended to illustrate with new examples the idea that
the group determining the treatment of given subjeets can be

extended indefinitely; but, in the second place, the mtention

was particularly to explain the relation to the views here set
forth of certain considerations presented by Lic in a recent
article.* The way by which we here arrive at Lie's sphere
geometry differs i this respect from the one pursued by Lze,
that he proceeds from the conceptions of line geometry, while

we assume a smaller number of variables in our exposition.

This will enable ns to be in agreement with the usual geomet-
‘ric perception and to preserve the connection with what pre-

cedes. T'he investigation is independent of the number of

variables, as Lie himself has ﬂlreadff pointed out (Gottinger
£

Nachrichten, 1871, Nos. 7, 22). belongs to that great

class of investigations concerned with the projective discus-
“sion of quadratic equations between any number of variables,
—investigations upon which we have already touched several
times, and which will repeatedly meet us again (see § 10, for
instance), ' o B - o
- T proceed from the connection established between the real
“plane and the sphere by stereographic projection. In §5 we

connected plane geometry with the geometry on a conic sec-

tion by making the straight line in the plane correspond to
the point-pair in which it meets the conic. Similarly we can

‘establish a connection between space geometry and the geom-

etry on the sphere, by letting every plane of space correspond

to the circle 1n which it cuts the sphere. If then by sterco-
graphic projection we transfer the geometry on the sphere
“from the Jatter to the plane (every cirele being thereby trans-
formed into a circle), we have the following correspondence:
‘the space gecometry whose element is the plane and whose

“group is formed of the linear transformations converting a

sphere into itself, and | _ -
the plane geometry whose element is the circle and whose

group is the group of geometric inversion.

* Partielle D{ﬁ%rente‘alg_léz'chzmgen und Complexre, Mathematische An-
naleu, vol. b. - o R

..............
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_T'he former geometry we will now generalize in two direc-
tions Dby -substituting for its group a more compreliensive
group. The resulting extension may then be immediately
transferred to plane geometry by representation (Abbildung).

Instead of those linear transformations of space (regarded
as made up of planes) which convert the sphere into itself, it
readily suggests itself to select either the totality of the linear
transformations of space, or the totality of those plane-trans-
formations which leave the sphere unchanged [in a sense yet
to be explained]; in the former case we dispense with the
sphere, in the latter with the linear character of the trans-
formations. The former generalization is intelligible without
further explanation; we will therefore consider it first and
follow out its importance for plane geometry. 'I'o the second
case we shall return later, and shall then in the first place
have to determine the most general transformation of that
kind. - - - |

Linear space-transformations have the common property of
<converting pencils aud sheafs of planes into like pencils and

‘sheafs. Now, transferred to the sphere, the pencil of planes
‘gives a pencil of circles, i.c., a system of ! cireles with com-
mon intersections; the sheaf of planes gives a sheaf of circles,
circle whose plane is the polar plane of the point common to
the planes of the given sheaf). Hence to linear space-trans-
formations there correspond on the sphere, and furthermore
in the plang, circle-transformations charucterized by the prop--
~erty that they convert pencils and sheafs of circles imto the
same.”  The plane geometry which employs the group of
transformations thus obtained isthe representation of ordinary

- projective space geomelry. In this geometry the point cannot

e used as element of the plane, for the points do not form .a

 body (§ 5) for the chosen group of transformations; but cir-

cles shall be chosen as elements,. o
- In the-case of the second extension named, the first question

to be settled is with regard to the nature of the group of
iransformations in question. The problem is, to find plane-

transformations converting every [pencil] of planes whose

Laxis touches] the sphere into a like [pencil]. = For brevity of

expression, we will first consider the reciprocal problem and,
~ moreover, go down a step in the number of dimensions ; we

will therefore look for point-transformations of the plane
which convert every tangent to a given conic into a like tun-
gent, o this end we regard the plane with its conic as the
representation of a quadric surface projected on the plane
¥ Such transformations are considered in Grassmann’s Ausdelinungs-
lehre (edition of 1862, p. 278). B -

- e A 1t T A= rr— e e ek = pden e ImEA
.

1.e., a system of <’ circles perpendicular to a fixed circle (the
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from a point of space not in the surfuce in such a way that -
the conic in question represents the boundary curve. ‘Lo the

‘tangents to the conic correspond the generators of the surface,

and the problem is reduced to that of finding the totality of
the point-transformations of the surface into itself by which

generators remain generators,

- Now, the number of these transformutions is, to be sure,
» %, where n may have any value, For we only need to re-
gard the point on the surface as intersection of the generators
of the two systems, and fo transform each system of lines
into itself in any way whatever. But among these are 1 -
particular the linear transformations, and to these alone will |

we attend. For, if we had to do, not with a surface, but with

an 2-dimensional manifoldness represented by a quadratic
equation, the linear transformations alone would remain, the

- rest would disappear.® -

M'hese linear transformations of the surface into itself,
transferred to the plane by projection {other than stereo-
graphic), give two-valued point-transformations, by which from

‘every tangent to the boundary conie is produced, it 1s true, a

tangent, but from every other straight line in general a conic

having double contact with the boundary curve. This group
of transformations will be conveniently characterized by bas-

ing a projective measurement upon the boundary conic. The

transformations will then have the property of converting

points whose distance apart is zero by this measurement, and

also points whose distance from a given point is constant, into

points having the same properties. B -
All these considerations may be extended to any number of

“variables, and can in particular be applied to the original in-

quiry, which had reference to the sphere and plane as elements.

- We can then. give the result an especially perspicuons form,

because the angle formed by two planes according to the pro-

jective measurement referred to a sphere is equal to the angle

in the ordinary sense formed by the circles in which they in-
tersect the sphere. e _
We thus obtain upon the sphere, and furthermore in the
plane, & group of circle-transformations having the property
that ey convert circles which are tangent to each other (1n-
clide a zero angle), and also circles making equal angles with
another circle, info like circles. 'The group of these trans-

formations contains on_the sphere the linear transformations,

* 11 the manifoldness be stereographically projected, we obtain the
well-known theorem : in regious of » dimensions (even in space) there

~are no isogoual point-transformations except the transformations of the
group ol geometric inversion, In the plane, on the other hand, there
- are any number besides.  Sce the arlicles by Lie already cited.
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in the plane the transformations of the group of geometric
inversion,* , _ ‘ "
- The circle geometry based on this group is analogousto the -
sphere geometry which Lze has devised for space and which
appears of particular importance forinvestigations on the cury-
ature of surfaces. It includes the geometfry of reciprocal radii
1 the same sense as the latter includes elementary geometry.
The cirele- (sphere-) transformations thus obtained have, in
particular, the property of converting circles (spheres) which
touch ench other into circles (spheres) having the same prop-
erty. If we regard all curves (surfaces) as envelopes of circles
(spheres), then it results from this fact that curves (surfaces)
which touch each other will always be transformed into curves
(surfaces) having the sameproqorty. The transformationsin
question belong, therefore, to the class of confact-transforma-

 tions to be considered from a general standpoint further on,

1.e., transformations under which the contact of point-config-

urations is an invariant relation. ‘he first.circle-transforma-

tions mentioned in the present section, which find their par-

“allel in corresponding sphere-transformations, are not contact-

transformations. - I o
While these two kinds of generalization have here been ap-

- plied only to the geometry of reciprocal radii, they neverthe-

less hold in a similar way for line geometryand in general for

‘the projective investigation of a manifoldness defined by a

quadratic equation, as we have already indicated, but shall
not develop farther in this connection, S

- * [Perhaps the addition of some few nnalytica]' formule will materi-
ally help to explain‘the remarks in the text. Let the equation of the

- sphere, which we project stereographically on the plane, be in ordinary
~ tetrabedral co-ordinates: . - - o

l'li +x=’ +z:!+ﬂ:4, = - 

The'.:r’s'satisfying this equation of condition we then interpret as tetra-
cyclic co-ordinates in the plane. . . _ .

U2y 422 TaFUs T3 F 1 2= 0

“will be the general circular equation of the plane. If we compute the

radius of the circle represented in this way, we come upon the square

o0t Y1, - u,? - us? -+ 13, which we may denote by 7 #s. We can

now regard the circles as clements of the plane, The group of geomet-

ric inversion is then represented by the totality of those homogeneous
linear transformations of w,, %,. s, tt,, by which u,¥ 4+ u,? - us* - 2,2
1s converted into a multiple of itself. Dut the extended group which

~corresponds to Lie’s sphere geometry consists of those homogeneous

lincar transformations of the five variables @, w,, uy, uy, 4y, which

convert 1,2 4 w,? - us? - u? -} v into n mult-iple' of itself. ]
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3 8.

EXUMERATION OF OTHER METHODS Basep ox A Grour
- OF POINT-TRANSFORMATIONS. -

Elementary geometry, the geometry of reciprocal radi, and

Jikewise projective geometry, i we disregard the dualistic

transformations connected with the interchange of the space-
element, are included as speclal cases among the large number
of conceivable methods based on groups of point-transiorma-
tions. We will here mention especially only the three follow-
ing methods, which agree in this respect with those named.
Though these methods are far from having been developed
into independent theorics in the same degree as projective
geometry, yet they can clearly be traced In the more rccent
investigations.™ ~ D '

1. The Group of Rational Transformalions.

-~ In the case of rational transformations e must carefully
distinguish whether they are rational for all points of the

region under consideration, viz., of space, Or of the plane, ete.,

or only for the points of o manifoldness contained in the
- region, viz., asurface or Curve. The former alone are to be
employed when the problem 1s to dovelop u geometry of space

or of the plancin the meaning hitherto understood ; the latter
obtain a meaning, from our point of view, only when we wish
to study the geometlry on & given surface or curve. LThesame
distinction is to be drawn In tho case of the analysis situs o
be discussed presently. o B o

- MThe investigations In both subjects up to this time have
been occupied mainly with transformations of the second

kind. Sinee in these investigations the question has not been-

with regard to the segometry on the surface or curve, but
rather fo find the criteria for the transformability of two sur-

faces or curves into cach other, they-are to be excluded from
the sphere of the investigations here to be considered.y Ior

* [Groups with & finitc number of parameters having been treated
i1 the examples hitherto taken up, the so-called infinite groups will now
be the subject of consideration in the text.] | '

} [From another point of view they are brought back again, which 1
did not yet know in 1872, very nicely into connection with the consid-

 erations in the text, Given any_algebmic confizuration (curve, or sur-
. face, etc.), let it be transferred into a higher spacc by introducing the

ratios - . - ,

| “, ¢)l . q{’ﬂ s o @ . ¢p )
of the intergrands of the first species belonging 1o it as homogeneous
co-ordinates. In this space we have then simply to take the group of

homogeneous linear (ransformatious as a basis for out further consider-

ations. Sece various articles by Britl, Notker, and Weber, and (to men-

tion n single recent article) my own paper - Zur Theorie der Abelschen

Funetionen in vol. 86 of the Math. Ammlen.} .
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