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Taylor expansions
Hermite polynomials

Kernel estimation

Kronecker product of matrices

If A =
(
aij
)
i,j
∈Mm×n, B ∈Mp×q their Kronecker product is

A⊗B =

 a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 ∈M(mp)×(nq)

Basic properties:
1 A⊗B 6= B⊗A !!
2 A⊗B⊗C = (A⊗B)⊗C = A⊗ (B⊗C)
3 (A + B)⊗C = A⊗C + B⊗C
4 (A⊗B)(C⊗D) = (AC)⊗ (BD)
5 α⊗A = αA = Aα = A⊗ α, for α ∈ R
6 (A⊗B)T = AT ⊗BT

7 (A⊗B)−1 = A−1 ⊗B−1

8 tr(A⊗B) = (trA)(trB)
9 |A⊗B| = |A|p|B|m, for A ∈Mm×m, B ∈Mp×p
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Taylor expansions
Hermite polynomials

Kernel estimation

Kronecker product of vectors

If a = (a1, . . . , ap) ∈ Rp, b = (b1, . . . , bq) ∈ Rq, then

a⊗ b =

 a1b
...

apb

 =



a1b1
...

a1bq
...

apb1
...

apbq


∈ Rpq

The rth Kronecker power of A ∈Mm×n is

A⊗r =

r⊗
i=1

A = A⊗A⊗ · · · ⊗A ∈Mmr×nr
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Taylor expansions
Hermite polynomials

Kernel estimation

The vec operator

If A = (aij)i,j ∈Mm×n then vecA ∈ Rmn is the vector constructed
by stacking the columns of A one underneath the other

vecA =



a11
...

am1
...

a1n
...

amn


∈ Rmn

Basic properties:
1 veca = vecaT = a, for a ∈ Rp

2 vec(ABC) = (CT ⊗A) vecB
3 vec(abT ) = vec(bT ⊗ a) = vec(b⊗ aT ) = b⊗ a
4 tr(ATB) = (vecA)T vecB =

∑
i,j aijbij
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Taylor expansions
Hermite polynomials

Kernel estimation

The commutation matrix

If A ∈Mm×n, the commutation matrix Km,n ∈M(mn)×(mn) is
the only one such that

Km,n vecA = vec(AT )

Basic properties:
1 KT

m,n = K−1
m,n = Kn,m

2 Kp,m(A⊗B)Kn,q = B⊗A
3 Kp,m(A⊗ a) = a⊗A, for a ∈ Rp

4 Km,p(a⊗A) = a⊗A, for a ∈ Rp

5 Kq,p(a⊗ b) = b⊗ a, for a ∈ Rp, b ∈ Rq

6 vec(A⊗B) = (In ⊗Kq,m ⊗ Ip)(vecA⊗ vecB),
where Id is the d× d identity matrix
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Taylor expansions
Hermite polynomials

Kernel estimation

Multivariate Taylor expansion

Suppose we have a real d-variate function f : Rd → R and two points
x = (x1, . . . , xd), h = (h1, . . . , hd) ∈ Rd.
When d = 1, the Taylor expansion of f around x goes

f(x+ h) = f(x) + f ′(x)h+ 1
2!f
′′(x)h2 + 1

3!f
′′′(x)h3 + · · ·

Denote

Df(x) =
(
∂f
∂x1

(x), . . . , ∂f∂xd (x)
)
∈ Rd,

Hf(x) =


∂2f
∂x21

(x) · · · ∂2f
∂xd∂x1

(x)

...
. . .

...
∂2f

∂x1∂xd
(x) · · · ∂2f

∂x2d
(x)

 ∈Md×d

the gradient vector and Hessian matrix of f , respectively.
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Taylor expansions
Hermite polynomials

Kernel estimation

Multivariate Taylor expansion

For d > 1 the Taylor expansion of f around x goes

f(x + h) = f(x) + hTDf(x) + 1
2!h

THf(x)h

+ 1
3!

∑
|α|=3

Dαf(x)hα + · · ·

where α = (α1, . . . , αd) ∈ Nd0 is a multiindex, |α| =
∑

i αi, the power
is hα = (hα1

1 , . . . , hαdd ) and

Dαf =
∂|α|f

∂xα1
1 · · · ∂x

αd
d

How ugly! It’s just all 3rd order partials times the corresponding h’s !!

1
3!

d∑
i,j,k=1

∂3f

∂xi∂xj∂xk
(x)hihjhk
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Taylor expansions
Hermite polynomials

Kernel estimation

Multivariate Taylor expansion

If I want to expand f(x + Hz) for a matrix H ∈Md×d and z ∈ Rd,
the expression for (Hz)α becomes even uglier!

Is it possible to go beyond order 2 in a neat way?

Even if we are satisfied with order 2, how do we expand Df(x+Hz) ?

The answer is: use the Kronecker product!
With the usual convention ∂

∂xi
∂
∂xj

= ∂2

∂xi∂xj
we formally define

D⊗rf =
∂rf

(∂x)⊗r
∈ Rd

r

the vector containing all the partial derivatives of order r.
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Taylor expansions
Hermite polynomials

Kernel estimation

Multivariate Taylor expansion

Example: for r = 2, we have D = ( ∂
∂x1

, . . . , ∂
∂xd

) so that

D⊗2 = D⊗ D =


∂
∂x1

D
...
∂
∂xd

D

 =



∂
∂x1

∂
∂x1

...
∂
∂x1

∂
∂xd

...
∂
∂xd

∂
∂x1

...
∂
∂xd

∂
∂xd


=



∂2

∂x21
...
∂2

∂x1∂xd
...
∂2

∂xd∂x1
...
∂2

∂x2d



Notice that D⊗2f = vecHf
But we already knew that! Because the Hessian matrix is H = DDT ,
so that

vecH = vec(DDT ) = D⊗ D
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Taylor expansions
Hermite polynomials

Kernel estimation

Multivariate Taylor expansion

Now we can write our Taylor expansion in a unified way:

f(x + h) = f(x) + hTDf(x) + 1
2!(h

⊗2)TD⊗2f(x)

+ 1
3!(h

⊗3)TD⊗3f(x) + · · ·

Moreover, since (Hz)⊗r = H⊗rz⊗r we have

f(x + Hz) = f(x) + zTHTDf(x) + 1
2!(z

⊗2)T (H⊗2)TD⊗2f(x)

+ 1
3!(z

⊗3)T (H⊗3)TD⊗3f(x) + · · ·

Furthermore, we can write

D⊗rf(x + h) = D⊗rf(x) +
(
Idr ⊗ hT

)
D⊗r+1f(x)

+ 1
2!

[
Idr ⊗ (h⊗2)T

]
D⊗r+2f(x) + · · ·
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Taylor expansions
Hermite polynomials

Kernel estimation

Derivatives of the multivariate normal density

We denote the d-variate normal density by

φ(x) = (2π)−d/2 exp{−1
2xTx} for x ∈ Rd

If d = 1 it is well known that φ(r)(x) = (−1)rφ(x)Hr(x), where

Hr(x) = r!

[r/2]∑
j=0

(−1)j

(r − 2j)!j!2j
xr−2j

denotes the rth Hermite polynomial

Concise expressions for d > 1 were not obtained until Holmquist
(1996), who showed that D⊗rφ(x) = (−1)rφ(x)Hr(x), where

Hr(x) = r!Sd,r

[r/2]∑
j=0

(−1)j

(r − 2j)!j!2j
{
x⊗(r−2j) ⊗ (vec Id)

⊗j}
denotes the rth vector Hermite polynomial
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Taylor expansions
Hermite polynomials

Kernel estimation

Derivatives of the multivariate normal density

The symmetrizer matrix Sd,r ∈Mdr×dr is defined by

Sd,r

r⊗
i=1

vi =
1

r!

∑
σ∈Pr

r⊗
i=1

vσ(i),

where Pr denotes the set of permutations of r elements

For example,

Sd,1 = Id

Sd,2 = 1
2 (Id2 + Kd,d), where Kd,d(v1 ⊗ v2) = v2 ⊗ v1

3!Sd,3(v1 ⊗ v2 ⊗ v3) = v1 ⊗ v2 ⊗ v3 + v1 ⊗ v3 ⊗ v2 + v2 ⊗ v1 ⊗ v3
+ v2 ⊗ v3 ⊗ v1 + v3 ⊗ v1 ⊗ v2 + v3 ⊗ v2 ⊗ v1

If {e1, . . . , ed} denotes the canonical basis of Rd then

Sd,r =
1

r!

d∑
k1=1

· · ·
d∑

kr=1

∑
σ∈Pr

r⊗
i=1

(ekie
T
kσ(i)

)

(Schott, 2003)
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Taylor expansions
Hermite polynomials

Kernel estimation

Iterative computation of the symmetrizer matrix

Computing the symmetrizer matrix using formula

Sd,r =
1

r!

d∑
k1=1

· · ·
d∑

kr=1

∑
σ

r⊗
i=1

(ekie
T
kσ(i)

)

is extremely inefficient (d = 2, r = 8 takes more than 24 hours!)

We developed an iterative approach to the computation of Sd,r

Since Sd,1 = Id our goal was to express Sd,r+1 as a function of Sd,r

We found that Sd,r+1 = (Sd,r ⊗ Id) · T d,r+1, where

T d,r =
1

r

r∑
j=1

(Idj ⊗Kdr−j−1,d)(Idj−1 ⊗Kd,dr−j )

As a consequence, the symmetrizer matrix can be factorized as

Sd,r =

r∏
i=1

(Td,i⊗Idr−i) = (Td,1⊗Idr−1)(Td,2⊗Idr−2) · · · (Td,r⊗Id0)
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Iterative computation of the symmetrizer matrix

Computing the symmetrizer matrix using formula

Sd,r =
1

r!

d∑
k1=1

· · ·
d∑

kr=1

∑
σ

r⊗
i=1

(ekie
T
kσ(i)

)

is extremely inefficient (d = 2, r = 8 takes more than 24 hours!)
We developed an iterative approach to the computation of Sd,r
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We found that Sd,r+1 = (Sd,r ⊗ Id) · T d,r+1, where
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Iterative computation of the T d,r matrix

The matrix

T d,r =
1

r

r∑
j=1

(Idj ⊗Kdr−j−1,d)(Idj−1 ⊗Kd,dr−j )

is much easier to compute than Sd,r

However, it still requires some time

Since T d,1 = Id we found a faster, recursive formula for T d,r+1 in
terms of T d,r

T d,r+1 =
r
r+1(Idr−1 ⊗Kd,d)(T d,r ⊗ Id + Idr−1 ⊗Kd,d)(Idr−1 ⊗Kd,d)
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Further applications of multivariate Hermite polynomials

If X is a random variable with distribution Nd(µ,Σ) then

E
[
X⊗r

]
= r!Sd,r

[r/2]∑
j=0

µ⊗(r−2j) ⊗ (vecΣ)⊗j

(r − 2j)!j!2j

Especially, when µ = 0,

E
[
X⊗2r

]
=

(2r)!

r!2r
Sd,2r(vecΣ)⊗r

If A is a symmetric matrix, the rth moment of the quadratic form
q = XTAX can be written as

E[qr] = (2r)!(vecT A)⊗rSd,2r

r∑
j=0

µ⊗(2r−2j) ⊗ (vecΣ)⊗j

(2r − 2j)!j!2j
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What is a density?

Density: positive function f : Rd → R such that
∫
Rd f = 1

Most graphical way of representing the distribution of a random variable X,

P(X ∈ A) =
∫
A
f , for any Borel set A ⊂ Rd

#9 Trimodal
#9 Trimodal

−3 −2 −1 0 1 2 3

−
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−
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−
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0
1

2
3

Perspective plot Contour plot
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Kernel density estimation

X1, . . . ,Xn iid with density f : Rd → R ; Kernel density estimator:

f̂nH(x) =
1

n

n∑
i=1

KH(x−Xi)

K kernel: K ≥ 0,
∫
Rd K = 1 (usually K symmetric)

H bandwidth matrix:
H ∈ F = {symmetric positive definite d× d matrices}
KH(x) = |H|−1/2K(H−1/2x)
H1/2 ≡ matrix square root of H, H−1/2 = (H1/2)−1 = (H−1)1/2

– Ex.: K density of N(0, Id) ; KH density of N(0,H)
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Kernel density estimation

Individual kernels

Kernel density estimator
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Performance of the kernel estimator

The choice of the bandwidth matrix H is crucial for the performance
of the kernel estimator in practice
We use the Mean Integrated Squared Error criterion

MISE(H) = E
∫
(f̂nH − f)2

to measure the accuracy of f̂nH as an estimator of f
It can be shown that asymptotically (when n→∞) this MISE
function is well approximated by

A(H) = α|H|−1/2 + β(vecH)TQ vecH

where α, β > 0 and Q is a symmetric positive semi-definite matrix

Q =

∫
D⊗2f(x)D⊗2f(x)Tdx ∈Md2×d2

containing all possible combinations of the real quantities∫ ∂2f
∂xi∂xj

(x) ∂2f
∂xk∂xl

(x)dx ∈ R
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Optimal bandwidth choice

We would like to have an explicit expression for the optimal
bandwidth H0 = argmin

H∈F
A(H) where

A(H) = α|H|−1/2 + β(vecH)TQ vecH

with α, β > 0 and Q a symmetric positive semi-definite matrix

If we restrict H to be in S = {h2Id : h > 0} then

A(h2Id) = αh−d + β[(vec Id)
TQ vec Id]h

4

so we easily obtain H0 = h20Id with

h0 =
( dα

4β(vec Id)TQ vec Id

)1/(d+4)
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Optimal bandwidth choice

We would like to have an explicit expression for the optimal
bandwidth H0 = argmin

H∈F
A(H) where

A(H) = α|H|−1/2 + β(vecH)TQ vecH

with α, β > 0 and Q a symmetric positive semi-definite matrix

If we restrict H to be in D = {diag(h21, . . . , h2d) : hi > 0, ∀i} then a
explicit solution exists for d = 2:

A(h1, h2) = αh−11 h−12 + β
(
q11h

4
1 + 2q41h

2
1h

2
2 + q44h

4
2

)
and we obtain H0 = diag(h210, h

2
20) with h20 = c0h10,

c0 = (q11/q44)
1/4 and

h10 =
( α

4β(q11c+ q41c3)

)1/6
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Optimal bandwidth choice

In general, we can write H = |H|1/dM, with |M| = 1

Then
A(H) = α|H|−1/2 + β|H|2/d(vecM)TQ vecM

so that it is enough to minimize

(vecM)TQ vecM subject to |M| = 1

If we could find a “Kronecker square root” R = Q⊗1/2 then we could
write

(vecM)TQ vecM = (vecM)T (R⊗R) vecM = tr{RMRM}

and it is possible to show then that the optimal M has explicit form

M0 = |R|1/dR−1

Necessary conditions for R to exist? Practical calculation?
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