GEOMETRIC CALCULATION OF THE INVARIANT INTEGRAL
OF CLASSIC GROUPS

AMELIA ALVAREZ, CARLOS SANCHO, AND PEDRO SANCHO

ABSTRACT. Let G = Spec A be a linearly reductive group, and wg € A* be
G-invariant and wg (1) = 1. We establish the algebraic harmonic analysis on
G and we compute wg when G = Sy, Gly,, Oy, Sp2n, by geometric arguments
and by means of the Fourier transform.

INTRODUCTION

An affine k-group G = Spec A is semisimple if and only if A* splits in the form
A* = k x B* as k-algebras, where the first projection m1: A* — k is the morphism
m1(w) := w(l) ([A2] Theorem 2.6). The linear form wg := (1,0) € k x B* = A*
will be referred of as the invariant integral on G.

In the theory of invariants the calculation of the invariant integral w¢ is of great
interest, because it yields the calculation of the invariants of any representation.
The aim of this article is the explicit calculation of wg when G = Si,,, Gl,, Oy,
Spar, (char k = 0), by geometric arguments, and by means of the Fourier transform,
defined below. Although G is not a compact group it is possible to define the
invariant integral of G, the Fourier transform, the convolution product (2.8) and
prove the Parseval identity (2.4), inversion formula, etc.

Let A} be simple (and finite) k-algebras and A* = [], A¥. On every A}, one
has the non singular trace metric and its associated polarity. Hence, one obtains
a morphism of A*-modules ¢ : A = ®;4; — [[, A = A*. If G = SpecA is a
semisimple affine k-group and x : A — A, a — a* is the morphism induced by the
morphism G — G, g — g~ !, we prove that ¢ is the morphism

A— A" a— wg(a™ - —)

where wg(a* - —)(b) := wg(a* - b). We shall call ¢ the Fourier transform. The
product operation in A* defines, via the Fourier transform, a product on A, which
is the conwvolution product in the classical examples.

Let us consider a system of coordinates in G, that is, let us consider G = Spec A
as a closed subgroup of a semigroup of matrices M, = Spec B. Then A is the
quotient of B by the ideal I of the functions of M, vanishing on G. Hence A*
is a subalgebra of B* and one has that k- wg = A*¢ = {w € B*“ : w(I) = 0}.
Moreover, B¢ (which is the ring of functions of M, /G), coincides essentially with
B*@ via the Fourier transform. Finally, we prove that given w € B*“, the condition
w(I) = 0 is equivalent to w(I%) = 0, which is a finite system of equations “in each
degree”.
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1. PRELIMINARY RESULTS

Let k£ be a commutative ring with unit. All functors considered in this paper
are functors over the category of commutative k-algebras. Given a k-module F,
the functor E defined by E(B) := FE ®;, B is called a quasi-coherent k-module.
The functors E ~ E, E ~» E(k) establish an equivalence between the category of
k-modules and the category of quasi-coherent k-modules ([A], 1.12). In particular,
Homy (E,E’) = Homg (E, E’).

If F, H are two functors of k-modules, we shall denote by Homy(F, H) the
functor of k-modules

Homy (F, H)(B) := Homp(Fp, H3)

where Fjp is the functor F' restricted to the category of commutative B-algebras.
The functor E* = Homy (E, k) is the functor of points of Spec.S'E and we call E*
a k-modules scheme. E** = E and the category of k-modules is anti-equivalent to
the category of k-modules scheme ([A, 1.10,1.12]). Given a functor of k-modules F,
we denote by F the k-modules scheme closure of F'; that is, F' is the representant
on the category of k-modules schemes of the functor Homy (F, —).

Let G = Spec A be an affine k-group and let G* be the functor of points of
G, that is, G*(B) = Homg_q4(A4, B). We will denote by k[G*] the functor over
the category of commutative k-algebras defined by k[G*](B) = { formal finite B-
linear combinations of points of G with values in B}. One has a natural morphism
G* — A*, because G*(B) = Homy_q4(A,B) C Homy(A, B) = A*(B), which
extends to a unique morphism of functors of k-algebras k[G*] — A*. By ([A], 3.3)
one has that k[G*]* = A and that A* is the algebra (and module) scheme closure
of k[G*]. Moreover, A* represents the functor Homy_ 4 (k[G*], —) in the category
of dual functors of algebras ([A], 5.3).

The category of G-modules is equivalent to the category of (quasi-coherent) A*-
modules ([A], 5.5). Therefore, if k is a field, G is semisimple (that is, linearly
reductive) if and only if A* is a semisimple k-algebras scheme, i.e. A* =[], A,
where A are simple (and finite) k-algebras ([A], 6.8). If k is an algebraically closed
field, then A} is an algebra of matrices by Wedderburn’s theorem.

2. ALGEBRAIC HARMONIC ANALYSIS

Let k be a field, that we assume algebraically closed for simplicity.

On A* = M, (k) one has the non singular metric: 75(7,.S) := the trace of the
matrix T o S. If Ty is the metric of the trace of the algebra A*, then Ty = n - Tj.
Let us denote by ¢4, ¢/, : A ~ A* the polarities associated to T2 and T"2.

Now, let A} be k-algebras of matrices, A* = [[ Af and A = ®A,;. Giving a metric

T, on A is equivalent to defining its associated polarity A ?. A*. Since there are
(iso)morphisms ¢y : A; — Aj, one has the obvious injection ¢’ : ®A; — [] Aj. If
dimy, A; is prime with the characteristic of k, replacing T4 by Ty we can define in
the same way a canonical morphism ¢ : ®A4; — [[ AF and ¢ = (1//dimy 4;); - ¢'.

Given w = (w;); € ®;Af and w' = (w}); € [[; A}, we can define T5(w,w’) :=
> To(wi,w)). Given a € A and w’ € A*, then a(w’) = T5(¢'(a),w’). Let tr': @®;
Af — k, be defined by tr'(w) = Ty(w, 1). Given a € A and the unity 1 € A*, then

a(1) = Ty(¢(a), 1) = tr'(¢(a))
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Likewise, a(w) = T45(¢'(a),w) = tr'(¢'(a) - w), for every a € A and w € A*, and
when T5 is a non-singular metric, a(w) = Ta(¢(a), w) = tr(f(a)-w), for every a € A
and w € A* and

a(1) = Tp(¢(a), 1) = tr(¢(a))
Properties. The morphism ¢’ : A — A* satisfies the following properties:

e it is a morphism of left and right A*-modules, because each polarity 4; — A7
is a morphism of left and right A}-modules;

e it is a symmetric metric: ¢'(a)(b) = ¢'(b)(a), because the metric T4 on each
A7 is so;

e it is an injective morphism; that is, the metric associated to ¢’ is non singular,
because the metric T3 on each A} is so ;

e the image of ¢’ is dense in A*. More generally, the natural morphism @;F; —
[L; Ei, dimy, E; < o0, is dense, i.e. @;E; — [], E; is surjective. In other words:
Observe that every k-modules subscheme of ], E; is the orthogonal of a quasi-
coherent submodule of @;E;. If we consider in [[, £; the topology of closed
sets generated by the zeroes of the vectors of &, E}, then &;F; = L E:.

e the image of ¢': A — A* is the maximal quasi-coherent A*-submodule of
A*. Let w = (w;)ier € [[ A} be an element such that w; # 0 for infinitely
many indices i. The elements (...,0,w;,0,...) =(...,0,1,0,...)-w belong to
the A*-submodule < w > generated by w. Then < w > is an A*-module of
infinite dimension and w cannot belong to any quasi-coherent A*-submodule
(if it belonged to some quasi-coherent A *-submodule, then it would be included
in some of its A*-submodules of finite dimension, by [A, 4.7]).

Proposition 2.1. Every morphism f: A — E* of A*-modules lifts to a unique
morphism of A*-modules f': A* — E* (such that f = ' o ¢'). Hence,

Homa~(A,E*) = Homa~(A*,E*) = E*
Proof. By the last property we have
Homa« (A, E*) = Homa~(E,A") = Homa-(E, A) = Homa~(A*,E")

Notation 2.2. For any k-algebra C we shall denote by Z(C) the center of C.

Theorem 2.3. Let A;* be simple k-algebras, and A* = [, Af. Let S* be a sym-
metric metric on A. If S? is A*-linear (i.e., S*(w - a,a’) = S?(a,a’ - w) for every
a,a’ € A and w € A*), then S? coincides, up to a factor of Z(A*), with the metric
T2,

Proof. The polarity ¢ : A — A* associated to Sy is a morphism of left and right A*-
modules. Therefore, ¢ maps each summand A; into each Af. Let ¢}, p; : A; — AF
be the restrictions of ¢’ and ¢ to each A;. The morphism ¢; o qﬁ’i_l cAF— Arisa
morphism of left and right A*-modules. Now, a morphism of left A7-modules of A}
is an homothety by an element of A7; if this homothety is also a morphism of right
Af-modules, then it is an homothety by an element of Z(A}). Thus, ¢, = z - ¢},

where z; € Z(Af). Since Z(A*) = [[Z(A}), the proof is easily completed. O

Let E be a linear representation of a k-group G = Spec A. The associated
character xyg € A is defined by xg(g) = trace of the linear endomorphism E — E,
e g-e, forevery g € G and e € E.
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Let G = Spec A be a semisimple group. One has A* = [[; Endi(E;), where
{E;} runs over all the irreducible representations of G(up to isomorphisms). The
polarity A = Endy(E;) — A; associated to the metric 73 maps the unit 1; of A}
to the character xg,, because tr(1; - g) = xg,(g). Therefore, ¢'(xg,) = 1;. Since
1; - 1; = 6;5 - 1, one obtains that

TIQ(XEN XEJ) =0

if i # j and T"?(xE,, Xg,) = dim, E;. Moreover, A is generated by the xp, as an
A*-module, because Im ¢ is generated by the 1;.

Let Ey = k be the trivial representation of G and wg := 1y € A* be the
“invariant integral of G”. The invariant integral of G is characterized for being
G-invariant and normalized, that is, wg (1) =1 ([A2, 2.10]). A dual functor F is a
functor of G-modules if and only if is a functor of A*-modules and F¢ = wg - F
(see [A2, 2.3, 3.3]).

One has that wg-1; = 0, if E; is not the trivial representation, and wg - 19 = 1o.
Hence, wg - xg;, = 0 if Ej is not the trivial representation, and wg - X5, = XE, = 1.
Moreover, since Xgppr' = XE + XE’, one has

wg - xp = dimy EC.

Let x : A — A, a — a*, be the morphism induced by the morphism G — G,
g +— g~ L. If E is a representation of G, we shall consider E* as a left G-module
by (g *w)(e) = w(g~!-e). One has that % = xz~, because the trace of g~ € G
operating on E is equal to the trace of g operating on E* (which operates by the

inverse transposed of g).

Theorem 2.4. Let G = Spec A be a semisimple group and let wg € A* be its
invariant integral. The morphism

A— A" a— wg(a™ - —)

/

where wg(a* - —)(a') := wg(a* - a’) coincides with ¢.

Proof. Let us first prove that A — A*, a — wg(a* - —), is a morphism of left
G-modules: For all point g of G,

wa((g-a)* - =) =we((@*-g7") =) Zwe(((a*-g7") =) - g) =wa(a®- (= g))
— g (wala® )

where = is due to (g-a)*(¢") = a(g'"' -g) =a((g™' - g)"H) =a* g7 }(¢), and =
is due to g - wg = wg-

Let us show now that it is symmetric: wg(a* -a’) = wg((a-a*)*) = wg(a-a’*),
because *(wg) = wg.

By Theorem 2.3, it only remains to prove the orthonormality of {xg,}, where
E; are irreducible:

we(XE, - XE;) = we(XEroE,) = WG - XEroE;, = dimyg Homeg (E;, E;) = 6;;.
U
If we consider in A, the metric T2, defined by T?(a,a’) = wg(a* - a), then ¢ is

the polarity asociated to T?. If we consider in A’ = @; A} = Im ¢, the metric T,
then ¢: A — A’ is an isometry.
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Proposition 2.5. Let G = Spec A be a semisimple group, D be a left G-invariant
vector field on G and D, be the value of the vector field at the identity element
e € G. Then

¢(D(a)) = De - ¢(a)
Proof. D(a) = D, - a because

(De - a)(g) = a(g - De) = a(Dy) = Dy(a) = D(a)(g)
for all g € G. Therefore, ¢(D(a)) = ¢(D. - a) = D, - ¢(a). O

Let m1: A* — k, be defined by m(w) = w(1). Then, m o ¢ = wg, because
m o ¢(1) = m(wg) = 1 and 71 o ¢ is G-invariant, that is, a morphism of A*-
modules.

If G = Spec A is semisimple and F is an irreducible linear representation of G,
then dimy, E is prime with the characteristic of k, because ¢’ is injective and ¢’ =
(dimg E;);eq - ¢ (where I runs over the set of the irreducible linear representations
up to isomorphisms).

Given a,b € A, one has that T?(a,b) = ¢(a)(b) = wg(a* - b). If we denote
wg = f dg, then

T*(a,b) = / a(g™) - blg) dg.

Let G = Spec A be a semisimple group, F a G-module and FE; a simple G-
module. Let us consider the G-module descomposition £ = E’ @ F, where E’ is
the homogeneous component of E isomorphic to &"F;. Now, we want to compute
the morphism E — E which is the identity over E’ and nulle over F. In particular,
we could obtain the descomposition of E as direct sum of homogeneous modules.

Let 1, = (0,...,1,...,0) € Hje[ EndiyE; = A*. We have to calculate the
morphism F — E, e — 1; - e. Recall that 1; = ¢(n; - xg,), n; = dimg E;. The dual
morphism of the multiplication morphism E* ® A* — E* is the comultiplication
morphism p: E — E® A. If {e}} is a basis of E, and p(e) = >, e; ® a;, then
g-e=>,ai(g)e}, for all g € G. Hence,

li-e= Zal(li) ey = Zal(¢(”i XE,)) €)= Zni ~we(ar - XEr) - €
] 1 I
:ni-Z/al-XE;dg-e;.
]

Notation 2.6. Given an affine scheme X = Spec A will denote Ax = A.

Proposition 2.7. Let G = Spec A be a semisimple group, H C G a normal sub-
group and G = G/H the quotient morphism. Let i*: Ag — Ay and 7: AL —
AE/H be the natural morphisms. Then, with the obvious notations,

wi (i*(a)) = tra/u(m(¢c(a)))
for alla € Ag.
Proof. The set of irreducible representations of G/H is equal to the set of ir-
reducible representations of G which are H-invariant. The natural projection
Af =1[, Endi(E;) — HEFEF Endy(E;) = Ag; g coincides with 7.
The diagram
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Ag = ®:Bndg(E;)* —2¢—> [], Endy(E;) Al Ay
- |
¢ *
Al = @p,_pnEndi(B;)* 5[], pn Endy(Ei) A A%y

is commutative. Then

tra u(m(dc(a))) =tre/u (b /u(wu - a)) = (wy - a)(1) = a(wy) = wy (i*(a))
O

The image of the morphism ¢ : A <— A* is a bilateral ideal. Then it is a subring,
although without unit, because (...,1,1,1,...) € ®Af = Im ¢.

Definition 2.8. The product of the subring Im ¢ induces a product on A, through
the identification A g Im ¢. This product is called the convolution product.

Let a,b € A, w' = ¢(a), w’' = ¢(b) and let us denote by * the convolution
product. Then

a % b — qﬁfl(w’ . w//) — IU/ . qﬁfl(w”) — w/ . b

Therefore, (a*b)(z) = (w'-b)(z) = b(z-w') = (z-w')(b) = w'(b-z) = wg(a*- (b-7)),
for all point = of G. If we denote wg = [ dg, then

(a*b)(z) = / a(g™) - bz - g) dg.

3. INVARIANT INTEGRAL OF Sl,, Gl,, O, AND OF Spa,

Let k be a field of characteristic zero. The groups Gl,, Sl,, O, and of Spa,
are semisimple, so they have an invariant integral. This section is devoted to the
explicit calculation of the invariant integral of the groups Gl,,, Sl,,, O,, and of Spa,.

Let us consider the affine algebraic k-variety M,, = Endg(F), whose points
with values in a k-algebra B is the semigroup of square matrices of order n with
coefficients in B. Its ring of functions is Ay, = @NS” (Endy(E)*). Although M,

ne

is a semigroup scheme and not a group one, k[M] is a functor of k-algebras and

its k-algebras scheme closure is A}, = [] (Endi(E)®y .7. ®,End;(E))% . One
) neN
has the explicit natural morphism

My —= Ay, 7= (LT, TRT,TRTRT,...)

Since this morphism is a morphism of semigroups, the unique structure of functors
of algebras of A}, is the one of the direct product of the algebras (Endy(E)® .".
®Endy(E))%". One has that the category of quasi-coherent A3, -modules is equiv-
alent to the category of M,-modules. A}, is a semisimple algebra (see [A2, 2.7]);
hence every A}, -module and every M,-module is semisimple.

The natural action of Endg(E) on E® . ® E extends uniquely to a structure of
A7}, -module. It consists of the projection of [[S™Endy(E) onto the m-th factor,

m
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S™Endy(E), and the action of S"End;(E) on £ ® ™ ® E via its inclusion in
Endy(F) ® ™ ® Endy(E); that is

1
(91 ) gm) : (Ul ®---®vm) = ﬁ : Z ga(l)(vl)®"'®ga(m)(vn)'
TESm,

The isomorphism ¢ gnq, (g))+ : (Endg(E))* — End(F), induces, by taking sym-
metric algebras, a morphism ¢ : Ay, — A}, , of left and right A}, -modules. It
coincides with ¢, up to an invertible factor of the center Z(Aj}, ).

Invariant integral of Si,.

Let Agy, = k[z11,. .., %nn]/(det(x;j) — 1) be the ring of functions of the special
linear group. Then Aj, ~splits into a direct product of simple algebras, one of them
being the one corresponding to the trivial representation. So

AZ‘Z = k-wgln x B*.

Recall that A%, Sl — k. wsi, - Let us compute the invariants of Ag, by Si,.
From the lIlChJ.SlOIl Sl, C M one obtains the injective morphism ASZ C Ay
We shall first compute the invariants of A}, by the action of Si,, and then we bhall
compute the ones belonging to A%, . Since Ay, is a semisimple SI,-module, it

splits into a direct sum
A, = A3p @ (95),

where S; are simple SI,,-submodules, but not Si,-invariant. Taking dual one obtains

that
A = (AS) Hs* (A3 )° HS*

because a group acts trivially on a module if and only if it acts trivially on its dual.
The morphism ¢ : Ay, = AJS\/}: oB — (AZSV}:)* x B* is a morphism of Si,-
modules, so that
Sly, Sl * * n
P(AR) C (Ag)* = (A3y,)™
and ¢(B) C B*. Since the closure, p(Anr,), of ¢(An,) is A}, , one has that

@(Aﬁ") = (A3, )5, Then, let us compute Apg, Sl
From the exact sequence of groups

1 - S, ¢ Gl, — GlIL,/Sl,=G, — 1
T - det(T)

it follows easily that k[z11,. .., 2] = k[det(x;;)] and therefore
(k[z11, -y o))" =k x k- @(det(zi;)) % ..., xk - p(det(z;)7) x ...

Let us denote by ¢;; the matrix of null coefficients, except for the ij-th coefficient

0
that is 1. As a linear map on k[x;;], d;; coincides with T |- One has that
Lij
(@) = 5o lor )= o |
P Tij dxj; 0 P\Ti1j, imdm ml 9z;,7, dx; .. 0

Since det(x;;)" is an homogeneous polynomial of rn-th degree,

o(det(z:)") = %n)!detr (ai) -
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0
Let D = det ( ) be the Cayley operator, and let us denote Dj = D" |,. One
I’i]‘
has that
(k[z11, . 2] =k x kDo x...xk-Djx ...

ln

Let us compute now the @ € (k[z11,...,2nn])*>"™ vanishing on on the ideal
I = (det(z;;) — 1). Since @ is Sl,-invariant, one has that @ - wg;, = w. Therefore,
@(I) = 0 if and only if w(wg, - I) = W(I°") = 0. Now, I9!" = (det™(z;;) —
det™ 1 (z;;))n C k[det(z;;)]. Hence, if 1 is null on the functions

det" (1‘7,]) — det”“(mij),

for every n > 0, and w(1) = 1, then w = wg;, . Consequently,

_ D(]
st = ZD@(deﬂ (2i7))

It only remains to determine the value of Dj(det'(z;;)) € k.

Lemma 3.1. ([D, 2.1]) D(det"(xi;)) = prdet” (i), where p =7 - (r+1)-...-
(r+n-—1)!

(rtn-1)= (r—1)!

Then
D" (det"(xi5)) = pr - for—1 .- pi1-

Every linear representation of Sl,, is a submodule of direct sum of Ag;, (the
regular representation). Moreover, Ag; is a quotient of the ring of functions of
M,,. Finally, the ring of functions of M,, = Endy(E) is included in a direct sum of
F®.™ ® E. Let us compute then the invariants of Si,, operating on these vector
spaces.

Proposition 3.2. ([S, Th. 19.2] ) Let Sl,, be the special linear group of an n-
dimensional vector space E. Let us consider the natural action of Sl,, on EQ.M.QF,
g (M®...Q0Uy) =9 11 ®...Q 7" V. One has that:
(1) (E®.". @ E)S» = A"E.
(2) (E®mMm @ E)Sh = Yoves,, O(A"E® . ® A"E), where 0 € Sym acts on
E ™ ® FE by permuting the factors.
(3) (E® ™ @ E)Sn =0 if m is not a multiple of n.

Proof.
(1) We must calculate wg;, - (E® .". ® E) = Dy - (F ® .7. ® E). Fixed a basis
{e1,...,en} of E, let us observe that 83 0 corresponds to the matrix d;; that
T4,

maps e; to e; and the rest of the e to zero. Then it is clear that Dy - (e;, ®
..®e)=¢€; N...Ne;, and (1) is proved.
(2) The r = nm-th degree component of wg;, is, up to scalars, D™; that is, it
coincides, up to scalars, with > oo (D® ™ ® D)oo~t. Then,
0ESnm
(E@meE) " C Y o(A"E® ™ ®A"E).
oE€Snm
The inverse inclusion is obvious.
(3) wei, € [[S"Endi(F) and its r-th degree “components” are null when r is not

-
a multiple of n.
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O
We can compute the dimension of (E ® 7" @ E)5!n:
. nm Sl,, D™ nm
dimg(E @™ @ E)°'" =wg, - XpgrmeE = W(XE )
D™ D™ (mn)!
= T Bp)T) = (2,
Dm(detm) ((Ill + +x n) ) Dm(det ) (xll Lpn mln )
_ (mn)!
~ Dm(det™)’
Invariant integral of Gi,.
Let Agi, = k11, .., Tnn, W] be the ring of functions of the linear group.
ij

One has that ( gln)Gl" =k - wg, and ( El”)Gl“ = ((A*él")Gm)Sl", where G, is
the multiplicative group. We shall first compute (Ag;, )¢ = (Ag;’;)* and then we
shall look for the Sl,-invariant ones among them.

Agi,, is a Z-graded algebra, whose i-th degree component we denote by A4;. Given
A€ G and a; € A;, Axa; = A\ - a;. Therefore, Ag;’; = Ap and w € (Agln)c’"
if and only if it factors through the obvious quotient Ag;, — Ao. This quotient
morphism is a morphism of Gl,-modules. Now we must compute the linear forms
w: Ag — k that are Sl,-invariant. One has

s
Ay = TLEJNW’ A" := { homogeneous polynomials of n - r-th degre }.

The morphism w, = w o det™"(z;;)- : A" — k is a morphism of Si,-modules,
i.e., it is Sl,-invariant. Since w, € (A")* = (S""Endy(E)*)* = S""Endy(F) C

[IS‘Endi(E) = k[z11, . .., Tnn]*, and it is Sl,-invariant, then it must be w, = a. -
D, If we ask for w(1) = 1, then it must be 1 = w,(det" (x;;)) = o - D" (det" (),
det (z;;) Gom L
because 1 = W(x;) € Agpr. Consequently, o, = W and
D" D
Wy =

© Dr(det”(zij))  prce..p1
In conclusion, we have determined' the invariant integral wg;, on Gl,, as a linear
form over Agy,:

p(.%ij) N "'+pn<s(xij)+... B
e <d@58(%)) - ( dets () > = Ws(Pn-s(2ij))

Invariant integral of O,.

Let Ty be a non singular symmetric metric on a vector space E of dimension n.
Let O,, be the subgroup of the linear group of the symmetries of T5. In the algebraic

IMarcel Bokstedt checks in  “Notes on Geometric Invariant Theory” (available at
http://home.imf.au.dk/marcel/GIT/GIT.ps) that the integral thus defined is the Reynolds oper-
ator of the linear group, and he states that Cayley, in a sense, had already checked it.
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variety S?E* of the symmetric metrics, regardless of the basis of E chosen, we can
define (up to a constant multiplicative factor) the function det that assigns to each
metric its determinant. So, we can consider the open set S?E* — (det)s. The
sequence of morphisms of varieties

1 - O, — GIUE) — S8%E*—(det)y — 1

S —  StoTyo08
shows that S2E* —(det), is the quotient variety of GI(E) by the orthogonal subgroup
O, (O, acting on GI(F) by the left). Fixing a basis in E, we shall say that
1
s T, W] is the ring of functions of GI(E) and klyi<;, m] is
the ring of functions of S2E* — (det)g. One has the induced morphism of rings

Ko, ..

1 1
k i<Jy 7 ./ \ k yeresTpmy 57—~
[y <3 det(ym)] - [xll x det(zij)}
Yrs — [(xij)t oTy0 (xij)]rs
det(yi;) — det(zi;)? - det Ty.

The functions of GI(E) invariant by O,, are identified with the functions of S?E* —
(det)o. Therefore, via the morphism of varieties Endy,(E) — S?E*, S +— StoTy0S,
the functions of S?E* are identified with the functions of Endy(E) that are (right)
invariant by O,,.

Let us express these equations without fixing basis. We have defined the mor-
phism

Endy(E) =E*©E — S2E*
we — 0217’??(w®e®T2®e®w)
=Tr(e,e) - wRw

that induces a morphism between the rings of functions S"(S?E) — S"(Endy(E)*),
that is expressed explicitly as follows

Sm(S?E)  — S*™(Endi(E)*)

S1 oSy = ToRXMRXTo®S$1RX...R S,

(we think of S?™(Endg(E)*) as a quotient of (E* ® F) ® 2" ® (E* ® E) = E* ®
M@ E*®FE®?"® FE). Equivalently, the left O, -invariant functions of the variety
Endg (E) are the direct sum of the images of the morphisms

S™(S2E*)  — S*™(Endg(E)*)

Wi oWy = W R Quw, T2 M QT2

(we think of $?™(Endy(E)*) as a quotient of E*>™® E*™). Therefore, the invariants
of §?™(Endy,(E)*) by the action of O,, by the left and by the right are
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(c(To@m™T)d"(T?2® ™ @T?)) .o cSaom

= (17T d(T?*® .7 T2))ses,,, -
Let Ao, be the ring of functions of O, and wo, € Ay C A}, = [[S"Endi(E)

the invariant integral on O,,. The r-th component [wo, ], of wo, is

[wo, | = Z Ao - (Tr ® T T)@o(T?2® ™ @T2) ifr=2m,
oc€ESam
[wo,lr=0 ifr=2m+1

Proposition 3.3. ([G, Th. 4.3.3]) Let us consider the natural action of O, on
E®R.T.QF, g-(e1® Qe )=g-e1®...8¢-e.. One has that:

(1) (E@2ntle E)O =0.

2) (E@2m@ E)o" = (0(T? ® ™ @ T?))ses,,, -

Proof.

(1) wo, - (E®?"11® E) = [wo, Jamt1 - B&*™TE =0 . E®?m+1 =0,

(2) One has [wo,Jom = >, do (T2®@. 7. QT)®@c(T?® .7 ®T?) and

0ES2m
(TyomeT)®o(T?®.m e T?)
1
= (T meTh) ®de(T?®@.m o T?)
(2m)!

o/ E€Sam,

via the inclusion S*"Endy(E) C E*®?™ @ E®?™ Moreover, E*®?™ @ p®2m
acts on E®?™ by contracting each linear form with the corresponding vector.
Therefore,

(E®2m)0n = wo, - E'®2m _ [wOn]Qm . E®2m C <O’(T2 ®RMm T2)>U€Szm~

The inverse inclusion is obvious.
O

Let us consider the morphism S?E < End(FE), T"?  T'? o Ty, that assigns
to each metric T"? the associated endomorphism to the pair of metrics T2, T">.
Two metrics are isometric (with regard to T%) if and only if their associated en-
domorphisms are equivalent, and every endomorphism (up to conjugations) is the
associated endomorphism of a symmetric metric and T ([E]). As a result one has
that the invariant functions of Endy(F) (by the action by conjugation of the linear
group) are invariant functions of S?E by the orthogonal group. Conversely, let us
see that Ag;E C Agrll’ék( B) Let d(\i;) be the discriminant of the characteristic
polynomial of the matrix (\;;) and let U = Endy(E) — (d)o be the open subset
of Endg(F) of the diagonalizable endomorphisms with different eigenvalues. It is
clear that (U N S?E)/O,, = U/Gl,, = Speck[ai,...,an]d, where as();;) are the
coefficients of the characteristic polynomial of the matrix (A;;). Given f € A?;E,
one has that f = p(as,...,a,)/d", where we can assume that p(ai,...,a,) is not
divisible by d. However, if » > 0, then p(ay, ..., a,) must vanish on all the diagonal
matrices with repeated eigenvalues, then p(aq,...,ay) is a multiple of d, which is

impossible. Therefore, f = p(ai,...,a,) € Agfl’ék(E).

Let f be the composite morphism Endy(E) — S?E — Endg(E), T — TT?T* —
TT?T'T,. The invariant functions of Endg(E) by the action by conjugation of the
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linear group coincide, via f*, with the functions of Endg(E) that are left and right
invariant by the action of the orthogonal group. Since k[S,,] = ((Endy(E))®™)%,
o — G, where G(e1 ® ... ® €n) = €,(1) @ ... @ €5(m), then (S"Endy(E))“» =
(0)oes,, = Z(k[Sm]). Now, (Endi(E))* = EndiE (via ¢mnd, (k) OF via the
obvious isomorphism F ® E* = E* ® E), and one has in the same way that
((S™Endy(E))*)¢ = (6)es,, . Finally,

GETem nL Ty ®meTl, = a

m)

where de(l) ® .M ® Tfm(m) =7(T?®...®T?) and T € Sy, is the permutation
7(2i — 1) = 2i — 1 and 7(2¢) = 20(3).

So we have calculated the forms w € A}, that are left and right O,-invariant. To
compute the invariant integral wo, on O,, it remains to impose that w(I) = 0, where
1 is the ideal of functions of M, vanishing on O,,. Now, since wo, - @ - wo, = W,
one has that w(I) = w(wo, - I - wo,) and we, - I - wo, are the functions of M,
that are left and right O,-invariant and vanish on O,,. These ones are identified,
via f*, with the ideal I’ of the functions of M,, that are invariant by the action by
conjugation of the linear group and vanish on Id € M,,.

One has Afj: = ®men < 0 >[sles,, /~C An, and wo,, - I -wo, is identified with

g
I' = l— —— N
< 5(Tdy) ~elesm/

where Id; = Id® .. ®Id. If ¢ is a product of r disjoint cycles (including the cycles
of order 1), it is easy to check that 5(Idy) =n".

Let us denote w, = Th ® M @ Th ® Tfa(l) ® .M ® Tgw(m) € S?End(FE). In
We

o(Idy)
to solve, for every m, the system of equations (varying [0'] € S,/ ~)

2 e 5(111}21) (5’?;;51)> -

[U]Esm/"‘

order to find wo, =14+ 3 > (51e5,./~ Alo]” satisfying wo, (I) = 0, we have
m>0

We (agr)

If we denote \yyr = =2
we denote 500dy) - & (Id)

, then

-1
()‘[U])[U]Gsm/N = ()\UUI)[UHU’]GSM/N . (17 ey 1).

Let us give the first three terms of wo,,:

T ® T2
wo, =1+ &

N (B2 +3n+3) TheheT?@T?2+ (-3n—-6) TheTheTh T
n*+n3+n?—-3n

+ ...

Invariant integral of Sps,.

Let Hs be a non-singular skew-symmetric metric on a vector space F of dimen-
sion 2n. Let Spa, be the subgroup of the linear group of the symmetries of Hs. In
the algebraic variety A2E* of the skew-symmetric metrics, regardless of the basis
of E chosen, we can define (up to a constant multiplicative factor) the function
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det that assigns to each metric its determinant. So, we can consider the open set
A?E* — (det)o. The sequence of morphisms of varieties

1 — Sps, — GUE) — A’E*—(det)y — 1

S — S'oHy0S

shows that A2E* — (det)o is the quotient variety of GI(E) by the simplectic subgroup
Span (Spen acting on GI(E) by the left).

The invariant functions of GI(E) by Spa, are identified with the functions of
A?E* — (det)g. Therefore, via the morphism of varieties Endy(E) — A2E*, S +—
St o Hy 0 S, the functions of A?E* are identified with the functions of Endy(FE)
that are (right) invariant by Spa,. The morphism between the rings of functions
S (A2E) — S (Endg(E)*) is expressed explicitly as follows

S™MA2E)  — S?"(Endj(E)Y)

S1°..."8Sm [ad H2®.m.®H2®81®...®8m

Equivalently, the left Spa,-invariant functions of the variety Endy(E) are the direct
sum of the images of the morphisms

S™(A2E*)  —  S2™(Endj(E)*)

Wi oo Wy, — W Q...0w,QH?2®. ™ H?

(we think of $?™(End (E)*) as a quotient of E*?™®E?™). Therefore, the invariants
of §?™(Endy,(E)*) by the action of Spa, by the left and by the right are

(0(Ho® ™ @ Hy) @' (H?> @™ @ H?)) 6,0/ Sam
=((H;® ™M@ H)®@0d'(H2® ™ @ H?))srcs,,,-

Let Asp,, be the ring of functions of Spo, and wsp,, € Ay, C Ay, =
[1S"Endy(E) the invariant integral on Spay,. The r-th component [wgp,, |» of Wsp,,
.

is

(Wsps, Ir = Z Ao (Hy® " @ Hy) @ o(H2 @ ™ @ H2) if r = 2m,
o€Sam
[Wspy,lr =0 if r=2m + 1.

Proposition 3.4. ([G, Th. 4.3.3]) Let us consider the natural action of Spa, on
ER.T.QFE, g-(e1®--Re)=¢g-e1Q...0¢g-e.. One has that:

(1) (E®?2ntl @ E)SP = 0.

(2) (E® 2@ E) P2 = (0(H? ® ™ ® H?))yes,, -

Let us consider the morphism A?2E — End(FE), H'? — H'? o H,, that assigns
to each metric H'? the associated endomorphism to the pair of metrics H?, H’ 2,
Two skew-symmetric metrics are isometric (with regard to Hs) if and only if their
associated endomorphisms are equivalent, and an endomorphism 7" (up to conju-
gations) is the associated endomorphism of a skew-symmetric metric and Hs if and
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only if every elementary divisor of T" appears twice ([E]). Let C' C Endg(E) the
closed set of such endomorphisms. Then A2E/Sps, = C/GI(E). Let us write

I (0 -Id
E=FEaFE, HQ_(M ;

The diagram

End,E/ — A’E — C — EndpFE

I eI

-T 0 0 T
shows that EndzE'/GI(E') = A*E/Spy, = C/GI(E). The ring of invariant func-
tions of Endg(E’) (by the action by conjugation of the linear group GI(E')) is
isomorphic to the ring of invariant functions of Endy(F) (by the action by conju-
gation of the linear group GI(E)), then the ring of invariant functions of A2E (by
the action of Spa,) is isomorphic to the ring of invariant functions of Endy(E) (by
the action by conjugation of the linear group GI(E)).

Let f be the composite morphism Endy,(E) — A?E — Endg(E), T — TH?*T? —
TH?T'H,. The invariant functions of Endy(E) by the action by conjugation of the
linear group coincide, via f*, with the functions of Endy(E) that are left and right
invariant by the action of the symplectic group. Now we can calculate the invariant
integral of Sps, as we have calculated the invariant integral of O,,.

Let us denote wy, = Hy ® ™ @ Hy ® H120(1) ®."™Q H72no-(m) € S?mEnd(E)
and a, := Ho ® ™. ® Hy ® H120(1) ® .M ® ana(m) € S?Endi(E)*. Let \gor =

Wo |\ Qg _
g(ﬂdl)('g’()fdl) and (/\[a])[a]eSm/N = ()‘UU/)[U]l,[a/]ESm/N . (1, ey 1). Then, WSpy, =
Wo

1+ )\U C—
2 2leles/~ Aol STy

Let us give the first three terms of wgy,,, m = 2n:

Hy @ H?

m
(3m2? —3m+3) - Hy® Hy® H2® H? 4+ (3m — 6) - Hy ® Hy @ H?, @ H3,
m* —m3 +m?2+3m

wsp,, =1+
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