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INTRODUCTION

In [5] Mumford studied the fundamental group of a neighbourhood
of a normal point on an algebraic surface defined over the complex
numbers. His method consists in removing the singularity and to study
the fundamental group of the corresponding tubular neighbourhood of
the total transform of the singular point. This total transform is a
divisor with normal crossings on a non-singular model. Mumford is able
to express this fundamental group in terms of the fundamental groups
of the irreducible curves, which make up the divisor,and in terms of
their ”intersection configuration”.

It has been pointed out in SGA 2 VIII section 3 that this question
is also of interest in the case of "abstract” algebraic geometry. For
that reason we take up the analogous problem in the context of
schemes. In doing so, we have to work with the "algebraic” fundamental
group, i.e., with the topological group, which classifies étale
coverings (SGA 1 V). Furthermore we have to take formal neighbourhoods.
This leads to the fact that most of our results are formulated in
terms of formal schemes which have as Ideal of definition an Ideal
defined by a divisor. In the applications these formal schemes turn
up as completions along the divisor in gquestion. We have to study
such coverings of the formal scheme which are, at worst, ramified
over the divisor. However, in case there are residue fields with
positive characteristics we cannot expect - at least by the present
state of affairs - to get reasonable information unless we restrict
ourselves to such coverings for which the ramification is tame. We
do not try to explain this notion in the introduction (see 2.2.2 for
the definition) but mention only that this notion is similar to the
familiar one in usual valuation theory.

Roughly the method is as follows: First we study the fundamental
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group of a formal neighbourhood of an irreducible part of the divisor
It turne out that this group is determined -grosso modo- by the
fundamental group of the irreducible divisor itself and its self-
intersectionclass on the formal scheme; we get a piece of an exact
sequence of homotopy groups (7.3.1l) analogous to the well-known
sequence for the normal sphere bundle of a sub-manifold in a manifold.
Next there is a descent theorem (8.2.7) which pieces the fundamental
groups of these neighbourhoods of the irreducible components together
to the fundamental group of the neighbourhood of the divisor itself.
In SGA 2 XIII section 3 some guestions were raised for the
fundamental group of the spectrum of a complete noetherian loeal
ring with algebraically cliosed residue field from which the closed
point is removed. We answer some of these problems in case of a local
ring of dimension 2 (problem 3.1 ii, 3,2).

At this point we want to emphasis that the fact that -so far-
the inseparable part of the fundamental group 1s neglected, leads to
much weaker results than those obtained by Mumford. One of the main
results of Mumford is that the fundamental group in question is
trivial if and only if the point is non-singular. However, in our
case there is the following example,due to M. Artin. Take a 2-
dimensional quadratic cone (and consider the completion of the local
ring of the singular point) In characteristic zero there is the
covering by the plane and the fundamental group is Fo- In
characteristic two this covering is inseparable; the fundamental
group considered in this paper is trivial for this example, but the
point is singular.

Qutline of the paragraphs., We start with the study of coverings of

usual schemes which are tamely ramified over divisors with normal

crossings (§2). The case of more complicated divisors seems to be
of 1little intrinsic interest. A central result is theorem 2.3.2,

due to Abhyankar, which says that such coverings are locally, from



the point of view of the étale topology, of a very special type

namely gquotients of so called Kummer coerings. For the proof of

Abhyankar‘s theorem we refer to SGA 1 XII. The Kummer coverings are
treated in detail in §l. In §3 (resp.§4) we introduce the notion
~étale covering” (resp.”tamely ramified covering”) of a formal scheme,
An important result in §4 is theorem 4.%.2 which says that, similar
as for étale coverings, infinitesimal lifting of tamely ramified
coverings is possible and unigue. Section 4.4 gives rather special
technical results needed in the subtle proof of 7.2.2. In §5 we start
the investigation of the fundamental group of a formal neighbourhood

of an irreducible divisor. The first steps are very similar to the

theory of the inertia group in valuation theory: we obtain the
fundamental group in question as an extension of the fundamental
group of the divisor itself by the inertia group. In order to go
further we need a comparison of two 2-cohomology classes (theorem
6.3%.5); this comparison takes place in the context of the abstract
2-cohomology theory as developed by Giraud [4]. From this comparison
theorem we obtain in §7 the above mentioned exact sequence of
homotopy groups (7.3.1). Finally, §8 contains the descent theorems
8.2.5 and 8.2.7 and §9 the application mentioned earlier.

We thank Giraud for his help in the proof of 6.3%.5.

Notations

We follow the notations and terminology of [EGA] and [SGAl.
Furthermore we use some symbols which are more or less standard.
For instance if n and m are integers then nlm (resp.nffm) stands for
n divides m (resp. n does not divide m). Also if f: Y —> S is a
morphism of schemes and U an open piece of S then f’ U YI U— U

means the restriction of f to f'l(U).
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$1l. Kummer coverings

l.l. Some remarks on diagonizable groups

1l.1.1. Let S be a scheme and M an ordinary abelian group. Consider

the Og- Algebra QS[MJ, i.e., the Algebra of the group M with

coefficients in Oq. Put

DS(M)= Spec Ogli],
sometimes we write also D(M) instead of Dg(M] if there is no danger
of confusion. The S-scheme Dg[M] is in fact a S-group. According to
the general definitions in EGA OIII 8.2 1t suffices for this to note
that:
i) for a variable S-scheme T the D(M)(T)= Homg (T,D(M)) is a group,

because

(%) D(M)(T)=HomOS_Algebras (Qg (M), £y (Op))=Hom, o o (M, F(T,00))

where f:T—»S8 is the structure map,

ii) for a S-morphism Tl ——>T2 the corresponding map
D(M)(T,) —> D(W)(Ty)
is a group homomorphism,

A S-group isomorphic with a S-group Dg(M) is called a

diagonalizable group (see SGA 3 I 4.4 ), Furthermore a homomorphism

of groups @:M —> M’ determines a homomorphism of S-groups

D(¢)sD(M’) —> D(M) .

1.1.2, The formation of D(M) is compatible with base change, i.e.,

for S/—>» S we have DS,(M)= DS(M) Xg S’, because we have canonically

o,
_QS[MJOQSQS/ > Qgs[M].

If L is a factorgroup of M, then we have a surjective

homomorphism QS[M]-—9 Qs[LJ; therefore D(L) is a closed subgroup of

D(M). A subgroup of this type is called a diagonalizable subgroup

of D(M).



1.1.3. The S-group l\gn, Let ng (i€I) be a finite set of positive

integers; for abbreviation we write n= (ni) Consider the S-scheme

iel”
!
Jtn,s" Sree Og (U )gepd 7/ (UL =1)5 )
The,‘g,S’ or shortly,tg if there is no danger of confusion, ig a

S-group. The Og-Algebra ofl\(r_1 is denoted by é(r_g) .

For variable S-scheme T we have:

n,
(%) /‘(E(T)=HomS(T,,¢E)={§ ;)3 ¢;€ T(r,of) with &%= 1}
and this is a group with multiplication
£ 8% Gl e

In terms of the _QS-Algebra A(/]{E) we have

m: g(ﬂvg) —> Ay«tg) egsé(rn) ,
with

m(ws )= us@ u (ie€1) ,

Where L denotes the class of Ui'

’ /_ : . . .
1.1.4. For nf with n{= n,.q;, with g,eZ (iel),write n | n’. If

n ' n’ then we have a homomorphism of S-groups

APTURY g b

q,
obtained from/{n,(T)—>/1n(T) by mapping &/ $- (f{ 1y,

In terms of the QO.-Algebras the O,-homomorphism A?{n)——? A}_Sﬁn,) is

S q S
3 1 i
glven by ui —> ui (i€I)

1.1.5. The grouP/(n is a diagonalizable group, namely take

M=Z = @ Z/ niZ (additive groups) .

n iel

From the formules (#) in 1.1.1 and (*%) in 1.1.3 we see that



canonically
D(Z (D) 3 (1),

i.e., D(Zn)=,¢n. In terms of the Og-Algebras this is expressed by
the canonical isomorphism

L d
given by

(0,000043l,000.0) > uy (1 on ;Ph_place.)

Note also that in case I consists of one element, i.e., n=n,

the is the usual group of n-th roots of unity (see SGA 3 I 4.4 ).
n

1.1.6. From the formule (#) in 1.1.1 we see that
D(Ml ™ Mg) = D(Ml) Xg D(M2)‘

Let us assume from now on that M is finite. Then M is a direct sum of

groups of type Z/nZ , i.e., D(M) is a product of groups Mo If the

order of M, and hence each n, is prime to the residue characteristics

of S (i.e.,, prime to the characteristic of k(s) for each s¢S) then the

D(M) is an étale covering of S because this is true for each Mn (ef.SGA

1 XI 6.3 ).We recall that an &tale covering f:X —» S (revEtement &tale”

in French) means that f is finite and étalej note however that such f is

not necessarily surjective. One has the following lemma:

Lemma 1.1.7. Let S be a locally noetherian scheme, f:G —> S a finite
and étale S-group. Then we have the following:

i) In case S is connected there exists a connected, étale covering
S‘0of S (necessarily surjective) such that Ggr 1s constant, i.e.,

Gy = gy for a suitable ordinary group g >

ii) for arbitrary S every point s« S has an open Zariski neighbourhood

U with the property mentioned in i); i.e.,there exists a surjective

étale covering U’ of U such that Gysis constant.



Proof: Since S is locally noetherian the connected components are

open, therefore it suffices to prove i). Take a geometric point ¢ in

S and let == Q(S,g ) be the fundamental group (in the sense of SGAl V),
G corresponds in the category of m-sets with a finite T-group g .

Since the operation of = on?js continuous, ther is a normal open
subgroup n/ of m which operates trivial on.g . Let 8 be the connected,
étale couvering of S which corresponds with =, then =’ is the

fundamental group of S° (SGA 1 V 6.13) and Gy is constant.

Corollary 1.1.8. Let the assumptions be as in 1.1.7 and H a closed

subgroup of G which is étale over S. Then we have moreover in i)
P ] .

(resp.ii) of 1.1.7. that HS.S=§ 653.(resp. similar for U') with ﬁ

a subgroup of ? and the natural embedding Hso—é GS' corresponds

with the natural embedding 6 -9 (resp. similar for U’).

Proof: Again it suffices to prove i). H corresponds in the category
of n- sets with a m- subgroup g_oi‘q. Since n’ operates trivial on
g , 1t operates trivial orlﬁ ;3 the remaining assertions follow from
the equivalence between the category of é&tale coverings of s’ and

the category of n’- sets.

l.2. Kummer coverings

1.2.1, Let S be a scheme and a = (ai) a finite set of sections on

ieT

S, i.e., a, € I'(S, 0g). Let furtuermore n = (n;) be a set of

iel
positive integers.

Consider the OS—Algebra:

a ny
Ay = 0g [ (T 17 C (T4 - apdier)

and put

with structure morphism f: Z —» S. Note that z is faithfully flat

and finite over S.
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In the following the cllass of Ti in A is denoted by ti.

jal

The S-group ’12’5 (shortly :IKE) operates on Z over S. Again by
general principles of EGA o111 8.2 it suffices to see that for a
variable S-scheme T the group ’un(T) operates on the set Z(T)= HomS(T,z)

and that this operation is functorial. Now we have if g¢: T —>» g:

a
2 (T)=Hom
n

a n.
a . i_
OS-Algebras (ég’g*(or_[\))= £=(Ti)i11; T;€ P(T,OT) with T4 -ai}'

Then the operation

% (1)

I8 I

(T) qua(T) —> Z

I8 iw

is given by

(2,8 ) > 1.8 = (7.8 i) jeT

and it is easily checked that this is a group operation and that it

is functorial.

Definition 1.2,2. Assume that the a; are regular (i.e., for every

i€l the a; 1s not a zero divisor in the local rings Og o for all s«S).
?

A couple (Y,G) consisting of a S-scheme Y and a S-group scheme G,

operating over S on Y, is called a Kummer covering of S, relative to

a
the sections g, if (Y,G) is isomorphic with a couple (Zn ,3%9 for a

suitable set of integers n= (ni) , With each ng prime to the

iel
residue characteristics of S.

One should remark here that a morphism of two couples

(Y Gi) (i= 1,2), consisting of S-schemes Y, and of S-group schemes

i’
%_ operating over S on Y, (i= 1,2), always means a couple (u,¢) with

a S-group homomorphism

and a S-morphism



compatible with ¢.

It follows immediately that the notion of Kummer covering is

stable with respect to arbitrary base change provided the inverse

images of the sections are regular.

a
1.2.%3. 1In terms of the OS-Algebra the action of l‘g on ZE is given
by
a &
¢ ra; > A () e,
with

4}(ti) =u; a ‘t‘i (ie1).

Next we consider the structure of A, as ¢, - Og- Module (cf SGA3 I 4.

S

Take o0& a; < Dy (ie¢I) integers; by abuse of language we write:

For abbreviation, put

a
The 1& are a Og-base for the QOg-Module A; . In terms of this base,

and writing u = (u;);eq€ A( "‘g)’ we have

i
() ICORE OV S
with o
= i
XQ(E) = ]]; uy .
Lemma 1.2.4. ILet a = (a;);,7 and a’ =(a&) be two sets of regular
sections on S such that (ai)98= (a&)gs (i€I). Let n= (n.l)ieI be

a set of positive integers prime to the residue characteristics of S.

Then there exists an étale, surjective covering S’ of S such that
over S we have a ’!g - isomorphism

g 8
(2, D = (2 )ge



Proof: We have a;= afc; With c, € P(S,QE ) Take for S’ the spectrum
of the QS- Algebra

n.
i i
Og [(Vydyerd 7/ (VT = C4)yep)
and denote by vy the class of Vi. Clearly due to the assumption on n
we have that S’ is étale over S and the rquired S‘- J¢n isomorphism

is obtained from the isomorphism of Ogr = I‘g“ Algebras

Y ar

given by
‘ .
ti —> Viti (ie1) -

Lemma 1.2.5. Let S, & be as before with regular sections a;. Let
f: Y —> S be a finite morphism and A = f*(gx) the corresponding

Og- Algebra. Then the following conditions are equivalent:

a) Y is a Kummer covering relative to some sections & with a&:viai

and v e P(S,QE) (ieIl).(Note: by this we mean that for some n the lqu
operates on Y and that (Y,’nn) is a Kummer covering).

b) There exists a set n= (ni) of positive integers ny prime to

ieI
the residue characteristics of 8§ such that A is a Og~ Algebra with
graduation of type Zn (see SGA 3 I 4.7.3 ), i.e.,

A= 11 a

—a
ez, =

with o as in 1.2.3 and such that the éa have the following properties.

Write
A(o,...,li,o,..,o)z 4
then:
i) A, is free of rank 1,
ii) the canonical map
L9
® AT > A,

iel
is an isomorphism,



iii) the canonical map

f. : Aani —> 0
i ~8

gives an isomorphism
‘ni -~
A —> (a;) Oy
Proof: a) =>» b) follows from the description in 1.2.3 and the remark

’ . 2
(ai) QS= (ai) QS ' b) =>» a) follows after we choose a base t; in

n, . »
Ay, we have tii = v, a; with v, elXs, 93) .

l.3. Generalized Kummer coverings

1.3.1, The assumptions are the same as in 1.2.1. Let L be a

faetorgroup of Zn :

7!11-—? L~ o ,

hence
K= (L) &> D(ZE) = ['12 )
i.e., D(L)= K is a diagonizable subgroup of Inn. Qur purpose is to
a n

determine the quotientspace Z; / K. In order to do this we introduce

the kernel N as follows:
o — N ~9WZ£ - L = o.

By the identification of QSEIEJ with gx_(//«t 2) in 1.1.5 we have that
a€Z,  corresponds with
- 'T7‘ o,
ll_g" = uil .
ieI
Denote the images of uy in QS[ Ll by u& s then we see that
o
N=da ; ¢ with ]] w, b= ].}.
(*) {*— T ZE ieI +
. gk .
N is calledforthogonal of K= D{L). Consider the QS- Module
B=@& t*o.

— _._.S ?

g_,tN

lgﬁm

this is in fact an Qg -sub-Algebra of



Proposition 1.5.2. We have jp, / K = D(N) and 4~ / K= Spec B -

=T

Consequently: these gquotients are flat over S and commute with
arbitrary base change.

Proof: Consider the case Z

a
n / K3 the case Wp_ / K is analogous.
First note that the existence of these quotients is guaranteed since
the group scheme is flat and the space is affine over the base S

a
(SGA 3 V 4 ). Furthermore it is well-known that Z; / K= Spec §'where
a n

B’ is -the subsheaf of A, consisting of the invariants under the group

action, i.e., the kernel of the couple
a P ‘ a
4, —= 9 U °0 4y
o
with py (3% )= w'" e t% and p,(t% )= let* (see 1.2.3 ). By the
formula (%) of 1.3.1 we have indeed §; B. For the case Inn_/ K we

a
replace An by A(/&,n), i.e.by QS[ Zh}; then we find QS[N] instead of B .

Corollary 1.3.3. D(N) operates on Z

/ K. We have a natural morphism

I8 1o

(u,9) = (z / K, D(N)).

=T 1]

y pop) > (@

I i

Proof: The fact that

I8 i

a
¢+ 4y —> Ol Z ) ep b

(see 1.2.3 ) restricted to B factors through QS[NJ 8 B follows

Og =
immediately from the formula (%) in 1.2.3 and from the definition
of B. From this factorization follows the corollary at once.

In the same way we get also the follow.ing.

Corollary 1l.3.4. Let Ll be a quotient of ]Ln and L a quotient of Ll:

Put K= D(L), K;= D(L;) and let N (resp. N;) be the kernel of Z — 1L

(resp. Zn - Ll). Then K is a closed subgroup of Kl :
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K= D(L) &> K = D(L) &> I( ZE)=I‘LE
and we have a natural morphism

/ Ky, D(Np))

I8 i

(5. / K, D)) —> (&

which induces a natural isomorphism

a
(2, / K) / (By /)y (puy / B/ (Ky / KD) S (5 / Ky o/ Ky=DY).

. 2 _ 4 " 4
Proposition 1.3.5. Let a= (ai)iel {resp. &’ = (ai)iel) be a set of

3 = r_ ¢
sections and n= (ni)i6I (resp. n’= (ni)i‘
¢ _ . _ nj ¢ . »
such that n{= n;.q, with o,€ Z and a,= by" a] with b, e s, 0y ) for

1) @& set of positive integers

i€l . Let furhermore L be a guotient of Zn and put K= D(L). Then

there is a morphism of couples:

.

a a
(v,wgg ): (Z..r‘.l' ) l\‘g) ard (ZE ,WE) Iy
where wnn,is the homomorphism of 1.1.4 , and (v,wnn,) induces after

guotient formation an isomorphism of the couples

g a
(zg,/ K, D(V)) = (Z, / X, D))

where K = w;;f(K) and N is the orthogonal of K (see 1.3.1 ).

Proof: Consider the exact sequence

OQZH-Q—*ZHIEI;ZQ_—QO

where @ is the homomorphism

o= (ai) —> Q.a= (qiai).

With the usual identifications D(ZIQ= Moo etc. we have that g
corresponds with the homomorphism wnn,from 1.1.4 as follows from

the description of @ OB the QS-Algebras given in 1l.l.4. Consider on

the other hand the homomorphism of QS-Algebras

a o

v é_*n— —> __A_-n—l
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given by

. 1
vi ot v bt T
al

This identifies A with a sub-Algebra of A o * Furthermore it is easily
checked that v is compatlble with the actlon of ﬂ"n.’ resp. I!Q,and the

homomorphism Pppe - This proves the first assertion. Next let N'be the

image of N under g

0 —>» N - Zh —> L - o
2 S T
o= M— Z.,— U— °
where I/ is defined as the quocient~ Since A is an isomorphism we find
that XK'= D(L' ) (cf.also SGA 3 VIIT 3). how W={g.a ; oceN}
and the Os-sub-Algebras of A and _g, spanned respectively by t—

and j g.x (geiN) correspon with each other by the above identification
a

v. By 1.3.2 these Og- sub-Algebras are the Og-Algebras of Z; / X and

a’ =

/ X’ respectively, therefore the last assertion follows.

Corollary 1.3.6. Let n= (n; )161 (resp. n'= (n iep) be sets of

positive integers with n&: n;qy qie.ZJ. Then there is a natural

morphism
a
(V,‘Dnn, ) : (Zn, Y ,tn: ) —> (Z Y I{n)

and if X' is the kernel of O . this induces an isomorphism

I8 1w

~ "'

/nn 2y ﬂvn

Proof: This is a special case of 1.3.5 with &= a, L= (o).

Corollory 1.3.7. The formation of quotients and the homomorphisms

(resp. isomorphisms) in 1.3.2 - 1l.3.0 commute with arbitrary base

change.

Proof: This follows by looking to the explicite description given.
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Definition 1.%.8. Assume that the sections _a_=(ai)iéI are regular.

A couple (Y,G), consisting of a S-group G and a S-scheme Y on which

G operates over S, is called a generalized Kummer covering of S,

relative to a given set of sections a, if ther exists a set of integers

n= (ni)ieI , each n; prime to the residuecharacteristics of S, and a

suitable diagonalizable subgroup K ofA%tn such that the coupleg Y,G)

/ K, D(N)) -

is isomorphic with the couple (Z

=B i

1.3.9. Remarks. a) If (Y,G) is a generalized Kummer covering of S,

then it follows from 1.1.6 that G is an étale surjective covering

of S and f:Y —>» S is finite and flat (1.3.2 ), hence open and closed

if S is locally noetherian. Also: it is easily seen that G operates
transitively on the fibers.

b) If (¥Y,G) is a(generalized) Kummer covering of S relative to the
sections a and if ¢: S’—> S is a morphism such that the inverse

1 7 _ £ _ . . Fi
images &’ = (ai)ieI of the a = (ai)iil are again regular sections on 3

then(Ysg Gy) is a (generalized) Kummer covering of S’/ relative to the

8’ . This follows from 1.3.7.

c) If (Di) is a set of divisors on S (note: we consider in this

i€T
paper only positive divisors, we omit therefore the word positive in

the following) and (Y,G) a couple consisting of a S-group G operating
over S on the S-scheme Y thes we say that (Y,G) is a(generalized)

Kummer covering of S relative to the divisors (Di) if there exist

ieIl?

sections (ai) on S such that

iel
div(a;)= D; (ieI)

and such that (Y,G) is a (generalized) Kummer covering of S relative

to the sections a .

Lemma 1.3.10. Let a= (ai) be a set of sections on S and

ieT

a,= K7JJ:aiK , with a;, sections on S put §'=(aik)i,x . Let(Y,G) be
i
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a generalized Kummer covering of S relative to the sections a . Then
(Y,G) is also a generalized Kummer covering of S relative to the

sections a’ .

Proof: We proceed in two steps.
Gase 1: (Y,G) is a Kummer covering (Z_ , Izg). Put n’= (na,K)i,K

with n&’x = 04 (A.GJE, ieI) and consider the subgroup Nfof ZLE’

[0 1

defined as follows (cf. with 1.2.3 for notations):

’

i,

N':{g_’: CHOR ogoc'i’}\<ni and of,= a allA and ped,, all i}-

Then we claim that there is an isomorphism:

’

(zg

YRR

-

I8 o

/ DCZ /A D)) =,
This isomorphism may be described as follows. Consider the

corresponding QS- Algebras

a ! nj
A = Qg [El,with t = (#;) and t; = a;

and

SO
B € Og[t J,with t'= (4},) and ¥},7 = a;, ,

with B spanned by the elements (see 1.3.1 )
o! o,
o= - TT  TTH, ) with e -
ieI AL

Then consider the QS- isomorphism

viA - B

defined by

t. )= TTt‘. .
v i AéJi ik

This isomorphism is compatible with the obvious isomorphism
14
w.'Z£}-+> I

defined for a & Z, by
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$(a)= a'= (aix) with a{h= oy (ieI,Ké.Ji).

The couple (v, D(%) gives the required isomorphism and this completes

the proof of case 1.

Case 2 (General case) : Let (Y,G)= (&

/ K, D(i)) with N ¢ Zﬁ a

2

n a

subgroup and K= D( Z _ / N) . We use the same notations as in case 1;
n

. . e . —~ ‘ N
in particular we have N C ZE' and ¢ : Zn ~ N . Consider the

following inclusions:

~ +
IVCZE i CZP_'

This gives a subgroup Ni of iln, contained in N'. Consider again the

isomorphism (v,D(¢$)) of case 1:

4 . Py o~ a
(ZE, /D( ZE’ /N DN )Y S (Zg y peg) -

write D( Z .,/ N')= K, D( Z _, /N))= Kl’,chen the quotient K{ / K’

corresponds under D(¢) with D( Zzn_/ N)= K because N corresponds by
¢ with Ni . We obtain then - by looking to the Algebras and using

1.32.2 - the following isomorphism

(2, / ') / (K] / K), DW') / (X}/ K')) = (2 /K, D(W)) .

a)

IS 1o

However the left-hand side is by 1.3.4 a generalized KXummer covering

relative to a’ and this completes the proof.

Finally we want to determine the automorphisms of a (generalized)
Kummer covering.For this purpose we have the following - somewhat

more general - result:

Proposition 1.3.11. Let a = (ai) be a finite set of regular sections

iel
a

on S and let (Z  / X, D(N)) be a couple as in 1.3.3. Then we have that
- a

the D(N)- S-morphisms of Z; / K correspond one to one with the

sections D(N)(S). It follows in particular that these morphisms are

in fact automorphisms, Furthermore if A is such a D()N)-S-morphism
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and if we use the base Ig (x€N) introduced in 1.3.1 then we have
for the corresponding QS-Algebra homomorphism ( denoted by the same
letter A )

AEE ) = w .t (cen) ,

with
»*
wge["(s., Og )]
and

W+ Wg = Vg 4o (o, BeN)

&

a
Proof: Let A be a D(N)-S-morphism of Z; / K, then A is also a

fzn-s-morphism. First we use only the ﬁunfS-Module structure of B

(with the notations of 1.3.1 ). We have

AMEE) = 3

oo "o t£ (WEQEF(S,Q ) .

Since A is a ﬂn_n-homomorphism it has to commute with

v B—> A(fre,) oy B
¢ d<n’ *og
given by (we use the notations from 1.2.3 )
o o
§ (%) = Ay (W 2 (eN) -
Using the fact that

4&.)\:(19)\).4»

we find
ﬁgN WEE (ﬁ(g) * Eﬁ =§§N 12(2) ® w9§ Eﬁ (e )
with
Ko W = T 1
B = Tl ™

Comparing the coefficients of the base Ky(l_l) ) _t_é (I eZn,éeN)
of the A(ﬂag} ® B, we see that for B 4 o we have wgﬁ =0 .

Writing w, instead of w we have therefore



16

(¥) AEE D) = wtE (ael)

with wO-érKS,QS) . From the fact that A(l) = 1 we have moreover

Wg:l.

At this point we are going to use also the multiplicative structure

of B. We have

ﬁﬁ . Iﬁ - cgE +&+B

with cgcﬁ a product of the sections ay and therefore regular. In fact,

according to the conventions of 1.2.3% , we have

o+ Bo= (o, Biddy g

with
ri(ai, bi) Za, + Bi (mod. ni)
and
ogry (ay, Byj) & 1y
From

A A (eB) oA (12 2R
we obtain

Cap Wy Wp tHE < oy wy,, 1R

Using the fact that the ca@ are regular we obtain

(%%) oo o B = Haug

Putting B = —a and using W, =1 we see that

w, € T'(8,00) -

From (#%*) we see that the w, » and hence the A, determine uniquely

an element of

H (v, M (8,08)) = D(X)(S) .

m
Olgroups
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Conversely it is clear that an element of D(N)(S) determines a

D(N)-S-morphism A of Z_ /K given by the formula (%) above.

s i

1,4, Inertia groups and connected components of generalized

Kummer coverings

l.,4,1. Let (Y,G) be a generalized Kummer covering of S relative to

a set of sections a. Let s €S and g a geometric point of S over s,
i.e., a morphism

;:Specﬂ. —> S
where (] is a separably closed field containing k(s).
Let Y, = Y xg Spec k(s) and Y§= Y xg Spec!l. Take a point yeY  and a
point neY; over y, i.e., y is the image of n by the morphism Y§ - Yé

Consider also G; =G Xg Spec (1 .

Definition l.4.2. The stabilizer of n in G§ is cdlled the inertia

group of the point y .

Remark: Since fL is separably closed and G &tale over S, we often
consider (by abuse of language!) the G; as an ordinary group. Since
G operates transitively on the fibres (cf. 1.3%.9 a) and since G is
abelian it follows that the inertia group of y is independent of the
choice of n above y and in fact independent of y itself, i.e., the
inertia group depends only upon s € S. Finally note that in case G is
constant the definition agrees with the definition in SGA 1 V page 7,

as follows from the remarks made there.

l.4,3., Another description of the inertia group. For s ¢S put
Is = {ieI H seV(ai)} .

where, as usual, V(ai) is the set of the points where a, is not a unit.

Furthermore take a fixed isomorphism

a

(¥,6) = (z_ /K, D(N))

n

with a suitable n and K. Put Gs =G Xg Spec k(s) and let Gg be the
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(algebraic!) subgroup of GS generated by the images of lnni with ieIs,

under the homomorphism
<//19_)s — D) =% Gg ,

Note that Qs and Gg both are algebraic group-schemes and not ordinary
groups.

N o] (o] i -
Consider G, = G x £(s) fL . Then we have:

$ s

Lemma 1.4.4. G% is the inertia group of an arbitrary point y’eYs.

From this it follows, in particular, that G? is independent of the

§
a
choice of the isomorphism (Y,G) 2 (z;l' / K, D(N )).

Proof: Make the base change g:Specfl,——> S. The proposition follows

a
at once from the description of the operation of (Imn) on (Z;)§

(see (#) of 1.2.3 )

Corollary l.4.5. (Y,G) &tale over se& S &> Gg =(e)

In particular: Y is étale over the points of

U=25 -\J’V(ai)
ieI

and YJ{U is a G}U-torsor (= principal homogenous covering with group

GJU) over U.

Proof: First note that Y is flat over S (l.3.2 ); therefore étaleness
is in the present case equivalent with non-ramification and for this
we can make the base change g:Spec Q.——> S. If Gg = (e) then we have
étaleness for Y by SGA 1 V 2.3 (note that by 1.%.2 and 1l.%.4 we
have Y / D(N) = S). If, on the other hand, Gg:#(e) then we have by

l.4.4 that the map

pry

[0}
N Zn ’ Zn.
- 1

0

is not trivial for some io' That means that thereexists o ¢ N with
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o; # O3 however then the Oi-Algebra B from 1.3.2 1is ramified at s.
o

Finally the assertion that over U we have a torsor follows easily by

looking to the operastion of G = D(IN) on a geometric fibre in U.

Corollary l.4.0. Let S be locally noetherian and connected and the ay

non-invertible on S (i.e., V(ai) #+ & )for i¢I. Then a generalized

Kummer covering of S, relative to a, is connected.

Proof! Since a generalized Kummer covering is a quotient of a Kummer

covering, we can start with a Kummer covering (Y,G). Let Y'Y be a
connected component, then Y —» S is surjective because the image of
Y’ in 8 is open and closed (1.3.9 ). Let G’ be the stabilizer of Y’
(we can assume that G is constant, otherwise we replace S by an étale

surjective covering, cf. 1.1.7 ). Since G operates transitively on

the fibres of Y, it suffices to show that G'= G. For this it suffices

to show that /nnic,G’ for all ieI. Fix ieI, take ss'V(ai) which is,

by assumption, possible. If y-eYs then we have for g;eﬁuni that g ey=y
by l.4.4. Hence for g gm,ni we have g-er\ Y'* &. Since this intersection
is open and closed in Y’ we have g.YeY’ i.e., ”%ni C. G. This

completes the proof.

l.5. Extension of the group of operators

1.5.1. Let X be affine over the ground scheme S, H and G étale and
finite S-groups and ¢:H —>» G a homomorphism of S-groups and let H
operate over S on X, (on the right say). Consider X xSG 5 on this H
operates “by the formula” :

=1
(x, g)-h = (xh, h.g)

-1
where h . g is an abbreviation for w(h)-%g . It is well-known

€f. SGA 3 V 4.1 ) that under the above assumptions(Xxy @)/ H exists
and is finite over Sy this quotient is denoted by X XH G (see SGA 1 XI

page 11).
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The S-group G operates on the right of X Xg G and the operation
is compatible with the operation by H. From this and from the fact
that G is flat over S follows- after some diagram chasing - that G

H H

operates on X x G. One says that X x G is obtained from X by

extending the group of operators from H to G. (Bemark: this terminology

is justified by the fact that there is a canonical morphism

H

o : X =>» X xG, defined "by the formula” x +» class (x,e),

compatible with the action of H, where on X xt

G the action ot H is
defined via the action of G by means of the homomorphism ¢:H —» G.
The existence of o is clear; in order to see that « has the above
described property with respect to the group action of H it suffices
to look to the functor and to check the compatibility pointset

theoretically, which is immediately cleaé} e state some simple

properties:

Lemma 1.5.2. The assumptions are as above. Assume moreover that Ker(g)
is étale (which is automatically fulfilled in i) and ii)). Then:
i) If ¢ is trivial we have (X XHG)kib (X / R”H) X G .-
ii1)If ¢: H 2 G then X £y X xHg (H operates on both sides).
111) Put H'= H / Ker(e) then X xHG 25 (X / Ker(e)) «B G
iv) If ¢ is surjective then X xtg 2y X / Ker(o) .
v) If we have moreover an étale S-group K and $:G — K then
(x xie) ¥k 25 X XK

14

where the right-hand side is defined via the composition ¢.9p: H — K.
Moreover all the above isomorphisms are caronical and are isomorphisms

of spaces with groups of operators.

1.5.35. Some remarks.

First note that Ker(¢) étale over S implies H étale over S (see SGA
3 Vig, 9.2 vii)Furthermore making if necessary an &tale base change,

applying 1.1.8 and using the fact that the isomorphisms are

canonical , we can assume that G =°JS , H = ‘65 and ¢ corresponds with
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w:ﬁ—) ?,with ordinary groups ? and‘??,i.e., we are reduced to constant
groups.
Finally we note that we can assume S = Spec A, X= Spec B. Then
X x4 G = Spec (@ B)

5€Y
and the operations are now as follows (writing h.b instead of ¢(h).b):

operation of 61

h.(bg) = (bg)

with
/
b_ = h.b
=1
g h™g
operation of 9 :
]
.{b = b
g(gr) (g*)
with
)
b =5b
Ex By 8

1.5.4. Proof of 1.5.2.:

i) In case ¢ is trivial the operationof H on X XSG is on X alone and
the assertion follows from the fact that quotient formation commutes
with étale base change G —> S.

ii) From the description in 1.5.3 it is easily seen that the ring of
invariants under 6: H is B and that the operation ofg on this ring
of invariants corresponds with the operation of 6 on B.

iii) Divide first by Ker(¢) and apply i), next divide by’?g'e/ Ker(g).
iv) Apply iii) and next ii) with H = G .

v) From the natural morphism X —» X xHG we get a morphism

X K - (X xe) <%k .

In order to see that this is an isomorphism we reduce to constant

groups as in 1.5.% and look to the ring of invariants.

Corollary 1.5.5 :The assumptions are as in 1.5.2 (with constant groups

say) and letX be a normal subgroup of g . Then we have canonically
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(as S-9 /X% -schemes):
p ~ 1 %/51 (%)
X xg) /% = X/ ) x (g/%).
In particular we have canonically
(X x'?g) /95 X /R
Proof: By 1.5.2 iv) we have (always canonically)
(X X‘IGJ) <3 gy/x = (X x"?) / k.
By 1.5.2 v) and iii) we have
& ) Fgx D xadgm = x o0 <V ‘T’lo‘)(g/x) :

We note that there is also:

Corollary 1.5.6. ¢+ The assumptions are as in 1.5.2 with constant

groups. Then we have as S-schemes (but not canonically, and not as
spaces with operators)

x 3y =5 Ll (/ker(e)) -
o/In(p)

Proofs Look again to the formulas of 1.5.3+ It follows then readily

that the ring C of g-invariants may be written as
c- @ sferle))
%7/In(¢)

where we take right co-sets and the identification of C with this

expression depends on a choice of representatives in.lg/lm(w).

Lemma 1.5.7. Let be given a morphism
(u,0) @ (X, /) = (¥, 9)
with X (resp. Y) an affine S-scheme, on which the constant group 6
(resp.ty)operates. Then there exists canonically a S-% -morphism
uw e X xeg ~ Y
such that the composition of u'with the canonical morphism

as X ™ X xﬁ g (see 1.5.1) is u.

Proof. Consider the morphisms

x;‘l‘->XX7 Y
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"defined" by the formulas
x> (x,e) and (x,g) v~ u(x).g .
Then u= v.®. From the fact that u is (by assumption) compatible with
the action of ﬁ (on Y via ¢ ) follows (settheoretically via the
functors) that v is invariant under the action of ﬁ and we obtain u
by quotient factorigzation:

v
Xxy —> Y

N, XQVV

1.6, Generalized Kummer coverings over strict local rings

l.6.1. In this section we are primarily interested in the behaviour
of a generalized Kummer covering over a strict local ring. However

/X,D(N))

B v

we take a slightly more general situation.Let (Y,G) = (2

be a generalized Kummer covering over a locally noetherian base S

relative to a set of sections a= (a;) . Assume S has the following

ieI
properties:
i) S is connected.
ii) The S-groups J&IH-are constant for all ieI (the n; from p in Zi).
iii) There exists a point se¢S such that if we put

I,= {i; S¢V(ai)}

then a;,with ifIs,is invertible on S and the equation

has a solution in Og -
First note that these conditions are satisfied in case S= Spec A

with A strict local, if we take for s the closed point. Next note

also that (by the usual arguments like in EGA IV §8) if we start with

an arbitrary locally noetherian S and seS then we can find an étale

neighbourhood of s in S and a point over s having the above properties.

Proposition 1.6.2. Let (S,s) have the above properties (for instance:

S strict local, s the closed point) with respect to (Y,G). Let I
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(resp. Go) be as above (resp. the subgroup generated by the images
of the fa with itIs). Let Y° be a connected component of Y. Put

i
furthermore ag= (ai )ieIs and n.= (ni)iels‘ Then we have:

(¥96%) = (2% / ( K ) / ©))

' ng I & AFTEARY AP
and
o . l‘tgs/( I‘%gsh K)
~ o ~. =

Y,e) = (¥°x 6¢,0) S (zEs /%'Es(\ k) x Ma/% IuE/K).

In particular, (Y?Go) is a generalized Kummer covering of S relative

to the sections ag

1.6,3., Remark. In the above definition of ¢° we used a fixed

isomorphism of (Y,G) > (Zi /K, D(N)). However the G° is independent
of this, since c° appears a; the stabilizer of Y° as we shall see
below.

Also note that Moo D(N), K and G are constant groups due to the
assumption ii) and t;e connectedness of S, There is no harm therefore
to "identify" G° with GJ defined in 1.4.3 (by abuse of language,

because the first one is a S-group and the other one a k(s)-group!L

l,6,4., Proof of 1.6.2, Take foTr every i¢I, a root of the equation

n.
l -
T - a;= o)
a &4
This gives a surjective homomorphism An - An , therefore an
= =s
embedding
&4 a
ZES-—é Zg ,

which gives (as is easily seen, or- if one wants- by using 1.5.7 )

a morphism, and in fact an isomorphism

a IEES
(%) 7% x o &z

B

Tl

The formula for (Y,G) in 1.6.2 is obtained- as far as the extreme
left and right sides are concerned- by taking the quotient of () by

K and using 1.5.5 (with ¢: /%1 —_> /%Ilthe canonical injection).
—s —
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a a
Furthermore Z_° is connected (1.3.6), hence AR ?% A K) is
Es Bg Bg
connected. Since the morphism Y -~» S is open and closed and S canected,
the connected components of Y meet the fibre Y. Since G operates
transitively on this fibre, we have that all connected components are

isomorphic. From this follows the formula for (YO,GO)(and it is also

clear now that G° is the stabilizer of Y°).

1.7. Special properties

1.7.1. In this section we study generalized Kummer coverings under the
assumption that the base and/or the sections have special properties,

We refer to EGA IV 5.7.2 (resp.5.8.2) for the property(Sk)(resp.(Rk)).

Proposition 1.7.2. Let S be a locally noetherian scheme and (Y,G)

a generalized Kummer covering of S relative to the sections g:(ai)iel.
Then
i) S has property (S,) <49 Y has property (8,) -
ii) S has property (Ro) &> Y has property (RO).
1i1)S is reduced & Y is reduced .
Assume moreover that the closed subschemes V(ai) defined by 8y have

no irreducible component in common and are reduced in their maximal

points . Then
iv) S has property (R;) & Y has property (Ry)-
v) S normal &> Y normal .

Proof i): &> by EGA IV 6.4.2 since Y is flat over S and the fibres
are zero-dimensional -

ii): Since Y is flat and finite over S we have that a point yeY is
maximal if, and only if,s= f(y) is maximal and every maximal point of
S is of type f(y) with y maximal on Y (f is the structure map

f: Y — 8). Por such a point yeY we have (1.4.5.,) that Y is &tale
over S at s. Therefore 0

Y,y
proves ii) by EGA IV 5.8.4.

is a field iff Os. g is a field and this
’
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iii): FPollows from i) and ii) since a locally noetherian scheme is
reduced iff it has property (R,) and (5;) (EGA IV 5.8.5 )
jv): €= TFollows from EGA IV 6,5.3 1) since Y is flat over S.

= Tet f: Y —>» S be the structure morphism, yeY and s= f(y).

Suppose dim QO y $ 1, By EGA IV 6.1.3 dim Q, < 1, hence by
’

S, s
assumption QS,s is regular. If s#V(ai) OV&:I),then Y is étale over S
at s (1.4.5 ), hence QY,y regular. If s€V(a;) then s*V(aj) for j#1i
by assumption, furthermore 8y is a local uniformizing parameter t
because V(ai) is reduced. By going to a sufficiently small étale
neighbourhood (¢f.l.6.1 ) of s in S we can assume (c¢f.l.6.2 ) that Y

is obtained from S by means of one equation of the type

™. t= o

But then QY y is again regular - as is easily seen - with uniformizing
’

parameter ti/n.

v): Follows from i) and i1v) because a locally noetherian scheme is

normal if, and only if it satisfies (Rl) and (82) (EGA IV 5.8.6 ).

1,8, Divisors with normal crossings

1.8.1. In the following we are primarily concerned with generaligzed
Kummer coverings over a locally noetherian scheme S relative to a get
of divisors,(see 1.3.9 ch Moreover we assume that the divisors have
"normal crossings"., We first recall the definition.

Let S be a locally noetherian scheme and (Di) = D a finite set

ieI
of divisors on S, For simplicity we often denote the inverse images

of the D; in Spec O —>» S by the same letter D,.

S,s

Definition 1.8.2, a) We say that the (Di)iel have strictly normal

crossings if for every se V) supp Di we have:
iel
i) QS,s is a regular local ring ,
ii) if I= {i; S € supp(Di)}, then for ieI, we have

i=§ div (Xi,K)
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with Xi,KGQS,s and (Xi,K) part of a regular system of parameters

,
at s.

has normal crossings if for every

b) We say that the set (Di)iel

se\J supp Di there exists an étale neighbourhood S — S of s in S
iel

such that the family of inverse images of the (Di) on S’ has

ieI
strictly normal crossings.

Remark: The concept of (strictly) normal crossings is stable by é&tale
base change; Also: in order to check whether a set of divisors has

normal crossings, it suffices to do this after an étale base change.

1.8.%. Regular divisor.Let D be a divisor on S. Consider the closed

subscheme of S determined by D (see EGA IV 21.2.12); denote this
closed subscheme by the same letter D.
Definition. The divisor D is said to be regular at s ¢ supp(D) if the
subscheme D is regular at s, i.e., if QD,s is a regular local ring.
The divisor D is called regular if it is regular everywhere.

The above notion is stable by étale base change (because regularity

of a local ring is stable by étale base change). Note that by EGA OIV
17.1.8 we have for D= div(t): D is regular at s &> S is regular at

2
s and tfnls’s .

Lemma 1.8.4, If D= (Di)iel is a set of regular divisors with normal

crossings then D i1s a set of divisors with strictly normal crossings.

In fact if D= div(xi) then, after dropping the x, which are units
at s, we have that (Xi)iel is part of a regular system of parameters

at s.

Proof: Let D, = div(xi) at s (iel). There exists, by assumption, an
étale neighbourhood S of s in S and a point s’e S’ above s such that

. 4
Di,S‘= E dlv(xi,K) .

N &
in QSQS" i.e.,we have x5 = |£ Xi,K

and (x& K)i A Dbart of a regular system of parameters at
, ,
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: ‘ 2 .
s’on S’ above s on S. However XieEsﬂs’ and Xi¢ Esﬁs’ by the regularity
of the divisor D; o . Hence (xi) is a part of a regular system of

?

parameters in ngs" hence also in Qs,s itself.

Proposition 1.8.5. Let D= (D;) be a set of divisors on a locally

noetherian, normal scheme S and (Y,G) a generalized Kummer covering

of § relative to D . Then:

i) if the (Di) have normal crossings Y is normal ,

iel
ii) if the (Di)ieI are regular divisors with normal crossings and if
(Y,G) is a Kummer covering then Y is regular above the points of
\/ supp(D,) ,
;ii)if the (Di)iel are regular divisors with normal crossings and if
(Y,G) is a generalized Kummer covering then Y is regular above the
points of
supp D; - 5,/ supp Dj evgel).

J#i
Proof': i) This follows from 1.7.2 v .
iii) By EGA OIV 17.3.3 and 1.3.9 b we are allowed to make an étale
base change; by 1.6.2 (and 1.6.1 ) we can reduce then to the case of
a Kummer covering. Therefore iii) reduces to ii) .

ii) Pollows from lemma 1.8.6 (which is of a more general nature) !

Lemma 1.8.6. Let A be a noetherian local ring and XyeveesX 2 set of
elements of A which consists partly of units and the remaining part
is part of a regular system of parameters of A, Let niz 1 (i= 1,..k)
be integers such that whenever Xy is a unit then n, is prime to the
characteristics of A/m. (m the maximal ideal of A) (Note: the other

n; are arbitrary). Put
n

ny k
B= ALT ...y T ) / (B0 -%y 000, T, 5=

k k) )

Then B is a regular semi-local ring.
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Proofs Proceed in two steps: first adjoin the T, with x; @ non-unit,
next the remaining ones. The second step is é&tale. Therefore we can
restrict ourselves to the first step: assume all x; are non-units. We
want to show more then, namelys:s B a regular local ring. Furthermore

we can disregard the X5 with n;= 1; assume all ny 2 2. Put

C= A[[T,,..., 7,11 ,

C is a regular local ring with maximal ideal n= (m, T;,..., T ). By

i
EGA o1y 17.1.7 it suffices to prove that the elements
oy
§1= 137 - %y
have linearly independent images in g/gg. In g/m2 the images of x,
are linearly independent by assumptionj these images are also linearly
independent in g/n2 because 9/92 - g_/g_2 is injective. Since nig 2

the images of gi and of x; are the samej this completes the proof.



§ 2, Tamely ramified coverings of schemes

2.1, Tamely ramified fields

2,1.1, Let K be a field with a (non-trivial) discrete valuation v. The

valuation ring (resp. residue field, resp. value group) is denoted by
Av (resp. k(v), resp. f;). The fact that v is discrete means that

[; is isomorphic with Z. The characteristic of k(v) is denoted by p

(i.e., p is zero or a prime number).

Note that it is not assumed that K is complete!

Let L denote a finite, separable extension of K, It is well-known

that there are only finitely many- inequivalent - extensions of v to
L and each of these extensions is again a discrete valuation (see for

instance [3], Alg.Comm., chap.6,§8,Th.1 and cor.3 of prop.l no 1).

Definition 2.1.2. A finite separable extension I of K is said to be

tamely ramified over K with respect to v (shortly, if there is no

danger of confusion: L is tame over K) if for each extension w of v
to L we have
a) if psko then p'lL e,where € is the index (l_'w:l:',) of r:/_ in r;l,

b) k(w) is separable over k(v).

Lemma 2.1.3. In the following L, L etc., denote fields containing K;
if a compositum is considered then it is tacitely assumed that both
are contained in an “overfield”.

i) Let L'oL>K

LIDK tame € L>K tame and I::L tame with respect to every extension
w of v to L.

ii) L>K finite, KE:K arbitrary but with a discrete valuation v' in

K extending v in k

NR—1t
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L>K tame with respect to v =~ LlD K' tame with respect to v

iii) L;> K tame (i= 1,2) = L{.L,>K tame.
—_—1
—_—I

iv) Let L>K be tame., Let Ll be the smallest Galois extension of K

=

1 1+

K 2

containing I, Then Ll:>K tame.
v) Let L>K be Galois.
L>X tame & p'f‘ order of the inertia group I.

)
vi) Let KoK be such that there exists a discrete valuation v' in k'

extending v with pT’(r;.: F;) and k(v') > k(v) separable algebraic.
Let L>K be separable algebraic and such that each of the summands of

]
LgK is tame over Klwith respect to vl(shortly: L e Kl tame over K'
K

with respect to v')., Then L > K is tame with respect to v .

|

K

Le
I K
1

K

A
Corollary 2,1.4. Let K denote the v- completion of X

A

A
L>K tame &% L & K tame over K.
K

2.1.5. Proof of 2,1.,3, i) Let w on L extend v and w' on 1. extend w.

The assertions follow from well-known properties of separable algebraic
extensions and from the relation

(e T = s T 2 T,
ii) Let w' on L' extend v' on K'. Replace L'by the w'-completion.’l?1
next replace K,Kl and L by their closures in ﬁ . Neither the wvalue
groups, nor the residue fields have changed. This reduces therefore
the assertion to complete fields; there it is well-known ([71,3.4.6.;

the finiteness condition there is superseded here by the assumption



32

that v' is discrete).
iii) Follows from i) and ii).
iv) Let L= XK(a) and a= ®y,.++, @, the conjugates of a in an algebraic
closure K of K. Clearly each K(ai):>K is tame. Apply 1iii) to
K(al,..., an).
v) It suffices to consider one extension w to L because L is Galois.
Let e= (12 l_:,), f£= (k(w)s k(v)) and f= f,.f_ with f_ (resp. f;) the
separable (resp. the purely inseparable) part of f. The assertion
then follows from the relation
efi= order I.

1
vi) Let A (resp. A ) denote the valuation ring in K (resp. K'). Let
B (resp. B' ) denote the integral closure of A(resp. A') in L (resp.in

)
L e Kl) then B' is also the integral closure of B @€ A in L e K' because

K A K
]
B o AQ:L © K'(because a A-base for B is a K-base for L) and B ® A is
A K A

)
itself integral over A . By Cohen- Seidenberg we have that

Spec B' —> Spec B o A‘
A

is surjective. Since Spec (B @ Ay — Spec B is surjective (it is

obtained by base change from Spec K —> Spec A) we have also

1
Spec B —» Spec B

surjective. This implies, in particular, that every valuation w in L
extending v is obtained from a valuation w'in a summand of L e K' and
extending v'. The assertion follows then from the fact that k%w), as
a sub field of the field k(w') which is separable algebraic over k(v),
is itself also separable algebraic and from the relation

e ) - (T e T = (e Ty (e T

2.2. Tame ramification of normal schemes

2.2,1, In the remaining part of & 2 we make the following assumptions

and notations: S5 is a locally noetherian, normal scheme, D is a closed

subset of S of codimension at least one and

U= 38 - D.



33

Note that for s¢S of codimension one (i.e., dim Q5 . = 1) the local
,

ring QS,s is a discrete valuation ring. Finally, if X is a scheme

then R(X) denotes the function ring of X in the sense of BGA I 7.1.2.

Definition 2.2.2. A morphism f: X —> S (or by abuse of language X

itself) is a tamely ramified covering of S relative to the set D if:

1) f is finite,

2) £ is étale over U,

2) every irreducible component of X dominates an irreducible component
of S,

4) ¥ is normal and

5) for se¢D of codimension 1 in S we have that X is tamely ramified

over Oc  (see remark 3 below) .
.

2.2.3, Remarks: 1) The use of the word “covering® is somewhat misleading

(1like the translation of “revetement étale” into®&tale covering”),
namely f is not necessarily surjective if S is not connected.

2) As to the terminologys instead of *tamely ramified covering of S
relative to D” we use also “covering of S tamely ramified over D7,

or short “X tame over S relative to D*, or *X tame over S* if there

,
is no confusion about D.
3) Statement 5 means: Let X =X x.Spec Oy . and put B= FYXZoXn).
,
Consider the total ring of guotients of B. By condition 2) this is

a direct sum of fields, each of which is a finite separable extension

of the gquotient field K of QS s Furthermore QS s is a discrete
L Radhd ,

valuation ring in K4 denote the corresponding valuation of K by v.
Then the requirement is that each of the above summands is tamely
ramified over K with respect to the wvaluation v,

4) The above definition 1is certainly not the correct one if one

wants to study the notion of tame ramification *“in full generality®.

However, here we are primarily interested in the case that D is a
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divisor with normal crossings on a normal scheme. In that case the
above definition is sufficient as follows - morally - from Abhyankar’s
theorem. (see 2.3 ),

2.2.4., Example. Let Q=(Di) be a finite set of divisors with normal

iel
crossings on S and (X,G) a generalized Kummer covering of S relative

to the divisors D (see 1.3.,9 c¢). Put D= I Di’ then X is a covering
of S tamely ramifieé& with respect to th;egupport of D (or shortly:

with respect to D). Condition 1 is immediate, 2 follows from 1,4.5 ,
3 from 1.3%.9 a and EGA IV 2,3%3.4 iii, 4 from 1.8.5 and condition 5

from 2.1.3 v and the assumption that the integers 0y, entering in

a
the a from (Z_  /K,D(N)),are invertible on S.

Lemma 2.2,5. Let X and Y be normal S-schemes, ft X —» Y and g: ¥ —» S
both finite and f surjective. Then

X tame over S w.r. to D& Y tame over S w.r. to D

{X tame over Y w.r. to D' - éa(D)

gfggff =% The fact that Y is étale over U follows from SGA1 ¥V 8.2.
(due to the normality of Y and S), next follows by EGA IV 17.7.10 and
17.7.7 the é&taleness of X over éa(U). From the surjectivity of f and
the domination of the irreducible components of X over S follows the
domination property for the irreducible components of Y. This implies
also that D' is at least of co-dimension 1 in Y. From the finiteness
of g and the domination property of f.g follows the domination
property of f. Condition 5 follows from 2.1.% i .

é= For condition 5 use 2.1.% i , the other conditions are easy.

Lemma 2.2.6., ¢ Let f+ X ~» S be finite, X normal and such that every
irreducible component of X dominates an irreducible component of S
(and tacitly: S normal). Let Xl be the normalization of S in the

“smallest Galois extension” containing the function ring R(X) of X.
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Then: X tame W.r. t0 D Guued Xl tame w.r, to D.

Proofs We can assume S connected, hence irreducible., Put K= R(S).
Then R(X)= .G)Iﬁ'with L; separable and finite over X (and I a finite
set). Let L& ;thhe smallest Galois extension of Li in the algebraic
closure K. Then X1 is the normalization of S in .&} L;. Clearly we

i

can restrict to the case of one Li' It is well-known that Xl is finite

over 5 (see for instance [3], Alg., Comm. Chap. V, Cor.l of prop.l8
§ 1 no.6). The étaleness of X1 over U follows from SGA 1V 8.2.,

condition 3% is immediate and condition 5 follows from 2.l1.3.iv.

)
Lemma 2.2.7. Let f: X—> S, ¢: S —> S étale and surjective. Then:
1 -
X tame over S w.r. to D&» X = Xy tame over S w.r. to D'=w1(D).
Note: we assume as always that S is normal, the normality of Sl

follows from EGA IV 6.5.4.ii).

Proof: First note that for se S and s= ¢(s) we have dim O s=dim Ogt ¢
a— ’ ’

(EGA IV 6.1.1.)% a similar remark holds for points on X and Xl. From
this the condition of the domination (condition 3) is readily checked
in both directions. Also the finiteness and étaleness are easy.

=3 The normality of X' follows from EGA IV 6.5.4.ii3 condition 5
from 2.1.3.11.

&= The normality of X follows from EGA IV 6.5.4.ij condition 5 from

2.1.3.,vi.

Lemma 2.2.8. Given f: X —» S of finite presentation such that fyU
is finite and étale. The following conditions are equivalent:
i) X tame over S w.r. to D,

ii) X Xg Spec(QS’s) tame over Spec QS,s w.r, to D d/%eD),

iii)Xx *g Spec(ggfs) tame over Spec(Qg?s) w.r. to D (b@eD),

o
Ag“éhe notation: hs means strict localization: in ii) and iii) we
b}
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mean - of course - the inverse images of D),
Moreovers if we assume f finite, X normal, f’U étale and every
irreducible component of X dominates an irreducible component of S

then it suffices in ii) and iii) to take points s of codimension 1 in S.

Proof: The normality of leékU) follows from étaleness (EGA IV 6.5.4ii).

ii) & 1ii) as in 2.2.7,with the exception that on uses EGA IV

18.8.12 ii and 6.14.,1 1instead of EGA IV 6.5.4 in order to prove the

normality over Spec(Qgs Y.
'8 for

i) & ii) almost immediate from the definitions except the fact that

f finite over the local ring implies f finite in a Zariski

neighbourhood (EGA IV 8,10.15).

The last remark in the assertion is immediate since in condition

5 only the points of co-dim 1 enter,

]
Proposition 2.2.9. Let f: X = S and ¢: Sl-%> S with S pormal and

]
locally noetherian, ¢ faithfully flaf and quasi-compact. Then X= XQ

]
tame over S w.r. to D = 51(D) =» X tame over S w.r. to D.

Proof: From ¢ faithfully flat we have (BEGA IV 6.1.4 ):

co-dim (D,S)= co-dim (D:S').
From the flatness we have Xlnormal implies X normal (EGA IV 6.5.4 i),
f is finite (by EGA IV 2.7.1 ) and f’U étale (EGA IV 17.7.1 ). Also
the domination of the irreducible components is easy (EGA IV 2.3.4 iii)
Therefore there remains only to be checked condition 5 of definition
2.2,2, Let s (resp.s ) be a point of D(resp.D') of co-dimension 1
and s= ¢(s'). Using the last assertion of 2.2.8 (which may be applied
in thé present situation)we can restrict our attention to Spec(ggfs).
Using the universal property of the strict henselization (EGA 18.8,.8 ii)
we can replace S‘by Spec(ggﬁé); i.e., we can assume S=Spec A,

1 1 )
5 =Spec A with A and A strict local and discrete valuation rings.Then
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X=JL Spec Ba’ with Ba local, It suffices to assume X connected, i.e.,
X= Spec B. Now f'l(s) consists of one point x and k(x) is (at most!)
purely inseparable algebraic over k(s). Put £ = fg , then f'l(s')
consists also of one point x'(namely k(x) @ k(s') has only one prime
ideal), and k(x') is purely inseparable a?ézgraic over k(g'). Since
Alis hensel we have X also connected. Let e denote the ramification
index for X, f£=(k(x)s k(s)) and use e',flsimilarly for X. Then we
have by the well-known formula for extensions of discrete valuations
in the case of separable extensions

e.f= (R(X): R(3))=(R(X'): R(s'))= e'£' .
By assumption p does not divide the right-hand side, hence ﬁTe and

.f=lu

Lemma 2,2.10. Let f: X —» S be of finite type, D a closed set on S

(as in 2.2.1.) and seS. Assume that X is normal over a Zariski

neighbourhood of s and that X'= x Xg Spec QS s

is tame over Spec Qg
,

s
.
w.r. to D. Then X is tame over a Zariski neighbourhood of s in S.

Proof: Since our assertion is local on S we can assume that X is
normal and, using the tameness over the local ring and EGA IV 8.10.5,

that X is finite over S. Furthermore we can assume that S is noetherian

and that the irreducible components of X dominate irreducible
components of S. Let T,< X be the set of points where f is not étale,
then Tl is closed. Put T= f(Tl) then, since f is finite, T is also
closed. Write T= DUE whenaDYresp.E) contains the irreducible
components of T contained (resp. not contained) in D. We can assume
s€éT since otherwise there is a Zariski neighbourhood of s where f is
étale, Now necessarily seD',because otherwise the inverse image of E
on Spec QS,s is not empty and this contradicts condition 2 of the
tameness of Xl. We get the required neighbourhood of s in S by

removing E and those irreducible components of D which do not contain s.
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2.3, Tame ramification and Abhyankar’s theorem

2.3.1. The following theorem is of central importance. It is due to
Abhyankar.
Let- as before- S be a locally noetherian normal scheme, D a

divisor on S with normal crossings (1.8.2.). The support of D is

denoted by the same letter D and U= S-D.

Theorem 2.3.2. With the assumptions of 2.3.1., let fi! X > S be a

finite morphism andJ? an ordinary group operating on X over S, Assume
that X]U is a47-torsor (cf.1.4.5.). Then the following conditions are
equivalent:

i) X is tamely ramified over S relative to D,

1
ii) for every se€S there exists an &tale neighbourhood S of s in S
such that DS'= = D;, with D; divisors on Sl, and a Kummer covering
ieT
'
(Y,ﬁ ) of S' relative to the divisors (Dli)ieI such that over S there

is an isomorphism.

g ) B g o,

(Remark: In the above statement'ﬁ is assumed to be an ordinary group;
furthermore the statement tacitly implies the existence of a group
homomorphism 6 - 7 ).

Proof: See SGA I XII.

2.%2.3, Remark: It follows from ii) and the remark just preceding

1.2.3 that for*sufficiently small®* é&tale neighbourhood SI of s we

have always property ii). Moreover for sufficiently small S' we have

the additional information that we can take (Y,ﬁ )} to be a Kummer

a2 . ry I ry I a2 l
covering relative to divisors (D.l)ieI with DS-= ieZIDi,w1th (Di)iéI

3 ry ry a2 l
a set of irreducible, regular divisors with normal crossings on S.

)
Proof: For S sufficiently small we have that Dslis a sum of such

divisors (see definition 1.8.2 ), the rest follows from lemma 1.3.10
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and the observation that in statement ii) we can always replace a

generalized Kummer covering by a Kummer covering (1.5.2).

Corollary 2.3.4, The assumptions on S and D are as in 2.3.1. Let

f: X —» S be a morphism of finite type. Equivalent conditions:
i) X tamely ramified over S with respect to D,
ii) for every seS there exists an &tale neighbourhood s' of s in S

{
such that X = Xsnis a finite disjoint union of generalized Kummer

coverings of s with respect to a set of divisors (Dli)ieI with
DSI= z D;. Moreover for sufficiently small Slwe can make the same
eI

!
additional assumptions on the ﬁi as in 2.3.3. Also if ﬂif\Dj=ﬂf (i #*3)
then we can replace in the above statement, generalized Kummer

covering by Kummer covering.

Remarks In 2.3.4 we mean, of course, isomorphisms as schemes because
we don’t have a group action on X itself,

Proofs ii) = i) From 2.2.4 and 2.2.7.

i) =» ii) The assertion is local. We can assume S and X irreducible
and (BGA IV 8.) S strict local., Let X, be the normalization of S in

the Galois extension generated by the function field R(X) over R(S)

in the algebra closure R(S). By 2.2.6 X, is tamely ramified over 3
relative to D. If? is the Galois group of R(Xl) over R(S) then we
apply 2.3.2 (resp.remark 2.3.3 for the additional information) on
(Xl,?'). Since in our case Xl is irreducible, we have (1.5.2 iii and
1.5.6 ) that Xl is itself a generalized Kummer covering. If X
corresponds with the subgroup % of? then we have X= Xl/ﬁ (because
both X and Xl/ﬁ are normal) and this is a generalized Kummer covering
by 1.3.4. This completes the proof except for the remark concerning

{

l ry . . s
Di/\DJ = ¢ (i4k3); this remark follows from 1.6.2.

Corollary 2.3.5. The assumptions are as in 2.3%.1l. If X is tamely
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ramified over S relative to D then X is flat over S.
Proof: From 2.3.4 ii), 1.3.9 a and EGA IV 2.5.1.

]
Corcllary 2,3.6. The assumptions are as in 2.3.1. Let ¢: S —» S,with

S' normal and such that 51(D)= D is defined and is again a divisor

with normal crossings. Let f: X —» S be tame over S relative to D.

Then fl=fS': Xl= XSI—%y s'is tame over Slrelative to Dt

Proofs Over 61(U) we have étaleness. Let sé D and s= w(s'); by 2.2.8
and the universal property of strict henselizations we can replace §
(resp. 8) by Spec ngsn(resp. Spec ngs). Therefore we can assume S
and S' strict local. Then X is a disjoint union of generalized Kummer
coverings (2.3.4 )3 due to the assumption that Gl(D) is defined we
have the same for Xl(l.3.9 b) and finally, since 61(D) has normal

crossings and @.3.4 ), X is tame relative to D%

2.4, The category RevD(S)

2.4.1. The assumptions are as in 2.%.1 , i.e., 3 is a local noetherian,

normal scheme and D a divisor with normal crossings on S. We assume

moreover that S is connected (hence irreducible). Let Rev(S) denote
the category of S-schemes f: X — S for which f is finite (i.e., X
is a “covering” or *revetement” of S), furthermore RevEt(S) is the

category of é&tale coverings (revetement é&tale) of S and RevD(S) the

category of coverings of S tamely ramified relative to D. One has the

following inclusions as full sub categories:

RevEL(S)c RevD(S)c.Rev(S).

Theorem 2.4.2. RevD(S) is a Galois category (after the choice of a

suitable fibre functor, see 2.4.3 ).

Proofs We have to check the conditions Gl,..,G6 of SGA1lV 4, We use
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tacitly the corresponding properties for étale coverings.

Gls Existence of a final element: S itself.Existence of products_and

fibre products:

X

PN
S & 7 X x,¥ &= (x XZY)n
Ny

Take the normalization of S in the function ring R(X xZY). This

function ring is a finite direct sum of fields, each finite and
separable over R(8). Therefore the normalization is finite over S.

The remaining requirements for tame ramification are all obvious except
the last one, which follows from 2.1.3 iii, Finally the fact that this
normalization is the fibre product in RevD(S) follows from the universal
property of the normalization (EGA II 6.3.9 ).

G2: Existence of finite sums and quotients. Easy, use 2.2.5 and the

fact that the quotient of a normal scheme is normal.

G%s Given u: X = Y in RevD(S), we want a decomposition

1 F'] )
x %> v Y5 v. vl vy

with d a striect epimorphism and ! a monomorphism. Take for Ylthose

components of Y which are dominated by a component of X and for Y”

the remaining ones,then due to the normality of Y we have Y= YL Y“.
The fact that u' s X'—)- Y'is an epimorphism follows from the fact

that XlU (with U= S— D) is schematically dense in X (EGA IV 11.10.2 )
and from the corresponding property for é&t%tale coverings. In order to
see that u’is a strict epimorphism we have- if 9®eP1= @.Ppo= to complete

the diagram.

(X xyX), =B X9 Y
1] \\B\\\$>RZ
However over U we have the existence of v. The existence of v over S
itself follows, since Z and Ylare normal, from the fact that
the R(S) homomorphism R(Z) —> R(Yl) induces a S-morphism from the
normalization Y of S in R(Y') to Z (EGA 6.3.9 )-
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2.4.3. The fibre functor. Take a point scfS, soéD and a separably
closed fieldflﬁ>k(so), i.e., a geometric point
5, s Specﬁ.-—) S .

Consider the “fibre functor”

F(X)= Homg(SpecSL ,X) ,
where XeRevD(S). Then G4 and G5 are immediate (see SGA 1 V 4). As to
G6s let us X = Y be given such that F(u) is an isomorphismy to prove:
u is an isomorphism. By the theory of étale coverings we have that
X]U 5%> Y]U is an isomorphism. The fact that u itself is an isomorphism

follows again from the universal property of normalization (EGA II 6.3%.9).

Corollary 2.4.4. There exists a profinite group n? (8,% ) such that

the category RevD(S) is equivalent with the category of finite sets
on which this group operates continuously (the equivalence is obtained
by means of the fibre functor F of 2.4.3% ). The group n? (s, ) is

called the tame fundamental group of S with respect to D and with base

point § .

Proof: This follows from 2.4.2 and SGA 1 V 4,

2,4,5. From the results in SGA 1 V follow also the usual properties

of the fundamental group. We mention the following:

a) If we change the base point from i to%'then n? (S,g ) and n? (S,%')
are isomorphic, the isomorphism is determined up to an inner
automorphism.
b) If : S‘—%? S is as in 2.3.6. and.%'is a geometric point in S'then
there is a continuous homomorphism,

D shg) > (5,8,
determined up to an inner automorphism of n? (5,% ).

¢) Galois object in RevD(§). An object X in RevD(S) is called a Galois

object with g;J:‘oE}gr-l if rﬂ0perates (on the right, say) on X over S

such that:
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a) XxIS xxx '

b) X=hg.

Remark: The morphism in a) is the*well-known” morphism given "by the
formula” (x,y) —» (x,%y). Also it would be more correct to write

f; (i.e., the constant group[ﬁover S) instead of fj

2.4.6. a) Every X in RevD(S) determines a separable finite algebra
over the function field R(S) of S. In this way we get (see 2.4.5.b) a
continuous, surjective homomorphism

(%) cal (R(5) /R(8)) = m (S,5) —» 1

where ﬁ(gs denotes a separable algebraic closure of R(S) and Gal(...)
denotes the Galois group. The fact that the homomorphism is surjective
is seen as follows: by 2.2.5 the connected components of XeRevD(S)
are itself in RevD(S),therefore we have:

X connected in RevD(S) &> X connected as scheme (i.e., by
normality, X irreducible).

Therefore connected n? (S,% )- sets give connected Gal(ﬁ(g) /R(8))-sets
which prove the surjectivity (c¢f. SGA 1 V 5.3 ).

b) The kernel of (%) corresponds with the sub field of §Z§3
consisting of the compositum of the finite extension of R(S) in §_§3
which are “at worst” tamely ramified over S with respect to D

(cef.SGA 1 V 8.2 ).

¢c) From b) and SGA 1 V 8.2 we see that the homomorphism (%) from a)

can be factored into the following continuous homomorphisms (both

surjective)

Gal(R(S) /R(8)) = n(U,5) —> 7} (8,4 ),
where as usual U= S- D,
d) In the same way the continuous surjective homomorphism
Gal(R(S) /R(8))—> m.(S,% ) from SGA 1 V 8.2 factors into the

following two continuous,surjective homomorphisms (the second one

corresponds with the inclusion RevEt(S) —> RevD(S)):
Gal(R(S) /R(8)) > =} (5,% ) —» n (5,8 ).



63. Extension of some notions from the theory of

schemes to the theory of formal schemes

%2,1l. General remarks

3,1.1. In the following .f(resP. X ,7, ...) denotes a formal scheme

(formal pre-scheme in the old terminology, EGA I 10.4.2). We assume

tacitly that the formal schemes are locally noetherian; this implies

that they are adic (EGA I 10.4.2 ) and that there is a largest Ideal
of definition (EGA I 10.5.4 ).

3,1.2. Comparison between some local rings. Let = Spf A with A a

J-adic ring; put S= Spec A. Let s¢f 3 there are canonical local homo-
morphisms (EGA 01.7.6 )

A M

0 7 Qf,s - 9S,s .

=3,s
where completion means J-adic completion, the composition /.A is the

canonical homomorphism from a ring to its completion. Both A (EGA 01

7.6.15 and 6.2.3) and ¢ (EGA O1 7,6,18) are faithfully flat. From
this we see by standard arguments (via extension and contraction) that

I3, Qf,s= £ P
Also it is known that the above local rings have the same residue

field (EGA 017.6.10 and 7.6.17 ).

2,1.3, Normal and regular formal schemes. A formal scheme j’is normal

(resp. regular) in s if the local ring QJ:s is normal (resp. regular).
LetJ = Spf A be normal in sy it follows from the remarks in 3.1.2
and EGA IV 6.5.2 that this implies normality for S= Spec A in s.
Hence normality of j implies S normal in all closed points, hence
normality everywhere

Spf A normal = Spec A normal .
Similarly.‘fregular in s implies S regular in s and UP regular implies
S regular. Conversely assume S regular in s, From the remarks in %.1,2
above follows that the condition of EGA OIV 17.3.3 d 1is fulfilled;

thereforeif is regular in s. Therefore:
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Spf A regular & Spec A regular .

Moreover we have (EGA O 17.3.3 and 17.1.7)s if t.€0 (i=1,.e.,r)
IV i°=s,s AR

then (tl,..,tr) is a regular system of parameters in QS s if and only
,

if (K(tl),...,K(tr)) is a regular system of parameters in Qj s °
,

%2.,1.4, Divisors with normal crossings. Let D be a closed subset of:/.

For every sé& supp(D) the D determines a closed subset Ds of Spec Qj s*
,
If D is a divisor (always tacitly assumed to be positive!) on;/ then

D, is a divisor on Spec 9f,s'

Definition. A divisor D on J has normal crossings (resp. strictly
normal crossings, resp. is regular) if for every se supp(D) the D
has normal crossings (resp. strictly normal crossings, resp. is

regular) on Spec Q/ s (1.8.2) .
,

Notes 1) This implies that Qf,s is a regular local ring; in case of
normal crossings this is part of the definition, in case of regularity
it follows from EGA OIV 17.1.8. Moreover in the case of regularity

we have DS= div(t), with t part of a regular system of parameters.

2) For a family of divisors onA/ we give a similar definition.

3.,1.5., Next let f>= Spf A, with A a J-adic ring and S= Spec A. Let
D be a divisor on./ . The corresponding Ideal 7/(D) is coherent and
determines(EGA I 10.10.5) an ideal I in A, which in turn determines
a divisor D (same notationl) on S. In fact the divisor D on if is the
inverse image of this divisor on S by the natural morphism of ringed

spaces ./ -» S. If D= (Di) is a set of regular dwisors with

iel
normal crossings on :f then, by %.1.3% and 5.1.51, the corresponding

set on S has the same property; the converse statement holds also.
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Lemma 2.1.51. Let B be a noetherian, regular local ring, p a prime
ideal in B and (ti""’tr) part of a regular system of parameters in
B with t.é p (i=1,...,r). Then (tl"“’tr) is part of a regular system
of parameters in Bp.

Proof: Put I= (tl""’tr)° By EGA O;y 17.1.7. the ideal I is prime

and B/I is regular. Hence (see EGA Ory 17.3.2.) (B/I)p= Bp/Ip is
regular, therefore it suffices (again by ibid.l?.l.?)-to 5rd;e that
@l,...,tr) is part of a system of parameters for Bp. Both B and Bp
are Cohen-Macaulay (17.1.3)% applying (ibid l6.5.ét and 16.5.11) ;o

B we see that dim(BI)= r. Since Bi= (Bp)I we have by (ibid 16.5.11)

D

applied to Bp: -
dim(B_/I = dim B - r .

l(P/P) B By

Hence (tl"“’tr) is part of a system of parameters of Bp by

(ipid 16.5.6 ).

%2.1,6, Finite morphisms of formal schemes. We recall that a morphism

1 X -€>Jf of (locally noetherian) schemes is called adic if for some
Ideal of definition;7 of(f the f*(7)9£ is an Ideal of definition for
1‘; every Ideal of definition onjf has then the same property (EGA I
10.12.1 ). An adic morphism f: x —> Jf is called finite (EGA III
4,8.2 ) if the-corresponding fo: X,= (I,Qx /f*(?)gx) —> So=(j,9f/y)
is finite. If f1X —» J is finite then f*(Qx) is a coherent
gj-Algebra (EGA III 4.8.6 ) and conversely such a coherent gf-Algebra
,4 determines a formal\f-scheme, finite overif (EGA III 4.8.7 ),which
we denote by Spfo¢); the so-called formal spectrum of A overif .
Moreover we have the following formula (which is a slight
generalization of EGA III 4.8.8 ):

) Hom, (K',spr A) = Hon, (A g, (0p))

where g:Il-—9~f is an arbitrary mor;g;sm. The right hand side means

homomorphisms of Qf—Algebras (they are automatically continuous).
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Note that the topology in A is determined by Qj, but the topology in

g*(QiD is pot. The proof is the same as in EGA II 1.2.7 using EGA O

7.6.6 1instead of EGA 011.2.4.

4
Lemma 3.1.7. Letéf= Spf A,Jf: Spf Alwith A, A'adic noetherian rings
4
and f: 7 -—9«f a morphism. Egquivalent conditions:
i) f flat (resp. faithfully flat provided f is adic).

{
ii) Spec A —» Spec A flat (resp. faithfully flat provided f is adic).

]
Proof: For S%J,and s= f£(s') consider the following commutative

diagram, where completion means J-adic (resp J'-adic) completion:

a3
N o I3

9,6 — 7 %

T
0f s —> gj

L]

? T

a
O —> 94

L]

!
S

L]

with faithfully flat vertical arrows. (cf. 3.1.2.)

i) = ii) From the flatness of B we get the flatness of «. Hence

we have flatness at every closed point de.sﬁ hence ([3], Alg. Comm.
II,§ 3,prop.15.) A' is A-flat. Next take s & S, then there is a closed

point se {so} and a point s%.S'over s. From the flatness of
. . ' /
QS,s —> ngs'fOIIOWS the existence of a point s & 5" over s . Hence
1
Spec A —>» Spec A faithfully flat.(Note: f adic is not needed here.)
ii) = i) From the flatness of a follows the flatness of X ([3],
Alg. Comm.III,§ 5 prop.4 and prop.2.), next the flatness of B. If

’ ]
J'=J.A' then Spec A —» Spec A surjective implies Cf _— f surjective.

43.1.8.&/-groups According to the general definitions (EGA OIII 8.2 )
a formal f—scheme ﬁ is a f -group if for every formalif—scheme g‘the
set

G () = Homy(F, ¢)
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is a group and for Yi_-—) 7‘2 the corresponding map 5(9—2) —> 5(51) a
group homomorphism.,

Remark: Note the difference between a f—group and the notion of
*formal group”.

Examples: a)t'o’/ an ordinary group, then ?J' = 69\/ is a f-group; such a

7

b) ﬁn,:{ and ﬁg’f defined similar as in 1.1.3.

Jo-group is called constant.

2,1.9. Operation of a J —-group (;on a formal f—schemez. Again
[4
following EGA OIII 8.2 we require for variablej-scheme.?-a group

operation of? (5) on¥( g-)= Homj( j‘,f ), behaving functorially.

Examples For a set of regular sections a, e /_'(J’,gj) (ieI) and integers

a
ny prime to the residue characteristics define a formal f—scheme ,Zn

similarly as in 1.2. In precisely the same way as in 1l.2. we see

2 a
that ]-(n operates on /Zn over ,70 s the couple (zn’ﬂn) is a Kummer

covering of \‘/ relative to a= (ai) This formation is stable under

iel”

base change (provided the sections remain regular) and also lemma

1.2.5 holds.

3,1,10. Quotient formation (in a very special case). Let f:%—? f

be a finite formal I/-scheme andfg a constant group operating on }E

over JP.

Lemma There exists a quotient 1/7= ’S(, i.e., a formal f—scheme
/;{and a Jp-morphism

@: I -7 /Lr{
such that:
i) as a topological space/yis the quotient of.z by the group action,
ii) the structure sheaf is the sheaf of invariants

Qf f* (Qi)g
iii) @:X - 7 is the cokernel (in the category of affine farmal

f—scheme which are adic over f ) of the couple
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Vi g x I= ¥
with
u(g,x)= x,v(g,x)= g.x -
Moreover'y is a formal J -scheme and the formation of'; commutes with

flat base change.

Proofs It suffices to prove this locally on‘/ , 1.e., we can assume

.f= Spf A with A a J-adic noetherian ring and ¥ =Spf B. In this case
take/y = Spf ﬁy, then ii) and iii) (by EGA II 1.2.7 for formal adic

f—schemes)are satisfied, 1) is satisfied by SGA1l V 1.1l. (restricted
to open primes). Furthermore the finiteness follows from A noetherian
and B a finite A-module. The compatibility with flat base change
follows from SGA 1 V 1.9.

3.2 Etale coverings of formal schemes

3.2.1. Let le-% f be a finite morphism (and as usual f, hence I,
a locally noetherian formal scheme)., The coherent Qj-Algebra f*(Qi)
(3.1.6 ) is denoted by B . Furthermorey denotes an Ideal of definition

for J .

Definition 3.2.2.,: f3 1 —> f is called an é&tale covering of f

(" revetement &tale”) ifs

1) £ is finite,

2) f*(Qi) is locally free,

3) for every se‘f the (usual) scheme fg1 IS= ¥ xjk(s) is unramified
over k(s).

Remarks: a) Compare the definition with EGA IV 18,2.3.

b) We have, if So= (V(1),04/7) and X = Ixfso, that ¥ = X xg_k(s).

Therefore 3 makes sense.

¢) In section 6.1. we shall define the notion of &étale morphism of

étale schemes in generaly we shall see that 3.2.2 1is a special case
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of that notion.

Proposition 3.2.3. Let 1 ¥ — f . Equivalent conditions:

1) f is an étale covering.
2) for every se\?p the morphism
f;s Spec ’%s —> BSpec Q.f,s
is an étale covering of usual schemes (herejgs denotes the stalk
of B at s).
3) If5f= Spf A and ¥- Spf B then the corresponding f: Spec B—» Spec A

is an étale covering.

Proof: First two remarks: If U= Spf A is an affine noetherian
neighbourhood of s in -.‘f and B= F(U,-%) then we have

e e P
where we can take the usual tensor product (EGA OI 7.7.8 ).
If f: X —=» S is a finite morphism of usual schemes then the set of
points s¢S for which there exists a point xe¢X with f(x)= s such that
f is ramified at x, is a closed set (EGA IV 17.3.7 ).
1) = 2) fgs is a finite and free Qf’s—module, fg is non ramified
over s,hence nowhere by the above remark. The assertion follows from
EGA IV 18,2.3%.
2) =» 3) By [3],II, Th 1 of § 5,B is a projective A-module. The
morphism is non-ramified over V(]), hence nowhere. Apply EGAIV 18.2.3.
It suffices now, since the assertions are local, to prove 3) =» 1),
3) => 1) Clear because only condition 3) of 3%.2.2 remains to be

checked, but the closed fibres are the same for Spec A and Spf A.

3.2.4. Let RevEt(J) denote the full subcategory of formal -f -schemes
f:f—%f , for which f is an étale covering (cf.also 2.4.1 ). Put

for every integer n o

S, (Vs 0p 777
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Theorem The natural functors
X = -
~> X, ij Sp~> X=X x
from

’

RevEL(F) —> ReVEL(S_) —» RevEL(S)

are equivalences.

i
Proof: Use EGA IV 18.1.2 EGA I 10.12.3. Starting with a projective

system {Xn} s the finiteness of ¥= 1im X_ follows from EGA I 10.11.3
& N

L]

the flatness from [3],III § 5 Th 1 and condition 3 of 3.2.2 is trivial.

Corollary %.2.5. Let‘f be connected. Then RevEtOf) is a Galois

category.

Proofs We have to make a fibre functor. Take sef and Sl a separably
closed field containing k(s).Then we have a geometric point

E: Specﬂ = Spf N1 —)30 .
For Ie RevEt(J’) we have clearly Ii'r— (Xo)é, and the corollary follows

from 3.2.4 and SGA 1 V 4, applied on So .

Corollary 3.2.6. There exists a profinite group nl((f, i )} such that
the category RevEt(J) is equivalent with the category of finite sets
on which this group operates continuously. The egquivalence is obtained
by means of the fibre functor

£— F&)= Homj(Spf./l ,I)
(where F(i) -by abuse of language- may be identified withzz). The

group nl(Jp ,E )} is called the fundamental group of 170 with base

point E. The ”"usual properties” hold by change of base point.

Furthermore there are canonical isomorphisms

1 (8,,8) T n,(8.,3) > 1 (7,80,



o4, Tamely ramified coverings of formal schemes

4,1, Definitions and elementary properties

4.1.1, Let T be a locally noetherian, normal formal scheme and D a

closed subset oan .Note that for every Séf Spec Qfs is a normal
.

scheme. We say that D has codimension at least one if for every seUD

the corresponding closed subset Ds in Spec an,s (see 3.1.4 ) has
codimension at least one. Note that it may happen that D is of
codimension at least one and that supp(D):f.l Let furthermore

r: ¥ j) be a finite morphism and write f*(92)=ﬁ; by ‘%s we denote

the stalk at s; clearly ﬁs is a finite Qf g—algebra (ef.3.2.% ).
,

4,1.2. Let D be a closed subset of codimension at least one on :f .

Definition A finite morphism f:x = Spf.% -> Up is called a tamely

ramified covering of :f relative to D if for every seDa we have that

Spec '85 —> Spec g.f,s

is a tamely ramified covering of Spec Q-fs relative to Ds‘
.

Remarks: 1) By abuse of language we often callx itself a tamely
ramified covering of :f relative to D, or a covering of Jp tame over D.
We say shortly: X tame over Jp (relative to D).

2) For s¢ supp D we have by definition that Spec ﬁs —» Spec Qf,s

is an étale covering.

Lemma 4.,1.3. Let f = Spf A, with A a J-adic ring (always noetherian).

Supposef is normal; put S= Spec A. Let (Di) be a set of regular

iel
divisors with normal crossings on f‘, denote the corresponding divisors

on S by the same letter (see 3.1.5 § note that they have the same
property). Put D= X Di (both on 39 and S). Finally let X - Spf B

iel
and X= Spec B with B a finite A-algebra (with the JB-adic topology).
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Then the following conditions are egquivalent:
i) X tame over S relative to D,

ii) # tame over J relative to D.

Proof: First note that S is normal (3.1.3 ). Let sef; consider the

stalks

Bs= B : QS,

We have a cartesian diagram

g 8nd S =B g 21,5 .

Spec BS &———— Spec ‘%s

't
A J

Spec 98,54_ Spec Qf,s

i) =» ii) The assumptions of 2.3.6 are fulfilled (c¢f.3.1.5 )}
therefore i) = ii) by 2.3.6.

ii) = i) First consider se.‘f. The tame ramification of A follows,
by 2.2.9 , from the tame ramification of /i and the faithfully
flatness of the lower horizontal arrow. Next take s&S arbitrary
(i.e., not necessarily closed). There exists a point sléf which is
a specialization of s and we have a cartesian diagram

Spec B &—— Spec B
sy s

. &—— Spec QS,

Take the maximal points of the divisors Di in both schemes Spec QS s
.

Spec QS,s

s

and apply the last remark of 2.2.8. This completes the proof.

Corollary 4.l.4. Let S be a normal scheme, Y< S a closed subscheme

and (Di)ieI regular divisors with normal crossings on Sy put D= £ D.,-
A iel
Consider the completion S= S/V(Y) of S along Y (EGA I 10.8.5 )3

A A
suppose that S is normal. Let j: S —» S be the canonical morphism

is a set of regular divisors with

of ringed spaces. Then ('j*(Di)iéI
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A
normal crossings on S and j*(D)= z j*(Di). Finally let fs X —» S be

1 A A A A

tame over S relative to D, then f: X= X/V(Y) ->» S is tame over S

relative to j*(D).

Proof: It suffices to prove this in case S= Spec A with A a noetherian

A
ring and Y defined by an ideal J. Then S= Spf A with & the J-adic
' A
completion of A. Introduce also s - Spec % ana X' = X x, A. By the
remarks made in 3.1.5 and by 4.1.3 it suffices to prove that the
i

. . '
inverse images (Dl)iel on S, of the

(Di)ieI on S, are regular and

have normal crossings and that X'is tame over S'(note that the
assumptions on é imply that S'is normal, see 3.1.3 ). In order to see
that the regularity and the normal crossings on S imply the same
property on s' we can, by lemma 3.1.51, restrict to closed points éeS&
let 8 be the image of s'on S. If m (resp.@') is the ideal corresponding
with s (resp.s' )then we have by [3] III, §3 prop.8 that m'= m.1,
that Am‘: anand that both local rings have isomorphic completions
(this ;ime ;ompletion means completion with respect to the maximal
ideals!). From this follows (going via the completions) that Am
regular implies Kmrregular and that a regular system of parame;ers in
Am gives a regula; system of parameters in ﬁm" This completes the
p;oof as far as the divisor is concerned. No; the assumptions of

2.3.6 are fulfilled for the morphism Spec A‘—e> Spec A and this

completes the proof.

N
Corollary 4.1,5. The same assumptions on S, Y, S and the divisors

(Di)iel on 3. Let f+ X —> S be finite,with X normal. Suppose
%: i: X/V(Y) - § tamely ramified over % relative to the divisor
j*(D). Then there exists a Zariski open neighbourhood V of Y on S
such that

tlv:x[v—s v

is tamely ramified relative to D|V.
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Proof: Again we can assume S= Spec A, §= Spf K and put g = Spec 1.
Consider the cartesian diagram @ﬁxh,s'eslover the point seS)
A
X XA AS 4———-— X XA(A)SI
A I
o A

Spec A, &—— Spec (A)é

From 4.,1.3 we have that st is tame, Since a 1s faithfully flat we can

apply 2.2.9 , hence A is tame. The corollary follows then from 2.2.10.

4,2, The category RevD(f)

4.2.1. Let|f be a locally noetherian, normal and connected formal

scheme and (Di)ieI a locally finite set of regular divisors with

normal crossings on f . Put D= I D,. Consider in the category of
ieI
formal :f-schemes the following full subcategoriess

Rev(J): the formal f—schemes which are finite over Jﬂ

RevEt(J): the formal Jo -schemes which are étale coverings of f,
RevD(j): the formal j’-schemes which are tamely ramified over Uﬁ
relative to D.

We have the following inclusions:

RevEL(]) —> RevP(d) — Rev(d).

Proposition 4.2.2. RevD(f) is a Galois category (after construction

of a suitable fibre functorj; see below),

Proof: We check the conditions of SGA 1 V 4, The conditions Gg, G3

follow immediately from 4.1.% , from the corresponding assertions for

usual schemes, from the way the gquotient is constructed (3.1.10) and
from the remark that the splitting of a morphism into a strict
epimorphism and a monomorphism can be preformed locally because it
is unique.

As to Gl, i.e., the existence of fibre products, this is more

subtle.
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Let f: X —72, g:/y -> {, n% — 7 ve morphisms with h, h.f and
h.g in Rev>(¥). Assume first that 7 = Spf A with A a noetherian J-adic
ring; let Z =spf D, £ = Spf B, / = Spf C. Put S= Spec A, Z= Spec D,

etc. Consider (X Xg Y)n, where the subscript n means the normalization

of S in the function ring of X Xy Y. Finally 1let

(X x, Yy~

denote the completion of (X x; Y)n along V(J) on S (EGA I 10.8.5 ).

By the construction of the fibre product in RevD(S)(see proof 2.4.2 )

and by 4.1.3 we have that (X x, Y) is in RevDQf), moreover it is

4
the fibre product in that category because (X X, Y)n is the fibre
product in RevD(S)-

For the general case we must show that this construction is

independent of the *choice of the open piece” Spf ACQ/. Let Spf A2

< Spf AlClif » write S,= Spec Al, Sg= Spec A2, Xl’X2 etc, From the

remarks in 3.1.5 we see that the base change

Spec Ag-—; Spec Al

fulfills the condition of 2.3.6. Therefore (X1 leYl)n xsl 82 is

normal, Therefore this scheme is canonically isomorphic with
(X2 XZEYE)n‘ The fact that
(X, ngYz) = (X leYl) *spr 4, SPT Ao

follows then from EGA I 10.9.7.

4,2,%3, Construction of a fibre functor. Let sef>, take an affine

»
neighbourhood V= Spf A of s ini/ . Put V= Spec A and let s* be a

*
point of V outside all the divisors D, on V*, corresponding with the

*
i
divisors Di{V on V and such that se {s*}. In case s 1is outside all
Di we take s*= s. LetJL be a separably closed field containing k(s*),
then we have a geometric point
g*: Spec_n_ -7 V*
*
with centre s¥. ForX e RevD(f), let 1} V= Spf B and put X = Spec B,

'S »
then we have, by 4.1.3 , X€ RevD(y™), Define the “fibre functor”
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Fs RevD(f)-—> (Finite sets)
by
F(E)= X'E.. = Hoqu.(Specfl XM (V Ferev?()).
By going from X to x* we see immediately that the conditions G4 and

G- of SGA 1 V 4 are fulfilled. As to G., i.e., F(u); F&) —» F(¥

5 6!
an isomorphism implies u an isomorphism, we proceed as follows: First
F(u) an isomorphism implies that the corresponding morphism of the
usual schemes over V is an isomorphism (2.4.2 ), and hence u]V is an

isomorphism. From the connectedness oflf follows then that all fibre

functors are isomorphic and hence u is an isomorphism.

Corollary 4.2.4. There exists a profinite group n?C{ g*) such that

the category RevD(f) is equivalent with the category of finite sets
on which this group operates continuously. The equivalence is obtained
by means of a fibre functor F as described in 4.2.3%. This group is

called the tame fundamental group of:f with respect to D and with

base point g*.

Remarks 4.2.5. We have similar properties as in 2.4.5 for change of

the base point, base change fl-%> J (provided the inverse images of
the divisors are defined and are regular divisors with normal crossings,
see 2.3.6 ) and Galois objects. Furthermore it ¥e RevD(jB, then the
connected components are also in RevD(J). This follows from EGA III
4.8.3 and 2.2.5 (which holds also for formal schemes as is seen by
4,1.3 ). Therefore

¥ connected in RevD(‘f) &> X connected as formal scheme.
Since the same is true for RevEt(J) we have that the natural
continuous homomorphism

E(CA I NN )

is surjective ( % is a geometric point forif .
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4,3, Relation between the tamely ramified coverings of a formal scheme

and those of a subscheme defined by an Ideal of definition

4.3.1. Let again.f be a locally noetherian, normal formal scheme and

(Di)ieI a finite set of regular divisors with normal crossings on'f;

put D= X Di. AssumeéV is an Ideal of definition with the following
ieI
propertiess

1) (I/,Qf/7 )= S, is a normal scheme

2) the inverse images Di o of the divisors Dion So exist and the

L]

(b, D) are regular divisors with normal crossings on S _. Put
i,o’iel o

D= ¥ D .
0" eI i,o

Theorem 4.3.2. With the above assumptions, the functor

d) : RevP(d) —» RevDo(So) )
defined by

¢ =1 xp 5= %, (with ¥ € Rev?()),
is an eguivalence of categories.

4,3.3, Proof: Reduction to usual schemes. First of all the fact that

¢(f) is tamely ramified over So relative to the Do follows from
4,1.3 (applied on an affine neighbourhood of seif) and 2.3.6 (note
that the conditions of 2.3.6 are fulfilled!). First we prove the
faithfulness oftﬁ 3 1t suffices to do this locally. Next it suffices
to prove the fully faithfulness locally, and finally the equivalence
locally. Therefore we can make the following additional assumptions:

a),f = Spf A with A a J-adic noetherian ring, J corresponds with 9%

o 7

c) So= Spec A/J is connected, hence (using normality) irreducible

Write S= Spec A,

b) The divisors are defined by global sections (ai)

(and then 7’ and S are also irreducible).

As to notations: we denote the divisors on S corresponding with

Dy on ! by the same letter; the (Di)iel on S are regular and have
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normal crossings (5.1.51). Forie RevD(f) we have ¥ = Spf B with B
a topological A-algebrajwrite X= Spec B. Then by 4.1.3 we have an

equivalence between RevD(f) and RevD(S), therefore we can replace

f by the usual scheme S= Spec 4 (A a J-adic ring).

4,3,4, Some remarks proceeding the proof of 4.3.2.

a) Given XeRevD(S), we claim that there exists a Kummer covering
a et o
Z;= s' of S, relative to tfb divisors D;= div(a;), such that the

normalization (X Xq S')n= X*of X Xg s' is &tale over St

! *
X & XXSS'-e—- (X xg 8') = X

Ve

S & - g

In order to see this we can assume (for simplicity) that X is
irreducible. Let L be a smallest Galois extension of the function
field R(X) over R(S). The divisors Di determine valuation rings in

R(S) and inertia groups. Take integers n; which are multiples of the
a
! a
orders of these inertia groups and take S = Zn
* -
X is é&tale over the maximal points of the wl(D) (Abhyankar’s

n with n= (ni)iel‘ Then
lemma, SGA 1 X 3.6 ). Next take s'e 61(D); Spec Qsls.is a regular
,
scheme (1.8.5 ). Apply the purity theorem to x* over Spec Qslsq
,
we have X* étale over every s'e Gl(D), hence over St

b) Action of ft o From the action ofljin on S' we get actions on

Xy and X" compatible with the action on s'. We have (1.3.2 ) that
XSI/ J(n= X. PFurthermore we get a S-morphism
- *
X/ﬁg-? XS‘//{E.—.X,
which is an isomorphism over U= S-U supp(Di) and then, since both
i
schemes are normal (because guotients of normal schemes are normal),

*
we have actually an isomorphism. Hence X /’jwn_ig- X.

¢) Reduction modulo 92 From the assumption on the divisors Di
v

follcws that S;: S'xs So is a Kummer covering of So with respect to

' '
the Di,o; put Uy= UM S, . Since (X*)o= X*XSSO is étale over S  (by
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base change), hence normal, and since its restriction over Uo is egual

. 1 1 1
to the restriction of (X Xg S)xS:So= XoXSoSo over Uo’ we have
canonically

)= @M, ,

where (Xo)*is the normalization of Xoxs S;. In view of this canonical
o) *
isomorphism we identify these two schemes and denote them by Xo.

4,3,5, Faithfulness of ¢. Let be given two morphisms g,h: X —» Y for

X and Y in RevD(S) such that g = h : X —> Yo. Take a suitable
Kummer covering s' of S such that both x* and Y* are &tale over s'
(#.3.43). Then we have, with obvious notations, gh= h.. By EGA IV
18.%.2 applied over the base SI we get g*: h*. Since X’/@l(U) =

= XS'} Gl(U), etc., we have by flat descent on o' (see 4.3.4 a) that
g, U= h] § . Finally, U is schematically dense in S because it is the
complement of a divisor, hence X! U is schematically dense in X (EGA

IV 11.10.5). Therefore g= h.

4.%.6, Full faithfulpess of ®. Given X and Y in Rev>(S) and

8ot X, =@ Y,. We take a suitable Kummer covering s' of S as above

and use the notations from above. From 8, e obtain g;: X: aard Y:.
Again by EGA IV 18.3.2 , applied on S , we obtain g': X* —> Y'in
such a way that base change Sg - S’gives g:. Since gg is compatible
with the action of JQE’SO, the same is true for g® with respect to
the action of ng’s. This follows from the faithfulness of ¢ applied

to the following diagram in RevD(S) over S¢

* Eoperation »
X X x ]%n,S

g lgxid
operation %
Yt BRerEtion  yTy My s

By quotient formation (see 4.3.4 b) we find a morphism B : X —> Y.
It remains to be shown that Cg)o= 8oe Since fi&l(U)= Xgl El(U),etc.,
we have

B | 3 = & s,
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Hence

@o)s'o) B0 € |30 (e | 7k,

Using the fact that X I (U ) is schematically dense in (X )S we

have (EO)S'= (go)sl and finally, by flat descent g =g, -
o

4,%3,7, & is an equivalence. Let XoeRevDO(So) be given. For simplicity

we can assume that X  is irreducible. We are looking for X&RevD(S)
such that Xo = Xo. As in 4.3.4 a we can find a Kummer covering S;

of 8,, relative to the divisors D,

9
(X XS s ) = X of XoxS S is étale over S Furthermore we can assume

0? such that the normalization

that S; is obtaindd by base change from a Kummer covering s' of s.
By EGA IV 18.3.2 , applied over S, there exists an étale covering Xr
of 8' such that (X*)o = Xg. Furthermore by 2.2.5 we have that
XQ&RevD(S). Next, consider the group action
* *
Xox ﬁg’so—> Xo
over So. From the fact that ¢ is fully faithful we get that j%g S ‘
operates on X* and operates in a way compatible with the action on S.
Take the quotient X X / j& This is a normal scheme and by 2.2.5
XeRevD(S). It remains now to be seen that X Xo.
By the base extension we have a morphlsm'f which makes the
following diagram commutative
/ o\
- ® *
= X/ ﬁ_rg ——-&—> X/ ﬁg)so_
Since all schemes under consideration are normal, it suffices to show
thatf’/ (XO\UO) is an isomorphism.
In order to see this, remark first that there is a canonical

morphism

=1 > | =1
FH) = Xg| T
and this is in fact an isomorphism, because these are é&tale coverings

of U and it is easily seen, from the fact that the operation of ’tn
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is compatible with the action on S], that we have an isomorphism on

geometric fibres. By base change, and a similar remark for X;I@l(ﬂo)

we chtain that f§ Gl(Uo) is an isomorphism. Hence f
o

Uo (or better
f restricted to X,

1
Uo) is an isomorphism by flat descent So——dy So

This completes the proof.

Corollary 4.3.8. The assumptions are the same as in 4.%.2. Assume

moreoverif(hence So) connectad. Take a geometric point
E, : Specﬂ.-ﬁ So—;f
outside the support of the divisors. Then we have canonically

no(s, &) S w4,

4,4, Transitivity properties

4,4,.1, First we state some results on reduced formal schemes and

reduced formal subschemes.

Lemma. Let f be a locally noetherian formal scheme. For every seJPput
v/ﬁs= nilrad (Qf,s)‘
Then the.ﬂkS are the stalks of an Ideal /. Furthermore:

i) PFor every quasi-compact open U inI/ (in particular: for every
affine open U) we have

f?U,JIB= nilrad IYU}Qj Do
ii) N coherent & 3 formal closed subscheme -‘/red of /such that

a) f;ed is reduced,

b) :fred is defined as subscheme by a nilpotent
Ideal.

Moreover this f;

1i1) 1f £ 1s coherent then for Spf A

ed is unigue and is defined by,4w.

1€ Spf AcC Up, N= nilrac A,

Nl= nilrad Al,we have

o
N @ A, —N,.
A 1 1

iv) If j =U ,72 (‘/i open) then
i
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jied exists &> jg,red exists for all i,
v) If :f = Spf A then

f;ed exists &> (Ared)cﬂ is reduced (V/feA).

Proof: For every open U put

r‘(U,ﬁ= {fe P(U,Qf); fe/f; for Vse U}

L]

then

L]

lim r&U,/):/f;'
T se?

therefore the J’; determine an Ideal,//”in Qf.
i) It is clear that

nilrad /—'(U,_Qf)c. [, N
Furthermore every fe rYIIv/P) is locally nilpotent, therefore we have
equality for quasi-compact U.
ii) =% IfJIﬂis coherent then it defines a closed subscheme (EGA
10.14,2 ) and it is clear that this subscheme has the required
properties.
&= Let :/;ed be a closed subscheme defined by a coherent IdeaIJAkl

{
with properties a) and b), then we have by a) ,/; D.Ag'and by b)

/I </;‘, hence/‘=./r:

s
iii) PFollows from ii) and 1) and EGA I 10.10.8 and 10.10.2.

iv) Follows from ii) since coherence is a local property.

v) Let N (resp.N') be the nilradical of A (resp. A,y) . 1t 7 a
@j re

exists then we have by iii)
N=Noeg A (= N
e e

Geadgy = 2gg /Mgy~ by /N

i
is reduced. Conversely if (Ared) . is reduced then Nec N

hence

@

)

but N = Ne@ A , hence contained in N ; therefore for every
{5 PO s

feA we have N &j 1s the nilradical of A’{f} . But this means that

A - NA(notation from EGA I 10.10 ), hence.# is coherent.
,
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Lemma 4.4.2. Let ¥ be a locally noetherian scheme, D a divisor on £
such that

a) I is regular at the points of supp D ,

b) Dred exists and has local rings which are integral,

Then Dred is a divisor (i.e., this closed subscheme is locally defined
by an Ideal of type f.gk , With f regular) and

E

Drea” i

loc.finite
with E ; connected and integral divisors. Furthermore farsuitable

integers a4 (>0 ) we have

Proof: 1In order to see that Dred is a divisor it suffices, since the
Ideal g(Dred) defining D, 4 is coherent (4.4,1 ), that
9(

Since the local ring Qf x is regular we have for the corresponding
.

red)xz (fx)'Q{,x for all xesupp D, with f, regular in Qi,x'
. . . . 9 9
inverse image Dx in Spec Ql,x’ of the divisor D, that DX= div(wl .oy )
with Py irreducible regular elements in Qi x* By 4.4.,1 1ii) we have
,

(Dred)x= div(wl...ws). This shows that Dred is a divisor. Next using
the fact that Dred is integral we see that we have in fact D_= div(e%)
andCDred)X= div(p) with ¢ a section of Qi in a neighbourhood of x and
irreducible in Qi < Due to the coherence we have D= div(wq) and

,

Dred= div(¢) in a neighbourhood U of x and using the fact that Dred

is integral we have that ¢ remains irreducible in all stalks QI v
9

with yeUe supp(D). Now if Ei are the connected components of Dred

then we have (with a locally finite sum)

Dreq® E Ey

and clearly the E; are integral divisors. In a neighbourhood U of
xesupp(D) we have, as we have seen above, for a suitable i that
E;= div(e) and D= 9 Ej-. Due to the connectedness of E; we have

that a;= a;(U) remains constant along Ej, i.e., is independent of U
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and this gives globally the required expression.

4,4,3, Assumptions and notations. In the remaining part of 4.4 we

assume thatd is a locally noetherian, normal formal scheme. D is a

divisor on f such that

D= 2 Di ,
ieT
with a locally finite sum and such that the (Di)ieI are regular

divisors with normal crossings on:f .

4
Furthermore we assume that we have a partition I= I'v I‘,
1 L]
INNI =X§ such that

Dy~ Dy= f for i and iel, jel' .

Write

1
D~2. Dy and D=3 D, .
ieTl jer" 1

Proposition 4.4.4. The assumptions and notations are as in 4.4.3.

]
Let f:I-y'Jf be in RevD(J). Then we have for every i:
a) the f (Di) is a divisor on ¥ and { is regular in every point of
f'l(Di) (note: by f'l(Di) we mean the closed subscheme defined by
-1 . . .
b) the {f (Di% req €Xists and has integral local rings,

¢) furthermore

-1
{f (Di)} red = ‘; E; 3
with ( Eij)ij a2, locally finite, set of regular divisors with normal

crossings on ¥ and

. A o s . !
Eiljllf\ Ei232= ¢ for 11317412J2 if i, and i€ I s

d) integers qij > o such that

f'l(Di)= I gy E

J +d

with qij= 1 for iéI".

Proof: Outline: first we prove a) and b). Then we have by 4.4.2
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the decompositions in c¢) and 4). Next we prove the properties of the
divisors Eij and the integers a4 in ¢) and d). In this way we see

that it suffices to prove the assertions locally. Therefore we can

assume that:f = Spf A with A a J-adic noetherian ring and Di= div(ti)
with t;€ A. Then £ = Spf B, with B a certain finite A-algebra.

A) Put S= Spec A, X= Spec B and consider the divisors Di= div(ti) on
S (we use the same letters as for the divisors on.JP ). We are first
going to prove the (part}ally trivial) corresponding statements on S
and X (note that XeRevD(S) by 4.1.3% ).In this case it suffices to
prove the statements after an étale base changej therefore we can

assume by 2.%.4 and the assumption Dif\ Dj= ¢ (13, i,jeI‘) that

X is a Kummer covering of S relative to Di (ieI'). We have

X= Spec A[(ri)ieI 1,
with
ny . P
T o=ty (ieI, ng= 1 if ieI )y

and integers n; invertible on S. Then

f'l(Di)= div(t,) and f'l(Di) - aiv(r,)

red
and those Ti(iEI) which are different from units form part of a
regular system of parameters at QX % (¢cf., proof 1.8.6 ). Furthermore
‘,
r} . s I k3 !
from D, M D3= ¢ for i %= j and i¢I , jéI follows
{ ]
div(ry )N div(ry)= g (i, i€, jeI ).
This completes the proof in case of usual schemes.

B) Returning to the case of formal schemes, take xe¥ and let s= £(x).

There is a commutative diagram:

9X,x Z Qf,x

o T B
9S,s ? QJcs

Due to the assumptions on the Di we have that for xe f-l(DiL for some

i¢I, all four local rings are regular (2,3.4 , 1.8.6 and 3.1.3 ).

Furthermore from the flatness aof a (by 2.3.5 ) follows, by 3.1.7 ,
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the flatness of B, hence f-l(Di) is a divisor. This completes the

proof of a).

Next if x éf-l(Di) with i€I' then o is &tale and a system of

regular parameters in QS s gives such a systam in QX <* From this and
, ,

3,1.3 follow the assertions b), ¢) and d) easily in this case.

Let therefore xé€ f-l(Di ) with ioeIland s= f(x); due to the
o

assumptions Dir\ Dj= 0 for i qéj in I', and since it suffices to prove

the assertion locally on J>, we can assume - {i

o} . For simplicity

. . n
of notations we can assume moreover that seDi for all iel . For a

sufficiently small neighbourhood U of x on X we have by part A) that

on X
£7N(D. ) a= div(T,)
i‘red” i
(%)
-1 . Lo B ./
f (Di)= dlv(ti)= le(Ti ) and n;= 1 for 15é i,» where for
all y& U the @i)iel is part of a regular system of parameters in QX v

L]

According to %3.1.3 the (Ti) are also a regular system of

ieI
parameters in 91 5 for yeU ¥ . Furthermore the second relation
9
. -1
of (%) holds also in U~ & . on ¥ the £7°(Dy) 4
by the root A _ of the ideal (%.)0 . Clearly
J 1 “%gy

. )0 C

(Tl)~1,y C%y ’

but on the other hand we have also that O /(r.)oz is integral
"'fsy 1°=X,5

is defined in Qx y
£l

by EGA OIV 17.1.8 , hence

(Ti)gl',y = /‘7ty .

This proves b), moreover it follows that the relations (%) hold both,

in U~ i on I and in U on X, and this completes the proof.

Proposition 4.4.5. The assumptions are as in 4.4.3. Assume moreover

]
that~f is regular. Let f: ¥ — f be in RevD (f) (hence clearly in

RevD(J)). Put D = f-l(D) (exists by 4.4.4! ). Then there is a

red
functor

(t): RevP* (¥) — Revd(d)
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defined for g:/‘f - ¥ in RevD*'(l) by ¢)( t.g)= (/7,f.g). Moreover (})
is an equivalence between RevD*(f) and the couples (’¥,g) with/yéRevD(JB
and g:’y -2 I .

Proof: By 4.4.4 the D, fulfills the conditions of 4.1.3. Note in
particular that I is regular., For the points xeX with f(x)esupp(D)
this follows from 4.4.4 3 for the other points xénf it follows from
the étaleness of f, the fact that regularity is maintained by étale
morphisms of usual schemes and by 3.1.3.

Let ('7,3) be as above, i.e., in RevD*(l). In order to see that
('y,g.g) is in RevD(f) we may, by 4.1.3 , reduce to usual schemes and
apply 2.2.5.

In order to see that ¢ is an equivalence we must start with
/?eRevD(f), ge /;( — 1 . In order to see that (/y,g)eRevD*(f) we again

reduce to usual schemes by 4.1.3 and apply 2.2.5.

Corollory 4.4,6. Same assumptions as in 4.4.5 with f and Z connected.

Let n* be a geometric point on ¥ and.§*= £(n™) its image oan (cf.4.2.3)
b 'S .

Then nl*(i,n*) is an open subgroup of n?(:/,g Y. In case f is Galois

in RevD(f) with groupr1 (see 4.2.5 ) we have an exact seguence:

1 — % (i, — (N > N> 1.
Proofs 4.4.5 and SGA 1 V 6.13.



§5. The tame fundamental group of a formal neighbourhood

of an irreducible divisor

5.1. Preliminary investigation of the relation between the tame

fundamental group of an irreducible divisor and the tame

fundamental group of its formal neighbourhood

5.1.1. Throughout §5 and {7 we make the following assumptions:

a)if is a connected, locally noetherian, regular formal scheme,
b D
) ( i)i=o,1
on.f )

¢) the Ideal 7(Do) of the divisor Do is an Ideal of definition for

7.

2
Note that -duellthe fact that D is reduced- 7(30) is a maximal

is a set of re a ivisors with no rossings
yer.,T gular diviso w normal ¢ ng

Ideal of definition for f . Write
S,= (4,00/0(0 ).
f, So and Do have the same underlying topological space.

We use the following notations:

r
D= =D, ,
1=0
1 : E
g o
l r ry ry
D= Eil Di,o (Di,o inverse image of
1= D, on So).

In order to avoid misunderstanding, we emphasie that, although the
above assumptions and notatione are used tacitly throughout §5 and 7,
they will be strengthened at the appropriate places (notably at 7.2.)
are a set of

Lemma 5.1.2. So ie regular and the (Di,o)i=l,...,r

regular divisors with normal crossings on So.

Proof: The first assertion follows from EGA O ,17.1.8 , the remaining

part from EGA OIV 17.1.9.
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5.1.3., Choice of the base point, on S and on dﬂ , in case we are

dealing with the divisor DL

Since So is connected and regular, it is irreducible. For the base
point QOeSo (2.4.3 ) we take a geometric point centered at the

generic point s, of 8,5 i.e., let 120 be a separable closure of k(so)

then
S.o: Specﬂ_o—-7 So—?f

is a geometric point both for So and for f . According to 4.%.8 we
have canonically .
D ]

o} L D
™ (So’ ‘so) 7 nl(f’ %o)°
Furthermore we have by 2.4.6 <¢) a anonical gurjective homomorphism

o}

(%) Gal (Sl / k(s ) = 7,°(5,, 8 ).

5.1.4, Choice of the base point on f in case we are dealing with the

divisor D. The above base point § | is all right in case we
have the divisor D', however, for D we mus¥take the base point outside
f. We proceed as in 4.2.3 : Take an affine open set Spf A=V onif
(A is a noetherian J-adic ring, J corresponds withﬁy(Do)) such that
V (and hence Vo= VA So) has no point in common with the Di (resp.
Di,o) for i 7> o. The Vo= Spec Ao (with A/J= Ao) ie irreducible, its

generic point & _ is the point used in 5.1.3. Put V*= Spec A; V is

o
regular, hence v* ie (3.1.% ) regular and (being connected) it is
also irreducible., Let s* be the generic point andjl* the separable
algebraic closure of k(s*), thenflkdefines a geometric point

*, Specfl*—7 V™ (see 4.2.%.) Let IIE be the subfield of (L™ which is
the compositum of those finite extensions of k(s”*) which are
unramified (i.e., étale, EGA IV 18,10.1 ) over v*. Since the couple
(v*,vo= v:) ie heneslian (EGA IV 18.5.16 ) it follows that ﬂ*I

1
determines an extensionlfl of kgso) which ig isomorphic with the -~

]
compositum.flo in.ﬂ.o(where 11.0 ig the field introduced in 5.1.3 )

of all finite extension of k(sO)_unramified over V = V:; Namely,
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starting with an étale end irreducible covering W of V*, we have

Wo= W oxy* Vo étale and connected over Vo, hence normal, hence
irreducible. Therefore a finite extension within”fl* determines a
finite extension of k(so) unramified over Vo and every such extension

can be obtained in this way by EGA IV 18.3.2. Now we choose once for

!
all an isomorphism betweenjllandjlo . In this way we*have fixed a path”
] ]
D £

(£, = 1, 5,
and in the following we shall call -by abuse of langpage- this
isomorphiem canonical. Note algo that the homomorphism(*) of 5.1.3

!
factors though gal(_ﬂ_o /k(so)) because, since Vo/\ Di,o= ﬁ; we have

that for XeRev o(So) the restriction over Vo is étale over Vo.

.1.5. Clearly fe Rekaj) implies zé.RevD(f), therefore we have
canonically .
a(d 4h = D3,
and thie continuous homomorphism is gsurjective because connectedness
in both Galois categories corresponds with connectedness of the spaces
(see 4.2.5,) Let K be the kernel, i.e., we have an exact sequence
1-> K-> n}i(a,%*) - nll)l(f,i,*) - 1.

In thie section we want to make a preliminary investigation of K.

5.1.6. The(/ —-group ftt. For each positive integer n we have the
4

:f-group (3.1.8 ) jwn g (or shortly an). Furthermore we have a
,

canonical transition homomorphism (cf.l.l.4 ):

@

o' H ,ln: —> ﬂn (with n’nf Y.

ﬂ%tz =lim ﬂn

n inv

where the limit is taken over the integers n invertible on:/ s

i.e., the n prime to all residue characteristics of:/ . Note that

JOCE =lin. N3 )
n inve

is an ordinary profinite group (of certain roots of unity in k(so)).
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Propoegition 5.1.7. The assumptions on 7 and D are as in 5.1.1. Let

léRevD(J) be a connected, pointed Galois covering with group r

(see 4.2.5 ) and let
oo (T8N >

be the corresponding surjective continuous homomorphism (gee remark

below); put J= @(K) (the kernel X from S5.1.5 ). Let N, & I{ (geometric
0
fivbre of ¥ over Eo) and r; the inertia group of 7 (see SGA 1 V page
0
7y 1.e., the stabilizer of LS under the action ofl—v. Then

i) =1 .
o
ii) For suitable n, invertible on f , there is a canonical isomorphism

—
Jt(r )= 7.
iii) Using this isomorphisem of ii) and the homomorphism (%) of 5.1.3
Y,
the operation of nlo(so, %o) > n?(:f,ﬁ*) (gee 4.%3.8 and 5.1.4 ) on
J, by inner automorphisms of rw, corresponds with the action of

Gal(k(so)/k(so)) on the roots of unity ]Zn( g,) -

5.1.8., First some remarks:

a) The fact thatreRevD(f)iﬁ pointed means that there is fixed a
point e X*gﬁ. This corresponds in the Galois category with a unique
continuous homomorphism ¢ used in 5.1.7 (see SGA 1 V).

b) J does not depend on the pointing n* because it is a normal
gubgroup of r1.

¢) It will follow from the isomorphism iiP that J ie abelian,
therefore we have indeed an action of n?(:/CQ*) on J via inner

automorphisme of F1

Lemma 5.1.9. Let 16 RevDCf) be connected. Then Xo= ijso is

irreducible.

Proof: % is connected, hence Xo is connected. It suffices to prove

that X is pnormal. This is a local assertion) we can assume

o,red
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7= Spf A with A an I-adic ring and the divisors Di defined by global
sections. Let I = Spf B and put S= Spec A, X= Spec B, then XéRevD(S)
(see 4.1.3 ) and we are reduced to usual schemes.

If ' —> S ies an étale base change then it suffices to prove

that (Xo,red)go ig normal (EGA IV 6.5.4 ) and since
(Xt ) = X1 = X Yol
X3 o,red Do,red o,red So

(a reduced scheme remaines reduced by the étale base change S; - So,
BGA IV 6.5.3 ), we can replace S by Sﬂ Therefore we are (by 2.3.4 )

reduced to the case that X is a generalized Kummer covering.

In that case we have S= Spec A (regular, noetherian), X= Spec B
with
B= A[£%]
with oeN and N a subgroup of Z (the notations are from 1.3.1 ). Let
D= div(ai), a € A (i=o,...,r)._Then S,= Spec A and X = Spec B with
B = B/(ao)B. Then it ie easily checked that

0

al
Bo,reda™ A Lz= )

. 1
with 1= (Ti)i#:o’ a= (ocl,...,ocr) such that (o,ocl,..,ocr)eN and

1 ) e
%, B ,[ a. 1 7Y

i#o

multiplication table

with e; and y; determined by o if “i+Bi< n,

ai+Bi = € N +Yy with e.=

1 if ai+8i> ng

and a; the image of a; in Ao

However, then we see (cf. 1.3.2 ) that Spec B ie a generalized

o,red

Kummer covering of Spec Ao with respect to the divisors Di o and by
.

5.1.2 and 1.8.5 this is & normal schene,

5.1.10. Proof of 5,1.7.

a) [_‘ SEE/
1 is a normal group of fT In order to see this let V= Spf A
o)

be as in 5.1.4 (i.e., VA D.= f, 140); let 1] V= Spf B. The divisor
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Do defines a prime ideal p in 4, Xo V ie defined by pB and Xo,rediv
by the root VB._B= p, which, by 5.1.9, is a prime ideal in B. The
group r‘0perates on B but leaves p.B, and hence ISR fixed (the fact
that p; ie a prime ideal could - in usual ramification theory
terminology- be reformulated as:lﬂitself is the decomposition group).
By definition r% is the subgroup operating trivial upon B/ Py i.e.,

ol_n.o___ {g; o(p) = b(mod pl Vbs B} .

Since for every tel ' we have 1( pl)_ Pys it follows that 7 r; 1. F‘
which shows that F} is a normal subgroup of r1(we gee also that f‘

o) o
is independent of My s i.e., all Ny € ig have the same inertia group).

b) JI> F’ . Proof: The pointed object (I /J, , ) of Rev (f) ig, by the
deflnltlon of J, in the Galois category Rev (J) Working over

i Spec A, with usual schemes, we have if X = Spec B, that X /J is in
Revﬁ(v*), i.e., X*/J is étale over 8. Look to the corresponding

coverings over the valuation ring QV* s * There we can apply the usual
7o
ramification theory and it is well known that X*/J étale over g,

implies I D r; (see for instance [6], Corps locaux, Chap 1 prop.22).
0

c) Jc.r-1 Proof; Con81der E /r'I & Rev (J), we have to show

that this ig in fact in Rev (J) Flrst take X%, r‘e RevD(V ), we want

to see that this is é&tale over g, (the generic p01nt of S ) Now f’
ige also the stabilizer of the point My coneidered as point of XZ o
(because Xy = 1g with the same action of FB. By SGA 1 V 2.2 we ﬁave
X*y r} isoétale over = . Clearly the same thing remains true if we
replacg V by another affine set. Let s&Do, s¢ Di(iqko). Let % =Spf.ﬁ

and consider Spec jgs over Spec Qf;s’ gsince this is étale over the
generic point g, of Do we have by the purity theorem (SGA 1 X 3.2 )
that Spec JBS ie étale over Spec szs‘ Hence ¥ /f; ie at worst

ramified over D'. °

d) By b) and c¢) the proof of 5.1.7 i) is complete. Next replace

A= rkv,gf ) by the discrete valuation ring AS (so the generic point
o}
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1
of Do). Note that n?(so, go) operates via - [7 /3. Both assertions

ii) and iii) are well-known [8] and follow from the tamenesg except

for the fact that the integer n in ii) is prime to all residue
characteristics.

e) Let therefore seDo be arbitrary. We have to prove that the order
of the inertia group lﬁn is prime with the characteristic of k(s).
Take an affine neighbourﬁood W= Spf A of s on & : let 1\w= Spf B .
Consider W‘: Spec A and X" Spec B. rﬂoperates on X* and since X~

and X have the same geometric fibre over €o we can consider the same

inertia group F; for X*.
o}

Replacing W by an étale covering we do not change the inertia
group by SGA 1 V 2,1. Using this remark we can assume, by 2.3.4, that
X* ie a union of generalized Kummer coverings and even that x*
consiets of one generalized Kummer covering (replace x* by a
connected component, if necessary). However, in that case we have
that | ie of type D(N) (cf. proof of 2.3.4) and D(N), hence ro,
has order prime to the characterigtic of k(so) by the definitiog of

Kummer coverings.

Corollary 5.1.11., The assumptiong are as in 5.1.1. Let K be defined

by the exact seguence (5.1.5) (note also 5.1.3% and 5.1.4):
L}
D
D * o)
1 —> XK — nl(ﬂ’,g)—> n (So,é,o)-—> 1.

Then there is a canonical continuous, surjective homomorphism

j:ﬂt(go) —> K — 1,

y

and the action of nlo(So, go) on K (via inner automorphisms of
n?(-f,g*b) corresponds by j and the homomorphism (%) of 5.1.3, with
the action of the Galois group Gal(K(so)/k(so)) on the roots of

unity-/ﬂt( ¢,) in k(s ).
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Proofs Consider the projective limit
TIZI]?( f,é'* )= &im F >
where [ﬁ runs through the group of connected pointed Galois coverings

(see 5.1.7). The corollary follows from 5.1.7 by passing to the limit

gince all isomorphisms in 5.1.7 are canonical.

5.2. Preliminary investigation of the extension (of 5.1.11)

5.2.1, The assumptione and notations are as in 5.1.1l. As to the
notations, put
U=58_ — LJ supp(D., )
. i
i4o
and .
D
t_ 0
=y (8 &)
Congider the system )
D
o}
(X ga)e Rev (So)

of connected, pointed Galois coverings of So, tamely ramified with

l . . . s
respect to D  and with pointing g(xe (XG)QO and group fﬁa. Thise

system is partially ordered and filtered; the partial ordening is

given by
iff there existe fg s X, —> X with fBa( g )= gB. With (X, § )
corresponde unigquely a continuoug surjective homomorphism
t
T > rﬂa
and

nt = lim r; .

T

Note that, since X, ie normal and connected, it ie irreducible. Put

Uy= Xa' Uy s

then U is étale over U,swrite symbolically

@, % - lin Uy, &)



77

5.2.2. Consider in the étale topology of Uo sheaves of abelian groups
F satiefying the following 3 properties:

i) F is a locally constant, constructible, torsion sheaf.

It ie well-known (SGA 4 IX 2.2) that such a sheaf corresponds with an

étale covering of Uo’ which we denote by the same letter F. Consider

the normalization of So in the function ring R(F) of F: this
normalization is denoted by En. We make the following two additional
assumptions:

ii) The normalization En is tamely ramified over So relative to the
divisor DL.

iii) The degree of F over S_, i.e., the number of points in the

01
geometric fibres of F, is prime to the residue characteristice of So.
A sheaf F on Uo with property i) corresponds uniquely with a

finite abelian group F on which nl(U 13 o) operates continuouslys

o’
F satisfies ii) iff this operation factors through ni by meang of the
homomorphism of (2.4.6 c¢). Therefore the sheaves F with property i),
ii) and iii) correspond in a one to one manner with the finite

abelian groups F on which n{ operates continuously and which have

order prime to the residue characteristics of So .

2.3, L F= b jecti gystem of sheaves F each F
2,3 et F (EY) e a projective &y E.» E,

satisfying the conditions of 5.2.2, According to the last remark in
5.2.2 it amounts to the =same thing to give such a system (EY) or to
: t .
ive a profinite group F= im F on which m, operates continuously
g R group Qin F 1
and with each FY of order prime to the residue characteristics.
Morphisme of such projective systems are defined in the usual
way and correspond uniquely with continuous n{-homomorphisms of the
profinite groups in guestion.
Let U be étale over U, . Put
i . i
H (U,F)= 1im H(U,F
(s_) ’? (’_Y)

and also
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imt : i
BN (T, 0= dim {'l;m H (Ua,EY?}

Proposition 5.2.4. With the above notations and agssumptions we have

for F= R M
E (_Y)

a) Hl(ﬁg’ E)g o . f
D

b) There exists a pro-finite abelian group ngo(Uo, go) (shortly

denoted by ng in the following) which fulfills the requirements of

5.2.% and such that there exists a functorial isomorphism

72(T_,F)= Hom (=%, )
o= t 2
cont,nl

where F is the n{-group corresponding with F= @%) according to 5.2.3.

Proof: a) It suffices to prove this in the case F= EY (i.e., in case
of one sheaf). Let be given
1
v, & H (Ua,E) .

Due to the assumptione i) and ii) of 5.2.2 we can assume -replacing

o if necessary by a larger index- that EI Uy ie a constant gheaf.

Let F correspond with the finite abelian n{- group F, then the open

subgroup nl(Ua) §G)= n* of nl(Uo, go) operates trivial on F.

The element vaeIHl(Ua,FU )} determines a F-torsor over Ua’ let Ya be
o

the normalization of So in the function ring of this torsor. This is

a covering of Xa and the assertion a) will be proved if we can show

!
that Ya ig tamely ramified over So with respect to Do because then

we take XB= Ya; clearly by a suitable choice of the pointing we have

then (XB’ —) > (Xa’ ;(x) and the image of v

L in Hl(UB,FUB) is

trivial, with Ug- Yal U. First we need:

Lenma 5.2.5. Let S be a connected scheme, T aty-torsor in the étale
topology of 8 with¢? an ordinary finite group (i.e.,nl(S) operates

trivial on it). Then T=_Ll ?f , with ?f connected Galois coverings
P
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of S and if deg (?f) denotes the degree of ?F over S (i.e., the
number of points in the geometric fibree) then the deg (Tp) divides

the order (?) .

Proof's In the Galois category Rev Et(S) the T corresponds with a
finite set E, E ig a 9 -torsor and the operation of nl(S) and %y
commute. Then

E= U E

F
with the EP disjoint, connected nl(S)-sets. Take ?f € Ef ,then the
pointed set (EP ’%P ) determines a homomorphism (because the nl(S)
acts trivial upon? e
% i (8) —» o

and as nl(S)-sets

o~
Ef —> 71,(8) / Ker (?P) .

On the other hand this guotient is a subgroup ofﬁ7 . Therefore
deg (Tf) = card (Ef,) divides the order of? .

UG.

5.2.6. We apply lemma 5.2.5 with S= U= xa} U, , I- Ya} U= ¥,

and = F from above. Let TJo be the irreducible components of

T=Y
[0

Uo’ then clearly T=| l ?f . The extension of the function
£
fields R(TP) / R(Ua) are Galoie extensions by 5.2.5 and the degrees

divide order F, hence are prime to all residue characteristics by

our assumption on F (5.2.2 iii). Let ?} be the normalization of So

in the function field R(?F) then Ya=J_L Y} and we have morphisms
P
¢
Yf’ '—9Xa—(a? So.
Let se So be a maximal point of D; . Let A (resp. Bf ) be the integral

closure of Qso’s in the function field R(Xa) of X (resp. R(Yf) of
Y  ).The maximal point & of D; determines a valuation v in R(So) and

f

'
v extends to a valuation w in R(Xa) with valuation ring A (o A)} let
wS(j: 1,...,8) be the diferent extensions of w to R(YP) with

valuation ring B . The situation may be visualized by the

£ad
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following diagram

Bj, < Bf .3 < R(Yf) = R(T},)
U U U
- A — R(X )= R(U)

U
U

O, ,s < R(S.)= R(U,)

Since R(¥f Y / R(Xa) ie a Galois extension, all the wg have the same

ramification index e (resp. degree of the residue field extension f)

and we have the following well-known formula ([8], vol.l, chap.V,Th.22):
(R(Y, ) = R(X,))= efe

Since by our remark above the left hand side is non-divisible by all

residue characteristics of So, the e and f have the same property.

That means that R(%P) o) R<Xa) ie tamely ramified over A s by

agsumption Xa is tamely ramified over QS s . Hence by (2.2.5)

*Fo
R(gk) DR(S ) is tamely ramified over QS,SO , 1.e., ?f is tamely
ramified over So with respect to D;. This completes the proof of

part a) .

5.2.7. Proof of 5.2.4 b It followes from 5.2.5 a that the functor

3.
F ~r~—> HE(UE,E) s
with F as in 5.2.2,ie left exact. Then this functor is pro-representable,

therefore going to the group F , we see that there is a pro-finite

n{ —-group ng , With propertieg as desgcribed in 5.2.%, such that we

have a functorial isomorphism

Hg(ﬁg,_F_ ) g Hom (Ttg,F ) .
cont,n1

Corollary 5.2.8. Asgumptions as in 5.2.4. Thereis an exact seguence
t t

T T
o=t M1 % 1
o —> Hg(n*l:,F) 5 HE(UO,E) - B(TY,P) ={Hom . (ng,F)} .
cont,n1
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Proof: Apply the spectral sequence of Hochschild-Serre (SGA 4,VIII,8.4)

t =t *
B5? = BP(ny, HU(UC,B)) = B (U,B) .

l=

Since E°° o by 5.2.5 a, we have the exact sequence

o = E° —» mZ —» E°°

Corollary 5.2.9. The element

1
k' (e)e Hg(nf,F) ,

which determines the extension of 5.1.11 (or of 5.1.5):
’

D
o> K > n]i(/,g*)—a nlo(so, g) > 1
is determined by the element p (k'(e))e HE(UO,K), where K is the
sheaf (or better the projective system of sheaves) on Uo corresponding

in the sense of 5.2.3 with the n{-pro-finite group K and where

t 0 . [ . .
ny o= Ty (So,ao). Furthermore this element p(k (e)) has image zero in

Hom(ng,K). In the following we write k(e):j’(kl(e)) .



§6. Comparison of two 2-cohomology clasges

©.0. Introduction. In this § we prove a theorem which is a key result

for the further investigation of the exact sequence 5.1.11. Since this
theorem is needed in the context of formal schemes, it is necessary

to develop first the notion of étale morphism for formal schemes
together with some allied notions.

In § 6 J denotes a locally noetherian, connected formal scheme.

7 ie an Ideal of definition for f . Put for all integers n p» o
n+l

Sp= (LW /7 )

then Sn is a locally noetherian usual schemre,

6.1. Etale morphisms of formal schemes

Definition 6.1.1. a) A morphism of locally noetherian formal schemes

fs f - / ie gaid to be étale in xe¥ if there exists a

neighbourhood V of x in.z and a neighbourhood U of s= f(x) in Jp ,
with f(V) € U, such that

i) f}V: V —» U ie adic (EGA I 10.12.1),

ii) the morphisms of usual schemes fn: Xn; f %f Sn -3 Sn are étale
in V for all n.

b) A morphism f: 1 —> f ig called étale if f is étale in every

point x of } .

6.1.2. Remarks. a) This definition is independent of the choice of

the Ideal of definition. We omit the easy proof which depends on EGA
IV 17.3.3(iii).

b) An étale morphism is locally of finite type (EGA I 10.13.1 a).

c¢) An étale covering (3.2.2) f: 1 - :f is an étale morphism as
follows by applying EGA IV 18,2.3 to the morphisms fn: Xn_—e> Sn .

d) Let f+ X = S be an étale morphism of ugual schemes and T a closed

subset of S. Consider the completion (EGA I 10.9.1) :
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f: %= X ,.-1 8- s
f: X= /£~ (T)—-? S= /T *

)
The morphism f is étale because étaleness is preserved by the basge

change Sn —>» S for every n .

Proposition 6.1.3. If Et(:/) (resp. Et(So)) denotes the category of
formal S-schemes (resp. So-schemes) étale over./ (resp. over So) then
the natural functor
b+ Be(7) —> Et(S,) ,
defined by
pCE)- (£ ,05 /70 )= %, (¥e E5(T)),

ie an equivalence of categories. By this equivalence fibre products

of formal schemes correspond with fibre products of usual schemes.

Similar results hold if So is replaced by Sn (n? 0)
Proof: EGA IV 18.1.2EGA 110.12.% and 10.7.4.

i
6.1,4. Descent lemma. Let w::/ —-> 3/ be an étale, quasi-compact

surjective morphism of locally noetherian formal schemes. Put
!l 7pl 70/

= Xp and ®epPy= PeDo= ¢ . Then:
i) 0y —> (0p) —» & (Opn) is exact

=7 %t =o' * = ’
ii) ¢ is a morphism of effective descent for the category of coherent
Qd-Mbdules (resp. of coherent, locally free Qf—uodules),
iii) ¢ is a morphism of effective descent for the category of
coverings of f , 1.e., of "arrows” f: I d .'/p finite over:}P ,
iv) if £: ¥ —» 7 ie adic then the diagram

I's
Homi (\7?,1) - Homf (/’,E) =3 Hom, (/,z)
is exact.
Proof: First we note that the sequence w
i , / "
A I N A~

is the inductive limit, in the sense of EGA I 10.12.%, of the sequence
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s <mg s! st- s s”
n n::nxsnn"nEn,

where S;; f’xy Sn (see EGA I page 209 proof of ii)). Note also that
7" x, /' is locally noetherian (EGA I 10.13.5) becsuse ¢ is locally
of finite type (6.1.2) .

Assertion i) follows from the corresponding statement for the ¢n
after taking the projective limit, ii) follows for coherent sheaves
from EGAT10.11.% and the corresponding statement for @, - In case of
locally free thModules one uses [3], Alg. Comm.,chap. III, Th.1l §5.
Next iii) follows from ii) applied on the Qf -Algebra f*(Qf Do
Finally iv) follows from EGA I 10.12.3 and the corresponding statement

for usual schemes applied to wn(n 2 0) .

6.1.5.%Etale topology” on f . It would be possible to develop now

the *étale topology” on Jp. However it follows from 6.1.% that we can

also work exclusively with the étale topology on So (cf. also with

SGA 4 VIII section 1) and this we prefer to do. This has the advantage

that we do work in a familiar context as far as the topology is

concerned, but the drawback is that we have to consider sheaves in the

étale topology of S (and also in the Zariski topology) which are

rather unusual as sheaves on So (but natural on f’). We are going to

list below some results needed later on.

6.1.6. Some sheaves in the étale topology of So' (In the following ¢

denotes the functor from 6.1.3) .
a) Let¥e B6(F). Then X defines a sheaf (still denoted by £ ) in the

étale topology of S _j; the value on_SLgEt(So) is given by

E [S;]= XO(S;)= HomSo (S;’Xo)= Hom; ( ¢'1(so),f) .
Example. /%g,f (see 3.1.8), the ny prime to the residue characteristis.
b) The sheaf 9m,{ (both in the étale and in the Zariski topology of
So)z For S;e Et(So) (resp. SL open on So), put:/l = ¢-l(S;) and
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uy 15,0 < ((F05)

The fact that this is a sheaf follows from 6.l1.4 i) and from
! ! ) N
¢) Kummer sequence. If n is an integer prime to the residue

characteristics then the following sequence is exact in the étale
topology on So :
o —> ﬂn,:f’ —> gm,f i gm,f -2 o
Proof: SGA 1 IX 3.2,
d) Hl(So,Zar.’gm,f) = Pic(/) *
7 (s

o,Et» m,f ) (:;Pic(ﬂ')'

Proof: By the definition of n.d in the Zariski topology on So’
_— ,
one has for H (So,Zar’ gm,/ Y = H (fZar’ gm,ﬂp ) and this is
igsomorphic to Pic(if) (EGA 01 5.4.7). For the étale topology the
proof is the same as for usual schemes (see SGA 4 IX 3.3 or (2], chap.

IV 1.2); the essential point in the proof is the descent lemma 6.1.4ii).

6.1.7. Finally we prove the following lemma (to be used in 6.2):
s
Lemmas Let f:;/ —> be an étale morphism, then f is flat.

/ 1
Proof: We can assumei{ = Spf A, {/ = Spf A with A (resp. A‘) a

J-adic (resp. Jl= J.N -adic) ring. Let s%if correspond with the prime
ideal Pl of A and s= f(s') with p of A, Consider the multiplicative

system T= A~p in A (resp. T'= A -p in A' ) and intoduce the local
rings.A{i'lJ resp. A'{T"l} (see XGA O 7.6) . We have
A {T'%} lim (4/0%)
M

[ - 1
and similar for A {T' l} . From the morphism A —>» A we get a

continuous homomorphism

02 A{TJ} - Kfﬂ'q

defined as projective limit of
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ot (A/57)5> COVZ D W

By assumption A/J" —> ' /J'" is &tale for each n; hence ¢, is flat.
The flatness of ¢ itself follows from the well-known criterion in

(3], Alg. Comm. III, Th.l §5 (which can be applied, due to ibid, &5,

prop.2).

6.2. Coverings of Kummer type

6.2.1. The assumptions are as in 6.0. Let moreover J be an invertible

Ideal on f .

Definition: A couple ( /V . jﬁn y ) consisting of a covering
,
£ 7 - f , Oon which /Zn # operates over / , 1s called a covering
,

of f of Kummer type relative to?d if there exists a covering family

{/q - f} in the Zariski topology on / and sections
a e ¢ /a,gf) with (aa).gf= /y/ .fa such that

(/ya:/ylda,/ln/)

is a Kummer covering of T/a relative to the section a, (see 3.1.9).

Remarks: a) Morphisms of coverings of Kummer type are defined as

JV 4 --f -morphisms of the overings.
n’

b) By lemma 6.1.7 the notion is stable by é&tale base change (and more

generally: by base change for which ¥ remains invertible)

6.,2.2. Consider in the étale topology on SO the fibred category C(J)

(called the category of coverings of Kummer type relative to &) defined

as follows:

! 7" =1, .1 1
for SeBt(S) put 4 = ¢7H(S)) (see 6.1.3) and let C(¥) (S,) bve the
category of coverings of‘f’ of Kummer type relative to the inverse

image 9 on flof g on 70 .

By remark b) of 6.2.1 we see that C(g) is a fibred category. By



87

abuse of language we write sometimes C(¥)(4’) instead of C(@)(S‘o)

Our main objective in this section is:

Proposition 6.2.3. The fibred category C@) of coverings of Kummer

type relative to ¥ is a gerbe (see [4]) for the &tale topology on So
with lien /Yn o Moreover, the 2-cohomology class
,
2
e B, fr, )
determined by 0«7) is the image of 7} considered as element of
Hl(So, G‘m j’) (see 6.1.6 d4), by the co-boundary operator
o
- 2
o H (8, gm,:f) —> H(8,, ﬁn,oo s

obtained from the Kummer sequence (6.1.6 c)

o> Ji, 7> Gm,g"% gm’y—e 0

in the étale topology on S, .(A more precise notation would be
¢y ana M)y

Remark: If D is a positive divisor on fand (7(D) the corresponding

Ideal then we write C(D) (resp. ¢(D) instead of C(g(D)) (resp.c(Z(D)).

The proof of 6.2.3 is preceded by several lemmas:

Lemma 6.2.4. Let f: 41-—? 5{ be a covering. Equivalent conditions:
a) (/7, /‘zn 4 ) is a covering off of Kummer type relative to 7.

,
b) The 9/ -Algebra f*(g’;t )= J¢ has a ﬂn,/ -graduation:

#’f?z/’za

n
such that for the _QJ-Modules jﬂza we have:

L]

L]

i) _ﬂa is locally free of rank one (1€ o < n); put /¢l= 4
ii) +the natural homomorphism Le ﬂa is an isomorphism (1€ o« < n),

iii) the natural homomorphism pP :.£n d ﬂo:: —Qj’ is an isomorphism

f:.ﬁn'—‘;/fcgf .

Proof: This is a local question) the lemma follows from 1.2.5 and
3,1.9.
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Corollary 6.2.5. Let ( ’7, /Yn 7 ) be a covering of./ of Kummer type
.

relative to J and (Jf,f ) the couple described in 6.2.4. Then, with
/

variable formal f -scheme g: f - f , we have

def
{ i
/}’(a" ) == Hom p ( :/,/;t)= Hom_Qf,f (.g,g*(gj' ),

where the subscript f means:! those —Q.f -homomorphisms which are

compatible with p Lr —Qf .

Proof: By EGA III 4.8.8 we have (see also 3.1.6):
/

7 ()= Homg | _y1genras (5 (29 )+8,(2#1)

and by 6.2.4

Hom

0 -Algebras (£, (9'7 )48, (Q71))= Homgf s f (j’gx-(gf‘)) ‘

Lemma 6.2.6. Let (7jj /Yn 7 ) (i= 1,2) be two coverings of Kummer
,
type relative to‘y; let (afj} fi) be the corresponding couples in
the sense of 6.2.4. Then we have:
3
Hom 4 /Iy —> Hom (L L)
g oy 4712 g0y, £l P2 L)
where the subscript f 1+ f o means: those homomorphisms compatible

with £1 and fg- Moreover every such morphism is an isomorphism.

Proof: By EGA III 4.8.8 and 6.2.4 we have

Hom
7,

=S = £ on)).
I ﬁ,’%{)—;nomgf, Jo 50908, 0 Srong o, &y 5 (o)
Now if we consider such a homomorphism Zariski locally on.:/ , then

both.f1 and.lg are free Qf-Modules with generators 5y and ts

@ is such a homomorphism then ¢ is determined by the expression

say. If

n-1 .
i . .
@(t2)=E§gbi v (the b, are local sections in Qg ) .
Using the fact that ¢ is compatible with the action of /Yn F Ve
,
obtain (ef. 1.3.11):

@ b,= 0 (is1) .

i
Using the fact that ¢ is compatible with f2 we get
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(2 Fo(t3) = o7 fr(8]) .

Since both fi(t?) (i= 1,2) generate y'we have bn, hence b, a unit.
From (1) we see that in fact ¢ corresponds with a homomorphism

£2 —9»=ﬁl which is, by (2), compatible with fl and F2 and is an

isomorphism because bl is a unit.

Corollary 6.2.7. There is an equivalence between the category

@) (\7’) of coverings of Jp of Kummer type relative to J and the
category of couples (dﬁ‘F) as described in 6.2.4 with as morphisms

such Of-morphisms of the Modules which are compatible with the £ s
Proof: Combine 6.2.4 and 6.2.6,

Corollary 6,2.8, The assumptions are the same as in 6.2.6. Consider

the couple Qgil o.eg,f ), where fp :(.gila .Bg)n:; T 1le 7= 0fis

the isomorphism determined by Pl and f,, and let (/y3’ jﬁn’f) be the
covering of Kummer type, relative to QOp, corresponding with this

couple. Consider on Et(So) the functor

T= Isom G

= 1 /2
f ’/Zn’f
defined by the formula
! _ !
T(Sg)= Isom pty () (4 .
! L]
where /- ¢-1(s;) (see 6.1.3). This functor is a sheaf on Et(So) and
is canonically isomorphic with the sheaf corresponding with 475 (in
the sense described in 6.l1.6a). Furthermore this sheaf is a /7n ;-
,

torsor. In particular: Autj’/ﬁ fC?) is canonically isomorphic
, n’

with f1 7 .
.

Proof: In view of remark b of 6.2.1 we can assume that SL: So, i.e.,

f; f . By 6.2.6 we have
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Isomf’ ﬂn,f(/yl’/yg) = Homgf’ Pis Po (’62"[:1) .

Consider the natural map

(052 ,—Gl) _A> Hom

(%) Homy, o) ,f

_fo)olsfg

defined as follows: let

Lt e L£,,00)

®s -82 -2 "51

L]

then A(y9) is given by the formula
v v

We claim: (#) is an isomorphism. This is eaily checked in a straight

forward manner. Next we remark that by 6.2.5 the right hand side of
(#) is precisely /yB(d’)' The map A is natural, therefore it behaves
functorial by morphisms f”-a /I and this completes the proof for
the first part of 6.2.8. The assertion that 413 is a }(n’f-torsor

can be proved locally, i.e., we can assume la = Qf (i= 1,2) . Let
p(L)= ue 7 (4 04, then u is a unit. /773 is then a Kummer covering
of f , relative to the unit u, and the assertion follows (going from
f = Spf A to Spec A) from 1.4.5 (or is obtained by a direct check.)
In case /yl= /¥3= /zY we have u= 1 and /,73= ﬂn,.f .

Corollary 6.2.9. The assumptions are as in 6.2.6. Then there exists

for every se& So an étale neighbourhood Sg of s in So such that for
! 1
jé Et(J’), with ¢(f )= S; (see 6.1.3), we have
- TN
Dy ENY

Proof: This follows from 6.2.8, We can find an étale neighbourhood

. ! -
S, for seSo such that for f/ = q) l(Slo) we haveﬂn’!(fl)#-,d .

6.2.10. Proof of 6.2.3. First we want to see that in C(¥) the

descent theorems hold. By 6.l1.4 iii) we have descent in the category
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of coverings of j, with respect to surjective étale morphisms

fl-€> L/ (i.e., with respect to &tale morphisms S; —> So). It

follows also by 6.1.4 iii) that /anf'-morphisms give after descent
Ianf-morphisms. There remains to be seen that a covering of Kummer

type of:/l relative to Cylgives after descent a covering of Kummer

type of f’ relative to ét For this we can assume thatqf = Spf A}

consider the corresponding covering of Spec A= S, i,e,, we are reduced

to the case of usual coverings. We use the characterization 1.2.5

for Kummer coverings; the assertion follows because the condition b)

of 1.2,5 is stable by faithfully flat descent.

The fact that C({) is a gerbe follows from 6.2.9, 6.2.6 and
from the observation that we can find a Zariski covering {ffa—f>:/}
such that c(¥) (fa) =+ d . By 6.2.8 the lien is /‘zn’f .

Finally the assertion: 1In HE(SO, /%n’dﬂ we have c(¥)= o ().
According to “general facts from 2-cohomology” (see [4]) 9 @ is
the cohomology class determined by the gerbe consisting of the couples
(f’, £') on fl (étale over 4 ) with L' an invertible ij’-Mo dule and
f" : ﬁln > f7l (where {71 is the inverse image of 7 by JI—? f ) .

However by 6.2.7 this gerbe is precisely the gerbe C(¥).

6.3. Comparison of two 2-cohomology classes

6.3.1. The assumptions and notations are as in 6.0. Let furthermore

H be an ordinary finite group and ¢: jD -e»:/ a H-torsor in RevEt(ﬂ’).
We recall that this means that ¢ is a surjective étale covering and
the morphism f') %y Hj ——9ﬁx ﬁ, given by (p,h)= (p,ph), with Hyp the
constant group H, is an isomorphism, By the conventions of 6.1.6 a)

we consider 59 as a sheaf in the étale topology on So and as such it

is again a H-torsor, where now H is considered as the constant group
of Et(So).
Consider on the one hand the category of finite H-sets, with H

operating on the left, and on the other hand the category of sheaves
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for the étale topology on So. Then there is a“morphism in the sense
of topi® :
(topos of sheaves on Et(So)) ~—> (topos of finite H-sets),

such that the inverse image functor 4] can be described as follows:

Let E be a left H-set and EJ the corresponding formal f -scheme

EJ-'-—I-ELﬂpo

then
EML-I—}—> E?=§‘7XHE__,,
where the E’Z RevEt(:f) is considered (6.1.6a) as a sheaf on Et(So)

# is obtained from Ey by “twisting” with 50 (ef.

We recall that E
Serre, Cohomologie Galoisienne, p I-59), namely as quotient of
5px3 Es under the action of H by means of the formula
(p,e).h= (ph, h-le). We also remark that if we take a pointing in
50(30), with g | a geometric point on.Jf , then we get a homomorphism
nl(f, %o) —> H. Hence E becomes a nl(f, go)-set and therefore
determines an étale covering f of / (cf. also 5.2.2)5 now Eﬁ and
g are:/ -isomorphic, This follows immediately by looking to the
operation of nlﬂ:f, %o) on a geometric fibre,

Finally we remark that, from the functor qp above, we get
homomorphisms of the cohomology groups (in case E is a H-group):

B (#,E) —» Hi(so;E?> .

6.3.2. Let
(e) o—>» F—> G— H—-—=> 1
be a sequence of ordinary finite groups with F abelian, hence H
operates on F via inner automorphisms of G. The above extension is
determined by an element

k(e)e H(H,F).
By the above homomorphism of 6.3.1 we get an element, still denoted

by the same letter:
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£y,

Moreover by the genersal 2~cohomology theory of [4], k(e) is the class

2
k(e)e H(S_,F

of a gerbe K(e) consisting of the couples (f”.ngwith.¢>+ a G-torsor

for the étale topology on So and A L¢+.—? 50 a morphism compatible

with the action of G onﬁ+ and on 90 (via the action of H).

6.3%.3., On top of the assumptions in 6.3.1 and 6.3%.2 we assume that

we have a morphism ¢ of formal:f -schemes as follows:

APt S

such that:

a) ¢ is finite (¢ is also finite by the assumption in 6.3.1),

b) G operates on 5?; by 6.%.1 H operates on.ﬁ’and fois a H-torsor j
both operations are on the right, and are operations over Jf,

¢) ¢ is a G-morphism (G operates via H on.jo) .

d) there exists, for a certain n prime to the residue characteristics,

an isomorphism in RevEt(/)

i My, S = 57,

e) there exists an invertible Ideal 7Y on f such that the inverse
image ¢-1(0)=’7l on 50 is again invertible and such that
(j?, /Zn’f)) is a covering of P of Kummer type (6.2.1) relative
to 47' .
Note that by the isomorphism i lifted to P :
if:ﬂn,f’c_\;F ’
we have indeed that n, P operates on £ over fﬁ , btherefore

assumption e) makes sense.

6.3.4. Using the invertible Ideal‘g on /’ we have an element (6.2.3)
2
From the extension (e) in 6.3%.2 we have
k(e)e BO(5 7).

Furthermore from the isomorphism i in 6.3.3 d we have an isomorphism
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B(S,,1) : H(S,, Iy =3 w3s_,r’) .

Theorem 6.3.5. With the above assumptions and notations, and

identifying +the cohomology groups HE(SO, Mo 7 )} and HE(SO,F})) by
,
means of Hg(so,i), we have

k(e)= c@) .

Proof: Consider the gerbe C= C(¥) (6.2.3) and the gerbe K= K(e)

(6.%3.2). We want to find a functor
As C - K
such that for the corresponding morphism of liens
. P
Js ﬂn,/ —> F

we have

Let (So)* —> S, be étale; we are going to define )\(Sot). Put
J,’,: qb-l(So*) (see 6.1.3), i.e., Of‘_ — 7 is é&tale. Denote by -
ﬂ*, f,i (resp. 7*) the formal schemes (resp. Ideal) obtained by base
change J* -> f .

Start with Qé C(g) (So*), i.e., 74 is a covering of /;_ of Kummer
type relative to O* . We have the following situation:

— %Zp

é——-—zé———ﬁx_

<

G AR

<t # <-—cz_£

Now jzn,a’ operates on /z (write for this time the operation on the
left), hence on 4}9 . Furthermore the twisted sheaf Fﬁ operates on
the left on \f? in a way compatible with the operation of G on the
right (set theoretical ly this operation is given by the formula

(p,f).r= r.fL

, Where the representative (p,f) is chosen in such a
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way that ¢(r)= p). Using the isomorphiam i from 6.3.3 d we have that
/Zn f operates on the left on )f in a way compatible with the
,
operation by G on the right.
Consider now the functor
M5 )t e (8, ) = K(e) (5,)

defined as follows:

)\3% > C@: Isomﬁx’ﬂ !(\%*o Qﬁ) OQ.>

1 I

By ©6.2.8 the right hand side may be considered as an étale covering

of fz , therefore we have a natural morphism of formal 7£_ -schemes
@@ = L,

and both @? and Jg may be considered as sheaves in the étale topology

on So* (¢f.6.1.68), There remain to be shown the following points:

I) (@ a: @ > & ) is in K(e)(s,,) -

Proof: G operates ovex~2ﬁ on the right of.ﬁa and on/zy‘7 (via the

operation on.go) and this operation is compatible with the operation

on the left by‘j&ll’d; . It follows that G operates on @ “in the

usual way” by the formula

(%) (a.g) ()= [oc(r.g-l)].g (ge G, ae @ , re ﬁ*) ;

this operation is compatible with the operation of.fzn’j; and g is a

G-morphism. In order to see that(@ is a G-torsor over ﬂa it suffices

to see that C@ is a F-torsor over.ﬂ:. The operation of F on & over

jg is given by the above formula, i.e., by
) (@.£) (£)= a(r.£7)

L]

because the operation of F on 4%p is trivial. The fact that

@ xr—> & x @
is a bijective map (after evaluation on Et(Po)) is seen by straight
forward calculation using (% ¥ ), From this and from the fact that
-as formal schemes- (¥ is an étale covering of Jf we get that @ is

a F-torsor over j: .

II) The functor K(So*) behaves correctly by base change in Et(So).
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We omit the proof of this.

III) From the functor A we get a homomorphism of groups

32 My g = 77 aut (&,0).

We want to show that
J= 1
Proof: Since it suffices to prove this locally we can assume that
we have sections aéﬂn,J (/,;_) and ae & (J,(.). The section o gives
via q: @ —> .ﬁ an element péﬂ(/;) and using this we can (over 7i )
identify F'qJ and F.
By the definition of the functor A we have
i(e) (a)= €.x
Since o is a ljn,J -morphism we have (point-set theoretically and
with re £ )
ceo(r)= o g.r)= a(i(e ) r)= alr.i(e )-1) .
because this is the way the action of /711’/ on £ is defined. On
the other hand by the formula (*%) we have
(3Ce)a) (2= alr.j(e)™) .
Since @ is a F-torsor over f: , the element fe& F which makes the
diagram
ﬁ,‘_ —;‘—7 /Zf

£ f (trivial actionl)

jzk —=X sy

7

commutative, is unique. Hence i(e )= j(e ), i.e., i= J.



67. The tame fundamental group of a formal

neighbourhood of an irreducible divisor (continued)

7.1, Determination of the extension (see 5.1.11)

7.1.1. The assumptions are the same as in 5.1.1; see also 5.2.1 far

the notations. According to 5.2.9 the extension from 5.1.11:
!

D
D * o
o —> K —>» nl(f,:, ) > my (85,50 —> 1
is determined by an element
k(e)e HO(U_,K)
o'=’ "

Here K is a projective system of sheaves in the étale topology of Uo
and is determined, in the way described in 5.2.3, by the profinite

n{- group K. Recall that we use the abbreviation
)

D
t o}
ny= 1y (55,38,) -
Furthermore we have, from 5.1.11, a canonnical, continuous, surjective
homomorhism

. t
je Je(8) > K —=> 1.
Hence we have a homomorphism of the corresponding projective system

of sheaves
co gy
J'/t > £,
where /1t is the projective system (filtered by the relation n n')

t . .
- Q[Yn’so) . n invertible on S .

{.1.2, Consider, in the étale topology on So, the Kummer sequence
(see 6.1.6¢c):

o — ﬂn,/—7 §m,f—£? gm,/—> o .

This gives an exact sequence of cohomology groupss
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1 n 1 2
o> B (S, G g B5 H (so,fm’:,) <5 H (Soaftn ) == -
2 l
H (So’jyn,so) ¢
From the divisor Do on J7 we get (see 6.1.64)
1
class (Do)e H (So,fh’J ) .
Let the image under 0 be denoted by
(n) 2
c (Do)e H (So,]Yn’So) .

Next, going to the projective system /%t we get, with the conventions

of 5.2.3 (this time on So itself instead of on Uo), a class
o (n) 2 t
c(Do)_!l;m c (Do)e H (So,/% ) .
Finally we write
! 2 t
c'(D)e (U, J1™)
for the image of c(Do) by the canonnical homomorphism
2 t 2 t
H(8,,/17) = H(U,Jt7) .

obtained from the inclusion Uo<: So .

Theorem 7.l1.3. With the above assumptions and notations, and writing

. 2 . 2 t 2
do= B2V, 0t B, ) = B0

for the homomorphism of cohomology groups corresponding with the
homomorphism (from 5.1.11)

s = x,
we have the relation

k(e)= 3 (c' (D)) -

Proof: Consider the exact sequence of 5.1.11
rret———— Dl
*
(%) o~>» K —» n?( /,g ) = nl°(so,;o) - 1

D * . . . s A
we have nl(‘/’% )= 1$m };3 with r; finite groups and similarly for
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)
nlo(So,go). Let KY be the image of K in r} and put f$= f; /KY . The
above exact sequence is the projective limit of the corresponding
exact sequences of finite groups:

]
(% #) o=k -1 > = 1.
Y Y Y
rﬁ 1
Here » (resp. r}) is the Galois group of a connected, pointed object

fe RevD(f) (resp.ze RevD(./)) and we have morphisms
A L

with ¢ ale- morphism.
1

D
. ! t o
Since F}, and hence my= 7, (So, go), operates on KY we have

by 5.2.2 a sheaf X for the étale topology on Uo' On the other hand
[ )

write U=1/)Uo, then clearly-f }U is a ]ﬁY- torsor. Therefore we have
i

¥l

by 6.3.1 a “twisted sheaf” (K ) for the étale topology on U

Since I is a pointed object in Rev (1/) these two sheaves are

canonically isomorphic

(K )1 }U Pl EY

(see the lines just above the final remark in 6.3.1),.
Next, by 5.1.7, there is for a suitable integer n, prime to the

residue characteristics of:/ , an isomorphism

- —>

i@ Jr (2 ) = L
Therefore both sheaves are (on U ) isomorphic W1th./7 :/ ; 1t follows
also that/7 j lifted to .Z }U becomes constant and isomorphic with
KY . Since KY operates on i /U over i IU we have thatllj J
operates on l}'U over 1 LJ. Now we claim that with respect to this

operation 1] U is a covering of I J U of Kummer type, relative to

the Ideal $l(g)= 72

In order to see this it suffices to check the conditions of 6.2.4.
Y
This can be done locally on I )U, therefore we can reduce to usual

schemes by 4.,1.% and next we can make an étale base change.
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!
Using 2.2.5 we see that 1] U is tamely ramified over ¥ [ U with
)
respect to the divisor defined by 4’ and we can apply 2.3.4.1i1).

U is equal to the order of the group

Since the degree off) U over XI
KY’ and since KY is the inertia group of a geometric point M, in
I (go), we have from 2.3,4,ii) that as a scheme 1] U is a Kummer
covering over fi U (and not & union of Kummer coverings). From the
way the above isomorphism jn(go) is obtained (see the usual valuation
theory) we have that the above obtained action of/?n agrees with the
action which exists implicity by the assertion 2.3%.4 ii).
From the above discussion we see that we can apply 6.3.5 to the
coverings
.’/,U < IIJU < ilU
and to the exact sequence * %), Let k(eY) be the element in HE(UO,EY)
determined by this exact sequence. Then we have by the isomorphism
(3p)y ¢ B (Wgy J1) S H (U K )
the relation (6.3.5):
(e, ) {(Jn)* (c'(n><no>>}
(recall: the prime means restriction to Uo). The theorem itself

follows by taking the projective limit (over vy, resp. n).

7.2, Determination of the kernel K

7.2.1. After the result 7.1.3 we see that the extension of 5.1.11
is determined as soon as we “know” the group K. For this we use the
canonical, surjective, continuous homomorphism (5.1.11):
i PGy - &,

i.e., we want to determine ker(j).

With the usual interplay between profinite n{- groups and
projective systems of sheaves for the étale topology on Uo we have
the following commutative diagram (see 5.2.8; by abuse of language we

also use the letter j for the induced maps of the cohomology groups):
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£
. m
o — H(nY,M¥(2)) — v(U [ > {HQ(UE,/‘lt)} !

' i) W

- 7
o = H(nl K) —> H2(U_,K) —>{H2(U§,I§)} 1

and furthermore

B2(T%, Mt%)-  Hon . (5. S0
cont,n1
(3% ,K)=  Hom (n%, %)
o= t 21
cont,my

The element c'(Do)e HE(UO,}‘t) of 7.1.2 determines a continuous

n{- homomorphism?
. -t t
B T, —> it (go) .
By 7.1.% and the last remark in 5.2.9 we have
jeB= o
i.e.,

(%) ker(j) > Im(B) .

Proposition 7.2.2. Under the usual assumptions and notations (see

5.1.1 and 5.2.1), together with the additional assumption

Di O/\Dj,0=¢ (i%osj%osi_‘%ﬁj) [

L]

we have

In(B)= ker(J) .

Proof: Taking into account the inclusion (¥), there remains to be
shown the following: if N is an open subgroup of jﬁﬁ(%o) such
that

N > Im(B) .

then

N > ker(3)
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By 5.1.7 it suffices to show that there exists a Galois object
Fe RevD( /)
t . .
such that Jt “( go) /N:/Wno(go) is the inertia group of a point of the

geometric fibre’% . In the following the integer n is kept fixed

(<]
(note that ng is prime to the residue characteristics of 7).

7.2.3., Before proceeding we claim that we can make the following

additional assumptions:

. 1 . 2 .
a) the image of ¢ (Do) in H (Uo,/ﬁno) is zero,
b) /Zn. is constant on U .
o

In order to see this we recall that ﬁg is obtained (see 5.2.1)

|
as an inductive system of Xae RevIb(So) . Due to the assumption

N D Im(B),condition a) is fulfilled if we are able to replace Uo by

U= Xa‘Uo for large a, and clearly the same is true for condition b).
\J !

With the X < RevDo(So) corresponds (4.3.2) fae RevD(/);
/ e ! ce s u
let £ 27 —> be the structure map. Put I = {1; iz o} , I = {o} H
we have by assumption D, M Dj= ¢ for i 4Jj (i,je I'). Therefore we

can apply 4.4.4 to qx:‘fa —> J; we see that d& and the reduced

inverse image-D* on.:/ of the divisor D on j fulfil the conditions

o
of 5.1.1 (the regularity of J; outsige the divisors follows from
3.2.% and 3.1.3) . We have by 4.4.4
! -1
De= D+ (D)

) i
with D, the inverse image of D = X D, -

igko T
. D * Dy *
For abbrev1at10nlput m= nl(:/,g*), T= oy ('Ja’ga) .

1 | D
n = n?('f,g), (n*)= nl*(J;,ga). Then we summarize the situation in

the following diagram, in which rows and colums are exact, in which

the rectangle is commutative up to ar inner automorphism and in which

r; denotes the Galois group of /; (or of Xa):
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S

}

For the exactness of the columms we have used 4.4.6., from 4.4.6
follows also that n” (resp. n*l) is an open subgroup of n (resp. of ).
Therefore we have that K< n” and K= K.
Replace-d’and D by dzrand Dge . As we have remarked above
this does not destroy the assumptions made in 7.2.2. Now it suffices
to show that there exists an object’?e RevD*(d&) , Which is Galois
and which has inertia group /1no( go). Because then we have a

continuous surjective homomorphism

and this is sufficient for the assertion that N > Ker(j).
Conclusion: We can make the additional assumptions a) and b)

of 7.2.3.

Lemma 7.2.4s The assumptions are the same as in 7.2.2. aAssume
moreover that:

a) the image c'(n)(Do) of c'(Do) in HE(UO,/"(n ) is zero,
o

b)/‘{n is constant on Uo .
o



104

Then there exists a f3 T—-) 7 such that (fﬁn ) is a covering of
0
Jof Kummer type relative to the divisor
D=D_+ & g, D, e s
o Tiert 11 (qi positive integers) .

7.2.5. Proof that 7.2.4 = 7.2.2. According to the remarks in 7.2.2

it suffices to constructafyéRevD(f3, which is Galois and such that

the inertia group of a point of the fibre’?% is }%n (50). We proceed
in several steps: ° °

Step I. Assume J’=Spf A with A a J-adic noetherian ring.

Let S= Spec A, then S is regular because:/ is regular. Let 7Jbe as in
7.2.4, then 9f= Spf B with B a finite A-algebra. Put T= Spec B, then
(T,[zno) is a covering of Kummer type of S relative to the corresponding

divisor D on S (use -for instance- 6.2.4).Let Y be the normalization

of T over S and/7= Y/V(J)' It suffices to prove that YeRevD(S) and

that Y is a Galois covering with inertia group/”n for a point ﬂdézg .
o) o)

Because then'” & RevD(J), is Galois with the same group, and the

inertia groups are the same for ndsYs and for noe’yi (see 4.1.3) .
)

o
We can assume that S is connected, hence irreducible. In order

to see that YeRevD(S), first look to T. Locally on 3 we have that

D, = div(ti) and T= Spec B is given by B= A[T]) with

n Q. Q
o i n .
(%) T = %577 ... t0.u= 0 (u unit in A)

By taking the generic point scho we see that this equation is
irreducible over Qs’so as equation in T (use for instance Eisenstein’s
criterium). It follows that T, hence Y, is irreducible. In order to
see that YéRevD(S) we have only to check condition 5) of definition
2.2.2, For the function field R(Y) of Y we have

R(Y)= R(T)= R(8)(7) ,

where T is given by the above equation (%). We must show that the

extension R(Y) of R(S) is tame in the maximal points of the divisors
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Di’ However, this is well known, see for instance [?7], proposition
2.4.5 (the fields thereare complete with respect to the valuation
but by 2.1.4 this makes no difference). Since R(T)= R(Y) is Galois
over R(S), with groupﬂ7n , We have a Galois object YeRevD(S). Finally,
locally over the genericopoint of So the T and Y are isomorphic
(T is normal by 1.7.2 v). Since i o 1s the inertia group for the
points of Tao, the same is true forngo. This completes the proof of
step I.

Step II. Let J’=Spf A as before and Spf Alc”/ an affine open piece.

Construct qa'similar as ¥ above, we want to see that

/‘7’1 =/7 Xgpf A Spf Al=/¥l Spf Ay
The proof of this is entirely similar as the proof of the existence
of fibre products in 4.2.2 and depends on the fact that the base
change
Spec A <«— Spec Al
fulfills the conditions of 2.3%.6.

Step ITI. General case. Follows immediately from step I and IT.

7.2.6. Proof of 7.2.4. We write from now on n instead of n, (n
invertible on So). From the Kummer sequence in the étale topology of
S
o
n
o —» /Zn—> Em’so—r I}m’so—a o s

we get the following commutative diagram with exact rows:

...=> Pic(8)) B> Pic(s ) 2> H(S,/t) —> ...

) P A

coo=> Pic(U)) -B> Pic(U)) 2> EAU_,J1.) > ...

We claims A is surjective and ker(A) is generated by the classes of

iwko

D.
=i,o

In order to see this we first note that Div(So) —> Pic(So) (resp.
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Div(Uo)-—a Pic(Uo)) is surjective,by EGA IV 21.3.4 b, because So is
reduced. Next on the regular scheme So the map Div(So) —> Div(Uo) is
surjective and the kernel is generated by the Di,o (i=k0) (EGA IV
21.6.9). From these two remarks (and the fact that the kernel from
Div(-) —» Pic(-) is given by the principal divisors) follows the
above claim.

Now let ae Pic(So) be the self-intersection class of Do in So’

i.e., o is the image of class (Do) by the mapping Pic(?d) — Pic(So).
The assumption d(n)(Do)= o in HE(UO,/wn) means thatv.d(a)= o, hence
A(o)= ny with Ye Pic(U ). Let y& Pic(S ) be such that A(y)= ¥. Then
we have (a- ny) eker(A) i.e.,

).

a- ny= I (-qi) class (Di,o

igo
We can assume, adding suitable multiples of n and changing vy, that

the Q; are positive integers. Therefore we haves

*
(*) {oc+i£o g; class (Di’o)}en Pic(8,)
with positive integers Qy - Consider now on‘/ the positive divisor
D=D_ + % q. D
* %
(% %) 0 igo i~i .

By 6.2.% lemma 7.2.2 is proved as soon as we see that the element
(n),z 2
c (D)eH (So’ﬁn,:/)
is zero, because then C(n)(l—))(f)#:yf.

We have a natural homomorphism § J-€> &
m’ m’

5, " S My g -
by 6.1.3. Using the Kummer sequence (6.1.6 c)
n
o> Jtyy >G4 =G, > 0
for the étale topology on So we get a commutative diagram of exact

sequences (see also 6.1.6 4)

— Pic(®) B> Picl) - B(S,fr, H > ...

W

. 2
—> Pic(s,)) %> Pic(S )—> H (So’/’n,so) -
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The fact that c(n)(ﬁ)= o follows from the isomorphism of the last

columm and from (#) and (#%). This completes the proof of 7.2.4
and 7.2.2.

7.3, Final result and examplesg

7.3.1. From 5.1.11 and 7.2.2 we get:

Theorem 7.3.1l. Let / be a connected, locally noetherian regular

formal scheme and (D.) a set of divisors on 7 with the
i‘i=0,1...,r

following properties:

i) the divisors are regular and have normal crossings on ﬂf ,

ii) the Ideal‘7(Do) is an Ideal of definition for 4c

i1i) Dy Dy= g for iskj, i=ko,jsko -

Under these assumptions and with the divisors (see 5.1.1)

1
D= % D; and Dy =2 __ Dy
i isko ! !

we have an exact sequence .

hy 3 D
10U ,8,) > M) —> (L8 = 1% 80 > 1.

Here j is the homomorphism described in 5.1.11 (or to be precise:
the homomorphism of 5.1.11 followed by the inclusion of K into
n?(</,§*)) and B is the homomorphism of 7.2.1; $ is determined by the

self-intersection class of Do in d’.

Remark 7.3.2. The above exact sequence should be compared with part
of the exact sequence of homotopy groups obtained, in the theory of

differentiable manifolds say, from the normal sphere bundle of S,

in 5/ .

7+%3.%. Examples. Let the assumptions and notations be as in 7.3.1

and assume moreover that So is an algebraic curve, smooth over a

separably closed field k 3 let g= g(So) be the genus of S .

Case a: gso and I={o i.e., D= D_and U_= S, .
= ’ ’ o} o} °



108

Now if char(k)f n then:
2 ~
H7(85, )= ©
In order to see this let Sl be an irreducible étale covering of So’
then g(Sl) 7 o and Sl has an irreducible étale covering S2 of degree
n over Sl . Now
2 . .
B (S;,/1,) == Pic(8;)/n Pic(8;) = Z/md (i= 1,2)
(see SGA 4 IX 4,7) and by the isomorphism the map
2 2
(8, [t)) — H (8,5, /1)
corresponds with multiplication by n, therefore every element of
2 . . 2, 2
H7(Sy,t,) is killed in H(S,/1 )= Lin, H°(S,,/ty) , By 7.3.1 we have
therefore the exact sequence
I ) —> w2 (S443,) = 1
o —> 4o (7,87 = mn(8,,8) —=>
and the extension is determined by the self-intersection number of
S, in ﬂP. I.e., if d= class (S ,8 )€ Pic(S,), then the extension

corresponds with the image of d in
2 ty == .2 ty e~ 5t
B(n,(8,), %) S (s, 1" = 2

where

2' - ln ZAhZ

n
with n subject to the condition char(k)f'n .

Case b: g= o and I={o} y 1., U= 8 = pl (projective line). Then
i

§g =8, , HE(SO,]ZH) = Z/nZ , and ngo(So,go) ~ 5t (as above).
Let again d= class (SO,SO) be the self- intersection number of So in
/, then since Pic(So) = Z,4d is a natural number. Put a- a.p®
(p= char.k, pta ). Identifying /1t(go) with j?t we have, with the
notation of 7.3%.1, that

J ) /Inage (3) = z/d'z
i.e.,

(SN = Z4Z .

Case ¢: I={6,l,..,r} , *#0 , g arbitrary. In this case Uo is a
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curve non-proper over k, Then we have (SGA 4):

2
H°(U_,E) = o

with

F torsion, prime to p= char(k)
and also

2,9t
H(UO ,E):O

with

F torsion, prime to p= char(k)
Hence n.(U )= o and since HE(U /1t)~ o we have that nD(:f ﬁ*)

2 o’go - o? - 1 !

is a semi-direct product:

tHl

D
o = [t )—> (4,35 = 1,%s,3) > 1



$8., Descent of tamely ramified coverings

8,1. Descent of Modules and Algebras on formal schemes

8.1l.1. In section 8.1 the assumptions are as follows: / is a locally

noetherian formal scheme and7 an Ideal of definition for / . Let

7oc (a= 1,2) be two coherent Ideals on / fulfilling the conditions:

1) eV 7,
n n
ii) 7l/ﬁ 72 converges to o if n = o=

This second condition means that for every positive integer q there

exists an integer n(g)= n such that
n n q
/Zlm /]2 < /7 *
n n n
Since by 1) the 7 < /Jl/\ 72 , we have that the systen

n n n
A\ is cofinal in the system /] .
{71 72} nez{- { }néz+

8.1.2. Remark: a) The above conditions are fulfilled in case / is

regular and if we take for every sef
7s= (ty t2)‘9f,s ’

7a= (45075 » (a=1,2)
with ta (o= 1,2) either units or part of a regular system of parameters
at s and 71’\ 5 = 7 an Ideal of definition for J .
b) Let f: fl -> f be a flat, adic morphism of locally noetherian
formal schemes and 7 =70, 71,72 coherent Ideals on ff having the
properties i) and ii) of 8.1.1. Then the Ideals 7;5 ?a.gfl
(o= 0,1,2) have the same properties.
Proof: This is a local gquestion. Let J =Spf A and JI=Spf A' , then
A is a flat A-algebra. Let J (resp. Jclx) be the ideals of A (resp.A')
in question. The assertion follows from the fact that for a flat

A-algebra A' we have (31,1, §2, Prop. 6):
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n ,! n
Ji.A ) J2.

5t~ P G R N U

as a matter of convenient notation write

-e

8.1.3. Put 75= 71+ 72

also 7= 70.

Consider the formal schemes
4= VO, Lim 0/ 7”1) (a= 0,1,2,3)
i.e., J J and f f;v( (a= 1,2,3) is obtained by starting

with the formal scheme J and completlng along V(7 )} . Clearly we have

/\
\/

a commutative diagrams

8.1.4. Let E (a= 0,1,2,%) denote the category of coherent, flat

O/_Modules write also £ = £ . By é' we denote the category of triples
(?l, ?’2,,0) with «5 & Ob(f ) (a= 1,2) and p3 ul(ﬁl) > ”2(52) an

isomorphism in 55'

x
Theorem 8.1.5. Let ¢: 4 - f be the functor defined by
F s (N, WD), cane: 1] AUP S wbALE) ) withFe on(8).

Then ¢ is an equivalence of categories.

Complement: The same is true if we take coherent, flat Qf -Algebras
o

(instead of Modules).

8.1.6. For the proof we use the following lemma!

Lemma 8.1.6: Let A be a noetherian ring, I (a= 1,2) ideals in A such
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that Il/'\I2 = (0). Put I3 = Il+I2 and Aa = A/Ia (a=1,2,3). Let Ea
denote the category of flat A -modules of finite type (x=0,140.,3

. * . . .
with Ao= A) and E  denotes the category of triples (Ml’Mgo F) with
M€ Ob(E ), a= 1,2 and

P I M, e, Ay —> M, e A, .
174 73 2 A, 73
Consider the functor @: E= E, —> E" defined for Me Ob(E) by
M o~~—> ()= (M o A, M 8 A, can. )

Then ¢ is an equivalence of categories.

Proof: a) Faithfulness. Given ¢,$s M —> Ml in E such that

¢ @ 1A = ¢ e lA (x=1,2). To prove: ¢= $. The above conditions mean
o o

that
o(m) £ ¢(m) mod Ia.Ml (a=1,2) for all me M,
We have by assumption I, I,= (0)s since u' is flat this implies
([3]3 chap I §2, Prop.6)
LM AL = (I 12).Ml= (o)
Hence ¢(m)= ¢(m) for all me M.

b) ¢ is fully faithful. Write M = M/IdM and similar for M' (a=1,2).

Given
|
ot Ma-—? Ma (a= 1,2)
such that
(%) ¢, 8, 1, =o0,a, 1
1 Al A5 2 A2 A5
we want to find
)
o: M~ N

such that
0] GA lAa = (Da .
)
Let me M, take X, € M such that

E ! -
x, 2¢ (n) mod I .M (a= 1,2).
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The condition (%) means that
!
5 mod (Il+12).M .

Therefore there exists m'e M such that

| R )
m = x (mod Ia.M )
and such m' is unigque modulo Il,Mt»\ Ig,Mﬂ Again using the flatness
1
of M’ over A we have Il.M;\IE?ME (Ilf\ 12).M = (o) i.e., n' is unique.
Define ¢(m)= m' then ¢ has all the required properties.

c) ¢ is an equivalence. There are given flat Aa—modules Ma which are

of finite type and we have a Aa-isomorphism

o~
A3 - M2 DA2 A3 .

Fe M, ®
1 Al

We are looking for a flat A-module M, of finite type and Aa-isomorphisms
e

Pot Mo, A — N (a=1,2)

such that the following diagram is commutative:
M, o, A, —L—> u_ a
1 Al 3 2

M e, A5

A
5 3

A
L A
A2 %
Consider now S = Spec A (x= 0,1,2,3), then S (a=1,2,3) is a

closed subscheme of So= S. Due to the fact that ¢ is fully faithful,

it suffices to prove the existence of (M.fl,fe) locally on S , and

we can assume that S is connected. In view of the fact that Ma are

flat.Aa-modules of finite type we can assume that they are free, i.e.,

M, = Aid“) (a= 1,2)

From the existence of f follows that d,= d2 (= 4 say). Take M= A(d);

the problem is now to construct the Pa (a= 1,2) compatible with

f . Now p is given by a d-by d-matrix

(oij) oiJ.fA3
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and P3= det (oij) is a unit in AB' Let se S. In view of the fact that
the problem of constructing Fa (= 1,2) is local on S, there is only

. Lift the elements o.. from

i.e., se S3 ij

8 problem if se S; N Sg,
A3 to elements Tij in A2 .

From the fact that P3= det (oij) is a unit in A3 we have that

P2= det (Tij) is a wnit at s in A2, hence locally in Spec A2 a unit.
Again, without loss of generality,we can assume that Ié is a unit in
A2 . Then take
- . a(d) = ,(d)
fl- can: A*" ‘e, A} > Ay

and for f2 we take the isomorphism

po: A e n, = 2D

determined by the matrix (Tij) .

8.1.7. Proof of 8.1.5. Proceeding as in 8.1.6, i.e., proving first

that ¢ is faithful, next ¢ is fully faithful and finally ¢ is an
egquivalence, we see that the assertions are local on 7 . Therefore
we can assume that 7 =8pf A, with A a J-adic noetherian ring. Let Ja
(a= 1,2) be the ideals corresponding with ;& . Note also that

(3, + Jg)gnc Jrll + J5 . Using EGA 0; 7.2.10 for the fully
faithfulness, next EGA OI 7.2.9 for the equivalence and [3], Alg.
Comm. III, §3, Th.l for the flatness and the assumption J7 ™ J5 —>o

for n = o= , we see that we can replace A by AﬂiJﬁfw Jg), the

J~completion A by A/ Jg (a= 1,2) and the Ja—completion A5 by

A/(J? + Jg). However, then the assertion reduces to lemma 8.1.6.

The complement about Algebras is obvious.

8.2. Descent of tamely ramified coverings

8.2.1. For the moment the assumptions are the same as in 8.1.1, i.e.,

we have on :f coherent ideals 7, gﬁ, 7é with the properties 8.1.1 i)
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and ii). Assume moreover that 4 is regular and that (Di)ieI is a

locally finite set of regular divisors with normal crossings on f,

(later on in 8.2,6 the Ideals and the divisors will be related to
each other) . Introduce as in 8,1.3 the formal schemes f; (a=0,1,2,3;

d%::f) and the morphisms Ka’ua (a=1,2).

Lemma 8.2.2. The 4/a are regular formal schemes and the inverse

] * * ..
images {xa(Di?}ieI (resp.{ p;. xa(Di?}iGI) are regular divisors

with normal crossings on the formal schemes in question.

Note: By abuse of language we denote these inverse images by the
same letter D, j similarly we use the letter D= iEI D, on all four
formal schemes.

Proof: The guestion is localj the lemma follows from 4.l1.4

and 3%.1.5.

Corollary 8.2.%. Let Z'e RevD(/) s consider the inverse image

x‘;(£>=1/v%)= Ex, 4, (a=1,2)

Then X;(i) is in RevD(f;) for a= 1,2 .
Similarly: the inverse image under K, of an object of RevD(ﬂg)

(a= 1,2) is in RevD(/B).

Proof: Again the question is local on f,. Using the relation between
usual and formal tamely ramified coverings (4.1.3), the corolilary

follows from 8.2.2 and 4.1.4.

8.2.4, Letj?<ienote the category of triples (F,, fg,f) with
i& eRevD({;) (a= 1,2) and p an isomorphism in RevD(/;) :

PR DRI AC BN
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Theorem 8.2.5. Consider the functor

¢. RevD(f) — K

defined by
dB= A (D), Ny(B), can)  (with FerevP(d)) .

This is an equivalence of categories.
*) see page 118.

Proof: The fact that ¢ is well-defined follows from 8.2.3. Now
recall that for £:§ —» 7 in RevD(J) the f*(Ql) is a coherent, flat

Qf- Algebra (2.3.5 and 3.1.7). The full faithfulness of ¢ follows

from 8.1.5. Next start with (ll, xg,f)é Ob(fﬁ); by 8.1.5 we get a
coherent, flat Qf—Algebra .ﬂ , put I =3pf ﬁ (3.1.6). We want to show
that I - f is tamely ramified relative to D. This is a local
question on f 5 let /)=Spf A, A a noetherian J-adic ring and
z = 3pf B. Introduce also S=Spec A and X =3Spec B,

Let se:/ s since 71/'\ 72= 7 we have either se V(7l) or séV(72)
or both., Let seV( 1), say. Write A for the Jl-adic completion of

1

} }
A, s' - Spec A and X = X x, S .

3

X —m— X'
\ | \

S

S vl S

S & |— 8 L

\ X( “s\

S . ' Spec O
pec Oy & Spec gl g

By the usual interplay between the local rings QS s and Qjos (resp.
, ’

9Sl,s

is tamely ramified over Spec (QS s) relative to the divisor D (resp.
,

and Qj,s) it suffices to show by 2.3.6 that Xs= X Xg Spec (Qs,s)
l .
we know by 2.2.9 that Xé is tamely ramified over Spec Qsls). We have
,
that oo is flat (EGA OI 7.3.3%), hence o is flat. The tame ramification
of Xs follows then by 2.2.9, applied to %oy from the tame ramification

of X; . This completes the proof of 8.2.5.
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8.2.6. Application. At this point we drop the assumptions and

notations made in 8.2.l1.and make the following assumptions instead:

f is a locally noetherian, regular formal scheme and(D ).

jer @
finite set of regular divisors with normal crossings on / such that
Di N Dy~ D= 4 (igej, ivok, jork)
Put D= I Di and assume that ¥ (D) is an Ideal of definition for ﬂ/.
iel
Introduce the formal schemes JZ: J;Di and /;j= /;Di’\ Dj ;s il.e.,
if‘q(Di) is the Ideal determined by D; then we put
. n+l
/i= (D, E1r11m Qf/{7(1).l) )
and
n+l
{5 (0~ Dy, Lin Lin o/ (o) + Y, >} ) .
Furthermore )\i :'/i —> f, resp. i ,id / 3 —-> / , are the

*
natural morphisms. By lemma 8.2.2 the inverse images Xi(Dk) exist

and are regular divisors with normal crossings on./i (i fixed, kel
note that k= 1 occurs also'), we denote these inverse images by the

same letters D A similar remark holds for the X i (D Y .

k*
Finally, 1let Jf denote the category of systems

{Il, fla} seT with iie RevD(j;) and fij isomorphisms in

Rev (lij ’(cf.8.2.5) :

pist Ay 1sE) L o dp

J,id 1,13 1

Theorem 8.2.7. With the above assumptions and notations, consider

the functor
4): ReVD(J) —> ﬁ
defined by

bb- { (b, can.} (ke revP(h)).

This functor is an egquivalence.
+
) see page 118.

Proofs By 8.2.3 the functor is well-defined. Apply induction to
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r
Card (I).") Take i_ eI, put I'= I -{io} and put D'- = D, .
1=ki
4 Iy . since 7 1o o0
Introduce the Ideals ?&= (Di Yy o= (D) . Since is regular the
o

Ideals 7i and ?é fulfil the conditions of 8.1.1 (see 8.1.2)3 in

particular 1/\72=7(D). Finally put 73= /l +ﬂ72.
Let fi= /)V(jzi), i= 1,2,% then ff /i . Let o : S =7

(01
[0}

(resp.ra:.y; - ) (= 1,2) be the natural morphisms.

o
As remarked above the 1/, ;G and.;é fulfil the conditions of
theorem 8.2.5. Therefore the category RevD(js is egquivalent with the
category %*of triples ('li , Il,f) with zieRevD(/i ) ,Zlé RevD(-g)
and p : TI( %io) = 1:;( .F)oan isomorphism inoRevD(.g)?
Next remark that, due to the assumption Di/\ Dj.f\Dk= ¢ for

ivj, i#k, jek, we have for seD, ~\ D, that 75= 47(1)i ) + /(D) in a
o] o]

Zariski neighbourhood of s. From this remark and the induction
»*
assumption applied on yd, we have that the category'jz is equivalent

with the category jf; g.e.d.

*Footnote:
In order to be able to apply an induction, we must consider the
~
following slightly more general situation. Let D= Z Di + X Dj with
1 3

(Di’ D’g)i 3 regular divisor with normal crossings
.

on‘J, such that every triple has empty intersection. Let‘y(g Di) be

the Ideal of definition for /7. I.e., the D;.are in the gamelas far

as the tame ramification is concerned, but they are not used for

taking completions. Introduce di= d;D. etc... Theorem 8.2.7 can be
i

formulated for this situation.

+) In 8.2.5 and 8.2.7 we have used the abbreviation “can.” for the

obvious canonical isomorphisms; for instance in 8.2.7 we have:

can. 1+ (AAy 35 OB B Oy Ay )T
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8.3. Reformulation of the previous results in terms of the fundamental

roups

8.%.1. Assumptions. dﬂis a connected, regular locally noetherian

formal scheme and (Di)iel a finite set of regular, connected divisors

with normal crossings on j such that

Di/\ Dijk = ¢ (i+jo ik, J+k)

and, if D= % D., then ¥(D) is an Ideal of definition for 7.
i

/Dy
(resp. A, .. :/. —> {.) be the natural morphisms. Finally, by
i,ij ij i
lemma 8.2,2 the inverse images of the divisors under these morphisms

Notations: Put fi= / and /;j= /}Dim Dj ;s let )\i: /i - f

exist and are regular divisors with normal crossings; they are
denoted by the same letters as on 6/ . Note that the dﬁ_are
connected.

i
Pundamental groups: Let Eij be the set of connected components of

“ u
/ij’ put E = L). Eij . In order to have a convenient notation we
’d

introduce also the set EI of (connected!) formal schemes d;
(i.e., El= I) and s;e El denotes the formal scheme Sg . Sometimes we
write shortly s'eE‘ (resp.geiE") if it is not necessary to emphasis
which f; (resp. which connected component of '/;j) we take. For every

' 1 i " A
se€E (resp. s €¢E ) we choose a bage point %s.(resp.gsn). Puts

Mg = nD(s‘ ’%S‘ ) (I‘eSp.ﬂZsu= TtD(S",isu) ).

Finally, every s; eE;j determines an element s'.leEl and s"jeEl (here

J
. \ 4 .
again si(sij) would be a more precise, but also a more cumbersome

notation) . We choose a path (cf.4.2.5):
o
ij ,
43 P Mg > M,
+d + "
and similarly for j instgfd of i. For simplicity we often write qi
U

u S . s" .
(resp. qg ) instead of q.llJ (resp. qjla ) .
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B ]
8.3,2. Given the Mg (s'eE') and the qi and qg (S“é Eu), we want to
determine the n= nD(:/,g) for a suitable base point % . Fix ioeI and

s'eri 3 ‘take the base point &, , this determines a base point §
o o

for f Then RevD(f) is equivalent, by means of the fibre functor
- xg , with the Galois category C(m). According to 8.2.7 an

object A of C(m) corresponds uniquely (after a choice of paths from

%s to %!) with a system of
)
1) AgeC(ngy) (Vs'er')
!
ii) isomorphisms P :A's, > AL (\‘/s'eEu)
ij i J
fulfilling the conditions

[} »
S, S.
i ! -
op (;13@)x) = oM (edogp (0 (Vxedy ,Veeny ).
13 i3 i 13
8.3.3. The sets (E ,E') constitute a graph with the elements of E'
as vertices.

Due to the connectedness of J, this is a connected graph. It is

possible to make a partition

u " o~y . ) =l
E=E,UE with E*/'\E=¢

such that (El ,E;) is still a connected graph but without closed

circuits (proof: induction on card (E') )4 we may consider then

(' ,E:) as a tree with s'o as “trunk”.

8.%.4. BSuppose now that we have a system as in 8.3%.2. By means of
the Pu with s'eE:, we can identify A's.l with Als. which we denote by

0

Ao. The T operate now on Ao and we have bijections
i

gt Ay = A, (Ve

satisfying the following conditions

. & v u LI
1) ggu-9i(8) = qu (8).gg (s'e Ejjcb ,Vgensu),
i)  gu= 1 (s"e Ey)

After the identifications we have, by 8.2.6, that the category
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C(m) is equivalent with the category of finite sets on which the =

s
(§6<El) operate continuously and on which the gsu(s'eﬂf) operate

subject to the above relations. Therefore we have the following

theorem and corollary:

Theorem 8.3.5. The fundamental group n= n?(<f,€) is the topological

*
group of Galois type ) generated by the 7 (s'e E') and the

s‘
gsu(s"eE“) subject to the relations i) and ii) in 8.3.4 above.

8.3.6. If p is a prime number and G is a (pro)finite group, then we
denote by G(p) the profinite group

G(P)= 1im 7oc (ga a finite gquotient of G of order prime to p)
X

Corollary 8.3.6. = =1 n (¥ ,8) is the topological group of

Galois type and of “order prime to p”™ generated by the nép) (§e:E')

and the g.u (s'e E") subject to the above relations i) and ii) of

8.3.4,

*Footnote:
By this is meant the following (¢f. also SGA 1 IX section 5)-.

Consider the group r‘generated by the ns.and the Bt 9 subject to the
relations i) and ii). The group m is the projective limit of those
quotientsz7 of f“, for which the order ofzy is finite and upon which
the action of ns.is continuous. In 8.%.6 we require moreover that

the order of? is prime to p.



§9. An application: the fundamental group of

the spectrum of a complete local ring, of dimension

two,minus a closed set

9.1. Let A be a noetherian local ring with the following properties:

i) A is complete,
ii) A has dimension 2,

iii) A has algebraically closed residue field k= A/m.

Let S‘: Spec A and E a closed set of s' such that S= 8' -E is
connected (of particular interest is the case E={g} ). Sekct a base
point %o in 83 in the following this base point is suppressed in
the notation. Finally let p be the characteristic of k (p is zero

or a prime number). Then we have the following (cf. SGA 2 XIITI 3,1.ii):

Theorem 9.2. Let nl(S)= nl(S,éo) be the fundamental group of S and
ngp)(s) the largest profinite gquotient of nl(S) “of order prime to p”.

Then ngp)(s) is topologically of finite presentation.

Remarkss
a) Recall that
(P)rgy. 13
ny (8)= iim ?oc ,
with ﬁ?a running through the finite quotients of nl(S), of order
prime to p (see 8.3%3.6). Sometimes we write also {nl(S)}(p)

b) Recall that a profinite groupl—1 “of order prime to p” is said

to be topologically of finite presentation ifs

i) There exists a finite set I of elements 8 € r (i€I) such that
the subgroup generated by the 8; in r‘is dense in T’.

ii) Let F(pl(l) be the free profinite group of order prime to p

on the set I, i.e.,
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with 6(1 running through the finite quotients of the free group F(I)

and of order prime %o p. Comsider the continuous homomorphism

CH F(p)(l) - F“

obtained by mapping i to 8; - Then there exists a finite set of
elements rjeF(p)(I) (jed) such that the closed normal subgroup

generated by the ry in F(p)(I) is ker(y) .

9.%. Proof of 9.2. Reduction to the case of an integral local ring

still satisfying the conditions of 9.1l:
Let oy be the minimal prime ideals belonging to (o) in Aj put
A= A/Pi’ S£= Spec Ai, S.l the inverse image of S in S; . Consider the
natural morphism
os S¥= s, — s.

1

i
Assuming the theorem for the S, , it follows from SGA 1 IX 4.12 and

5.2.that ngp)(s) itself is topologically finitely generated. In fact

this is still true for the fundamental groups (prime-to p) of the
components of S in case S is not connected.

Next consider S; XSISB s+ this again is a local ring of type
considered in 9.l.except that possibly condition ii) is replaced by
dimension £ 2. From the above remark follows the finite generation
(topologically) of the part prime to p of the fundamental groups of

the connected components of Si Xg 5. in case of dimension 2; in case

J
of dimension 1 we normalize and use [6]. p.75 Cor 2 and 4.

It follows then from SGA 1 IX 5.3 applied to the morphism ¢
that ngp)(s) is topologically of finite presentation as soon as the

ngp)(si) have this property.

9.4, Reduction to the case of normal local rings (of type 9.1):

Starting with integral A we take the normalization Al of A,
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By EGA OIV 2%.1.5 we have that Al is finite over A, hence semi-local,
and hence local since Al is integral. The argument is now similar to

the one used in 9.3.

9.5. From now on we make, besides the conditions of 9.1, the

additional assumption that A is normal (of dimension 2; the case of

dimension 1, which appears in course of the above reduction, is
treated as described in 9.3). The notations are as in 9.1.
We follow the method of SGA 2 XIIT &3, which was inaugurated

by Mumford [S5]. By Abhyankar [1] and [ll] we have a desingularization

£f1 0 — g
of ' with the following properties. The morphism f is proper; the
inverse image f-l(E)= D is a closed subscheme which can be considered
as a divisor
D= ? Di

with (Di).leI a finite set of regular irreducible divisors with normal
crossings on T and with

Di~ Dy D= 4 (ist3, J=3, i+ka) .
Furthermore T' is a regular scheme and if T= T -D then, due to the
normality of S', the restriction f]T is an isomorphism.

Let j7= T}D be the completion of T along D. We have now the

following situation:

mn
<—.

Hy
<—

[

S c s
As a matter of notation, if Z is a scheme (resp. a formal scheme),
then we denote the category of coverings of 7z, i.e., the category of

schemes (resp. formal schemes) finite over Z, by Rev(Z).

Lemma 9.6. The natural functor “completion along D”:
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@: Rev(T') - Rev(yﬁ)
is an equivalence and its restriction (still denoted by the same
letter!) to RevD(T') gives an equivalence:
¢: RevD(T') —> RevD(57).
(Note: as usual we have denoted the inverse image of D on.97 by the

same letter D).

Proof: The first statement follows from the comparison and existence

theorem EGA IIT 5.1.6, because A is complete. The fact that for

Xe ReVD(T') the ¢(X)e RevD(YT) follows from 4.1.4, To see that this
restriction is still an equivalence we start with zeRevD(jé , let
XeRev(T') be such that $(X)=%. Let g+ X —> T' be the structure map,
put g*(QX)= B , then ¥ - Spf E(where * means completion along D).
Let te Dy consider the stalk Et (resp.(ﬁ)t) of B (resP.E) at te T'
(resp. tef').

By the definition of tame ramification (4.1.2) oi‘l we have that

A
the (usuall) scheme Spec (Q)t is normal, Furthermore the diagram

Spec B, &—— SpeC((ﬁ)t)

L

Spec ng’t €&— Spec Qﬂt

is cartesian (EGA OI 7.7.8). From the flatness of o (EGA I 10.8.9)
follows the flatness of . By BEGA IV 6.5.4 i) the normality of

Spec (ﬁ)t implies the normality of Spec Et' Therefore X is normal at
all points x with g(x) D3 since both f and g are proper it follows
that X is normal at all closed points, hence X is normal. From 4.1.5
follows that X is tamely ramified over an open neighbourhood of D,

but then,since f is proper,it follows that XeRevD(T').

Lemma 9.7. Let Rev (T') denote the full subcategory of Rev(T'),
——tL nor,sep

consisting of schemes Y which are normal and for which the function
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ring R(Y) is a union of separable extensions of the function field
R(S)= R(T'). Then the restriction functor

)
w : Revnor,sep(T ) = Rev

(T

nor,sep

is an equivalence.

Proof: The restriction functor lp : Rev(T') —» Rev(T) is faithful
because T is the complement of a divisor on T'. By EGA II 6.3%.9 lp

is fully faithful if we restrict to the full subcategory of normal

schemes Yi&Rev(T'). It is an equivalence if we require moreover that
the function ring of the schemes Ye¢Rev(T) is separable over R(S)=R(T).

Because starting with YeRev (T), the normalization Y' of T' in

nor,sep
R(Y) is finite over T' ([2], Alg.Comm, V, §1l,no 6, cor 1 of prop.l8).

Corollary 9.8. The restriction functor

w : Rev?(T') —> Ret Et(S)
defines a continuous homomorphism
D,mi
As nl(S) - nl(T )
such that
U= X(p): nl(S)} (p) — {n? (T' )} (p)
is an isomorphism (Note: Rev Et(S) is -as usual- the category of

étale coverings).

Proof: Note that Rev Et(S)= Rev Et(T). The first assertion follows
from general Galois theory (SGA 1 V, §6).
If Y@»RevD(T') is connected then, due to the normality, it is
irreducible, hence Y'[T is connected. Therefore A,and hence u, is
surjective.

In order to see that u 1is injective it suffices to start with
a Ye Rev Et(S), which is Galois with group rjprime to p, and to show
that the, by 9.7 up to isomorphism unique YE:Revnor’sep(Tl) with

¢I(Y')= Y, is in fact in Revl(T').

The only condition which remains to be checked is condition 5
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of 2.2.23 however, since R(Y') is Galois with group M of order prime

to p, this condition is automatically fulfilled by 2.1.3 v.

Corollary 9.9. We have natural isomorphisms
~> o (

Proofs Combine 9.8 and 9.6.

9.10. In order to prove that {nl(syg(p) is topologically of finite
presentation it suffices to prove this for {n?(?T)}(p). For this, in
turn, it suffices to look to the groups ns,(resp. nsu) entering in
8.3.6 and to prove that these are (as far as the part prime to p is
concerned) topologically of finite presentation (resp. fimite

generation).

9.11. Finite presentation of the ngp) Fach s' in 8.3.6 corresponds

) .

with an irreducible divisor Di' This Di is either a curve over the
algebraically closed residue field k or it corresponds with a discrete
valuation ring with algebraically closed residue field. In the former
case the ngp) is topologically of finite presentation by the examples
of 7.%.35 at this point we use the results of 3GA 1 X and XII.
In the latter case we use the exact sequence 7.%.1; this sequence
takes here the form (cf. also SGA 4 X 2.2)

1= M nlf(J) — nlio(s ) - 1.
If D= @ we have m,(S_ )= o3 if D 2hf then {nﬁo(so)}(p)

is (topologically) cyclic by [6], .7y or. 4, Therefore in both cases
COr.2 o

{n?(sﬁ(p) is topologically of finite presentation.

9.12. Finite generation (in fact: finite presentation) of nészBy our

n
assumption on the divisors and from the way the formal scheme dy is

B '
constructed (8.2.6), we have that J7=Spf B with B a complete local
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ring, noetherian, of dimension 2, regular and with algebraically
closed residue field. By 4.1.3% it suffices to consider RevD(Spec B).

Since B is strict hensel (EGA IV 18.5.16), we have by 2.3.4 that such

a tamely ramified covering is a disjoint union of generalized Kummer
coverings. From this, and from the fact that in Spec B we have
D= D1 + D, with D1 and D2 regular divisors with normal crossings, we
get

ns":iﬁnt X/Ht
with

ﬂt=<l_leL[(n (an).

Hence we have (topologically) finite presentation.



Index terminology

Abhyankar’s theorem 2.3.2.

Automorphism of generalized Kummer covering 1.2.11

Covering
étale - l.1.6, 3.2.2
Kummer - l.2.2, 3%.1.9
generalized Kummer - 1.%2.8, 1.3.9
tamely ramified - 2.2.2, 4.1.2

- of Kummer type 6.2.1

Diagéﬁlizable
- group 1.1.1
- subgroup 1.1.1
Divisor
- with normal crossings 1.8.2, %.1.4
- with strictly normal crossings 1.8.2, 3.1.4
regular - 1.8.3, 3.1.4
Etale
- covering l.1.6, 3.2.2
- morphism of formal schemes 6.1.3
- topology on formal schemes 6.1.5

Extension of group of operators 1.5.1

Finite morphism of formal schemes 3.1.6
Fundamental group
tame - .44, 4.2.4

- of formal scheme %3.2.6

Galois
- object 2.4.5, 4.2.5
topological group of - type 8.3.5

topological group of - type prime to p 8.3.6
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Group
ﬁf-group 3.1.8
f-group operating on formal scheme 3.1.9
Inertia group l.4,2
Kummer
- covering l.2.2, %.1.9
generalized - covering 1.3.8, 1.3.9
coverings of - type 6.2.1

- sequence 6.1.6

Normal
- formal scheme 3,1.3

- crossings 1.8.2, 3.1.4
Quotient formation of formal schemes %.1.10

Ramified
tamely - field 2.1.2

tamely - covering 2.2.,2, 4.1.2

Reduced

- formal scheme 4.4.1

- inverse image of divisor 4.4.4
Regular divisor 1.8.3, 2.1.4

Sheaf in étale topology on formal scheme 6.1.5

Tame
- ramified field 2.1.2
- ramified covering 2.2.2, &4.1.2

- fundamental group 2.4.4, 4.2.2

Topologically of finite presentation 9.2
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Symbols:
C(D), (D) 6.2.3
¢ 6.2.2, cll) 6.2.%

D(M) 1.1.1

Doog 4.4, 4.4.2
32,1.8

7

K(e) 6.3.2, k(e) 5.2.9, 6.3.2
%
ﬁg,S 1.1.5,/‘12’/ 3.1.8,M° 5.1.6
Rev(S) 2.4.1, Rev(d) 4.2.1
RevP(S) 2.4.1, RevD(d) u#.2.1
Rev Et(S) 2.4.1, Rev EtW) 3.2.4, 4.2.1
n(4,8) 3.2.6
n(8,8) 2.4, 1o L3 w2

T 8.3.1

(P g.3.6, 9.2
TO(U,3)  5.2.4

a a
8 1.2.1, {{E 3.1.9
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