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This is the second portion of Chapter III, which contains two sections. In the first one, §
6, one finds a Künneth formula on cohomologies with coefficients in coherent algebraic
sheaves. To be precise, let Y be a prescheme and fi:X

(i)→ Y (i = 1, 2) morphisms of
preschemes, separated and quasi-compact. Let P(i) be a quasi-coherent OX(i)-modules.
Then the formula asserts: If P(i) is Y -flat for at least one i and all the higher direct
images

Hn(fi,P
(i)) (= Rnfi∗(P(i)))

are Y -flat for at least one i, then there exist canonical isomorphisms (n ∈ Z):

Hn(f1× Y f2,P
(1)⊗OY

P(2)) =

⊕
n1+n2=n

Hn1(f1,P
(1))⊗OY

Hn2(f2,P
(2)).

Note that all the assumptions are automatically satisfied if X(i) are algebraic schemes
over a field k(Y = Spec(k)). Quite generally (without the flatness assumptions), the
“global hypertor” Tn

Y (f1, f2;P(1),P(2)) (n ∈ Z) bridges the gap between the two sides
of the formula by means of the pair of “Künneth spectral sequences” which converge to
it. The “local hypertors” play roles in the spectral sequences (cf. Theorem (6.7.8)).

The bi-∂-functor TY . (f1, f2;P(1),P(2)) in P(1) and P(2) is “homological” in general,
while the higher direct image functor H·(f1×Y f2,P

(1)⊗OY
P(2)) is not “cohomological”.

(Observe that this is not so in P(2), when f2 is the identity morphism, P(1) = OX
(1)

and f1 is a quadratic transformation of nonsingular algebraic k-schemes.) Now consider
the case: X(2) = Y and f2 = idY . Then one finds a “complex” R· of quasi-coherent
OY -modules, which is Y -flat, such that there exists an isomorphism

TY
·(f1, idY ;P(1),Q)

≈→H·(R·⊗OY
Q)

of ∂-functors in quasi-coherent OY -modules Q (cf. Proposition (6.10.1)). For simplicity,
let Y be affine. If P(1) is Y -flat, then R· can be so chosen that it is bounded below and has
vanishing positive parts, and that its terms Rj are all of the form OY

m(j) with integers
m(j). Moreover, the above isomorphism becomes the following useful presentation of
the higher direct image functor:

H−n(f1,P
(1)⊗OY

Q)
≈→Hn(R·⊗OY

Q)

(n ∈ Z) (cf. Theorem (6.10.5)).
In § 7, one finds a systematical study of the variation of cohomologies with coefficients

in coherent algebraic sheaves which vary in an algebraic family. Let f :X → Y be
a proper morphism with a locally noetherian prescheme Y , and let P be an OX -
module, coherent and Y -flat. Consider the ∂-functor (“homological” by the flatness of
P) Tp(Q) = H−p(f,P⊗OY

Q) in quasi-coherent OY -modules Q. Then Theorem ((7.7.5),
I) (also Theorem (7.6.9)) asserts the “upper semi-continuity” of the integer-valued
function on Y : y rankk(y)Tp(k(y)), where k(y) denotes the residue field (as well as the
single-pointed OY -module associated with it) of the local ring OY,y. Part II of the same
theorem gives various equivalent conditions for the right exactness of the functor Tp, one
of which is the left exactness of Tp−1. The Euler-Poincaré characteristic EP (f,P; y) =∑

i(−1)i rankk(y)Ti(k(y)) has naturally a stronger continuity; namely, under the same
assumptions, it is constant on each connected component of Y (cf. Theorem (7.9.4)).
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The Künneth formula and the other theorems are proven in greater generality than
stated in this review; for instance, the P(i) are replaced by complexes P·

(i) of quasi-
coherent OX(i)-modules, in which case, however, the higher direct images must be
accordingly replaced by “hypercohomologies for given morphisms”. As is seen in the
paper, this generalization has offered a better formalism of the whole theory. Notice
an indication of this in the type of Theorem (6.10.5) cited above. One can also guess
(viewing the K-theory in a general scheme-theoretical setup, the Riemann - Roch -
Hirzebruch - Grothendieck theory, etc.) that the generalization will become essential in
future chapters of this work. H. Hironaka
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Chapter III, Part II was reviewed in MR0163911. The title of Chapter IV is, by defini-
tion, synonymous with “a study of rings and algebras (all commutative, with 1)”, but the
manner of presentation and the points of emphasis are here strictly algebro-geometrical.
This volume (mostly a continuation of Chapter 0) contains a systematic treatise of sev-
eral advanced topics in commutative algebra. §§ 14–17 form a self-contained expository
article on such notions as depth (“codimension” in the Auslander-Buchsbaum terminol-
ogy [Trans. Amer. Math. Soc. 85 (1957), 390–405; MR0086822] and “homological codi-
mension” in Zariski and Samuel’s Commutative algebra, Vol. II [Van Nostrand, Prince-
ton, N.J., 1960; MR0120249]), the Cohen-Macaulay property, regularity, projective and
injective dimensions, (global) cohomological dimension, etc. (The notion of regular M -
sequence is slightly different from the one given by Serre-Auslander-Buchsbaum.) One
finds various definitions of a semi-local ring (Krull-Chevalley-Hilbert-Serre) and vari-
ous characterizations of regularity of a local ring, including the one given by J.-P. Serre
[Proc. Internat. Sympos. Algebraic Number Theory (Tokyo, 1955), pp. 175–189, Sci-
ence Council of Japan, Tokyo, 1956; MR0086071] and by Auslander-Buchsbaum [loc.
cit.]. The most extensive and original development is made on the theory of “formal
smoothness” (together with related topics such as extension of algebras by modules and
differential calculus in general commutative algebras) in §§ 18–22. Formal smoothness is
a “relative” notion (which is universal with respect to base extensions) and it compares
with regularity, an “absolute” notion. For instance, in the complete and noetherian sit-
uation, the structure theorem of formally smooth local algebra is much more delicate
than that of regular local ring, especially when the residue characteristic is positive. (A
first step in this direction is due to I. S. Cohen [Trans. Amer. Math. Soc. 59 (1946),
54–106; MR0016094].) Geometrically speaking, take a morphism of “algebraic” schemes
f :X → Y , x ∈X and y = f(x). Then the local ring Ox is a formally smooth Oy-algebra
if and only if, within a neighborhood of x in X, f is Y -flat (so that all the fibres f−1(y),
y ∈ Y , have the same dimension), all f−1(y) are non-singular (i.e., local rings of f−1(y)
are regular) and they remain so under any base field extensions. Various criteria for for-
mal smoothness are given, in terms of the triviality of extensions by certain modules (in
particular, the rigidity under infinitesimal deformations of algebra structures), in terms
of the associated graded algebras, in terms of “formal power series structure” after com-
pletion, etc. Also, after the development of differential calculus, one finds the Jacobian
criteria, due to Zariski [ibid. 62 (1947), 1–52; MR0021694] and to Nagata [Illinois J.
Math. 1 (1957), 427–432; MR0090095]. The differential calculus is developed along a
basic exact sequence of the modules of Kähler differentials for a tower of algebras (or a
chain of morphisms of schemes), and along the duals (or sequences of modules of deriva-
tions). The former is prolonged in terms of “modules of imperfection”, while the latter
is in terms of “groups of extensions of algebras by modules”. These modules and groups
play important roles in characterizations of formal smooth algebras. For instance, let B
be a local ring containing a field k, and let J be the maximal ideal and K the residue
field. Then there is a canonical map from the module of imperfection γK/k into J/J2.
Assume B is regular. Then B is a formally smooth k-algebra (i.e., remains regular under
any purely inseparable extension of k) if and only if γK/k→ J/J2 is injective. Also, the
differential calculus is expected to play its role in “Serre duality theorems à la Grothen-
dieck”. Dealing with “fine geometry” should require certain restrictions on schemes (or
rings), thus leading to the notion of “excellent rings”. This is to be developed in later
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volumes, but here one finds some theorems which amount to saying that every noether-
ian complete local ring is excellent. H. Hironaka
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Various local properties, such as regularity, normality, dimensionality (ideal-theoretical
and homology-algebraic), etc., of a morphism of schemes f :X → Y are investigated,
especially in regard to relations among those properties of X, those of Y and those of
the fibres f−1(y), y ∈ Y , and also in regard to “ascent” and “descent” of such properties
under base extensions (flat or faithfully flat in many cases). An extensive effort is
made toward generalizations of known theorems in the topic. There are found, roughly
speaking, two types of generalization, the one in which X and Y are assumed to be
noetherian but f need not be of finite type, and the other in which neither X nor Y need
be noetherian but f is assumed to be of “finite presentation” (appropriately stronger
than “finite type”). An important example of the former is the canonical morphism

Spec(Â)→ Spec(A) for a noetherian local ring A and its completion, while the latter
is often created by base extensions (e.g., Y being an algebraic C-scheme, say affine,
one can consider the base extension Spec(Φ)→ Y , where Φ is the ring of differentiable
functions on Y , as such). Aside from such generalizations, we find a number of basic
theorems which are useful even to those readers of “only good old algebraic geometry”.
We find: a theorem of Chevalley (the image of a constructible set is constructible);
the universal openness of a flat morphism; the effects of base “field” extensions on
irreducibility, connectedness, radical multiplicity (= order of inseparability, in Weil’s
terminology); dimension formula and catenarity (i.e., chain conditions, in Nagata’s
terminology); normality criterion; relations between depth conditions on a scheme X
along a subscheme Z and the connectedness of X−Z (e.g., a theorem of Hartshorne) or
the unique extension problems of a coherent sheaf and its sections on X−Z through Z,
etc. Serre’s criterion of normality asserts: a noetherian scheme X (e.g., Spec(A) with a
noetherian ring A) is normal if and only if the conditions S2 and R1 are satisfied. Here,
by definition, Sk if and only if depth(OX,x) ≥min(depth(OX,x), k) for all x ∈X; Rk if
and only if OX,x is regular for all x ∈X with dim(OX,x)≤ k. The criterion is an obvious
generalization of Krull’s well-known one, the point being that, in Serre’s, X is not a priori
assumed to be reduced. The author investigates the properties Sk and Rk, separately
and extensively. The condition Sk, being of homology-algebraic nature, “ascends” (not
only “descends”) under any base field extension, and the set of Sk-points is “open” in
X when X is embeddable in a regular (or more generally, Cohen-Macaulay) scheme. Rk

is related to smoothness of differential nature, and its behavior is much subtler. The set
of Rk-points (and the set of regular points) is proved to be open, for instance, if X is of
finite type over a Dedekind domain of characteristic zero, or over a noetherian semi-local
ring of dimension ≤ 1, or over any complete noetherian local ring, etc. (theorems due
to Zariski and Nagata). § 7 deals with the class of “excellent” rings; this class is closed
under the standard operations such as localization, finite type extension, completion,
etc., and the excellent rings enjoy such properties as closedness of “singular locus”
(i.e., non-regular localizations), universal chain conditions, finiteness of normalizations,
etc. What is as important, the class contains all the complete noetherian local rings
(in particular, all the fields). There are two key theorems in developing the theory of
excellent rings, firstly the theorem of Zariski and Nagata on the closedness of singular
loci, and secondly a theorem of the author which says that, if A is a localization of a
complete noetherian local ring by a prime ideal, then the morphism Spec(Â)→ Spec(A)
is “regular” (i.e., the fibres are regular and remain so by any base field extension). At
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any rate, it is the author who first pointed out the importance of the regularity of this
morphism. H. Hironaka
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For previous parts, see MR0217083, MR0217084, MR0217085 above.

Part III of Chapter IV contains §§ 8–15. In § 8 one considers the following situation: let
S0 be a prescheme and (Aλ, ϕµλ) an inductive system of OS0-algebras (on a preordered,
filtered index set); put A = lim

→
Aλ, Sλ = Spec(Aλ) and S = Spec(A). The intention is

to study the geometry over S in comparison with the geometry over Sλ for large λ.
The result is that under mild finiteness conditions the geometry over S is the “limit” of
the geometry over Sλ. To be more precise, we mention the following result as example:
Let S0 be quasi-compact and quasi-separated; then for every prescheme X which is of
finite presentation over S, there exists an index λ and a prescheme Xλ over Sλ, of finite
presentation over Sλ, such that X = Xλ ×Sλ

S; moreover, if Xλ and Xλ
′ both have

this property, then they become isomorphic over Sµ for large µ. There is made in this
paragraph a systematic study of OS-modules and S-preschemes (and their properties);
these concepts are compared with the similar concepts over Sλ for large λ. By this
method it is possible to obtain many results which were proved previously only under
suitable noetherian assumptions; namely, by considering a ring as the inductive limit of
its subrings finitely generated over the ring of integers Z. Finally, we mention that § 8
contains a new proof of Zariski’s main theorem.

In § 9 and § 12 the typical type of problem treated is the following. There is given a
morphism f :X → S and one studies the set E of points s on S [F of points x on X]
for which the fibre Xs [Xf(x)] has a certain property (for instance, fs proper, or Xs

geometrically reduced, or Xs geometrically connected, etc.). In § 9 the basic assumption
is that f is of finite presentation, and it is usually shown that E [F ] is constructible or
locally constructible. In § 12 one assumes moreover that f is flat (or flat and proper)
and one arrives at sets E [F ] which are open.

In § 10 so-called Jacobson-preschemes are studied; the concepts of dimension and
depth behave well for such preschemes (a Jacobson-prescheme is a prescheme X for
which every locally closed set of X contains a closed point of X).

In § 11 the basic situation is this: there is a given morphism f :X → Y , f is assumed
to be locally of finite presentation and one studies the concept of f -flatness. We mention
a result for the set of points where an OX -module is f -flat, a compatibility theorem with
respect to projective limits, descent theorems and a valuative criterium. The paragraph
concludes with a study of so-called schematically dense subschemes of a scheme (a
notion which is, in the theory of preschemes, the analogue of the notion of dense sets in
topology).
§ 13 contains the semi-continuity criterium of Chevalley saying that for a morphism

f :X → Y which is locally of finite type, the dimension of the fibres f−1(f(x)) can
at most increase by specialization of the point x. A study is made of morphisms for
which this dimension remains constant by variation of the point (equi-dimensional
morphisms). However this notion is not stable under base change and this is one of the
reasons that in § 14 universally open morphisms are considered. It is shown that under
some mild conditions such morphisms are equi-dimensional, and there is an inverse
statement if, moreover, Y is geometrically unibranch. The morphisms which are flat and
of finite presentation constitute an important example of universally open morphisms; §
15 contains a partial inverse to this statement. Furthermore, in § 15 a study is made of
the fibres of universally open morphisms; for instance, there are results on the number
of geometrically connected components of such fibres and on the connected components
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of the fibres along a given section.
{See also MR0217087, MR0217088 below.}


